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Many applications of fusion categories, particularly in physics, require the associators or F-
symbols to be known explicitly. Finding these matrices typically involves solving vast systems
of coupled polynomial equations in large numbers of variables. In this work, we present an algo-
rithm that allows associator data for some category with unknown associator to be computed from
a Morita equivalent category with known data. Given a module category over the latter, we utilize
the representation theory of a module tube category, built from the known data, to compute this
unknown associator data. When the input category is unitary, we discuss how to ensure the obtained
data is also unitary.

We provide several worked examples to illustrate this algorithm. In addition, we include several
Mathematica files showing how the algorithm can be used to compute the data for the Haagerup
category H1, whose data was previously unknown.

I. INTRODUCTION

To perform calculations within fusion categories that involve working in a specific basis, it is necessary that the
associators, also called the F-symbols, are known. In particular, they are a crucial ingredient in the construction of
physical models such as one- or two-dimensional lattice models [1, 2].

The F-symbols can be obtained by solving the pentagon equations (see, for example, Ref. [3]), which amounts to
solving a system of multivariate polynomial equations up to third order. The number of variables, and equations
they must satisfy, grows rapidly with the number of simple objects in the category, meaning that solving this problem
quickly becomes impractical. In fact, the growth in complexity is so rapid that few associators are known for fusion
categories with more than six simple objects. The challenge of finding F-symbols becomes even more significant
for categories with multiplicities, as the number of equations and variables grows even faster. To the best of our
knowledge, only a handful of examples of F-symbols are known where the category has multiplicity [4-7].

The problem of solving the pentagon equations is further complicated by gauge freedom in the solution. When
we refer to a solution of the pentagon equations, we are really referring to an equivalence class of solutions related
by gauge transformations. In the multiplicity free case, a typical approach to finding a set of F-symbols begins by
determining which F-symbols are necessarily zero. In this case, gauge freedom is simply a scale, so it can be used to
fix many of the F-symbols. When there is multiplicity, the gauge freedom corresponds to basis transformations on
nontrivial vector spaces, so gauge fixing is far more intricate.

Due to the challenge in obtaining a set of F-symbols, it is valuable to make full use of any solutions that can be
obtained. In this work, we exploit the Morita equivalence class of some fusion category C whose data are known, in
order to obtain the F-symbols of other categories in the class. In particular, one can use the fact that the category
C}, of endomorphisms of some module category M (over C) yields another category in the Morita equivalence class.
We show how tube category techniques can be used to extract the data of this category, expanding on the example
in Ref. [8].

The advantage of this method is that we never have to solve the pentagon equations of the complicated category.
As input, we can choose the simplest category in the Morita equivalence class (or any category in the equivalence
class whose F-symbols are already known) and only need to solve the pentagon equations for the module category. As
these equations are only of degree two, in contrast to degree three of the pentagon equations in the original category,
they are generally easier to solve. Furthermore, since the F-symbols from the input category are already gauge fixed,
the associators in the module category have less gauge freedom.

This method can be applied to any Morita equivalence class for which the data for a single category, and a module,
is known. As an illustration of the power, and use-case, of this technique, we apply it to the Morita equivalence class
of fusion categories coming from the Haagerup subfactor [9]. This class consists of three fusion categories, H1, Ha,
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and H3. The categories Ho and H3 are multiplicity free and their F-symbols are known [10-13], while the F-symbols
for Hy, which has multiplicities, have not yet been computed. This demonstrates the degree to which multiplicities
increase the difficulty of solving the pentagon equation: even though H; has only rank 4 while Hs and H3 have rank
6, its F-symbols have not been obtained so far.

This paper is organized as follows: In Section II, we review fusion and module categories, and introduce notation
for the remainder of the manuscript. Additionally, we review the module tube category. Finally, we discuss unitary
structures on each type of category. In Section III, we introduce the algorithm that takes a fusion category and a
module category, and returns the categorical data for a Morita equivalent fusion category. We then illustrate the
algorithm for the simple example Vec(Z/2Z) ~ Vec in Section IV. In Section V, we discuss the Haagerup fusion
categories. We illustrate the F-symbols we obtain for the category H; using the algorithm discussed in this work. To
the best of our knowledge, this is the first time these data have been obtained. We conclude in Section VI.

In Appendix A, we briefly discuss the relationship between module functors and tube algebra representations.
We provide two additional worked examples, namely Vec(S3) ~ Vec in Appendix B, and Rep(S3) ~ Rep(S3) in
Appendix C. Accompanying this manuscript is a collection of Mathematica notebooks that implement the algorithm
described here, and include F-symbols for the Haagerup category Hi. The code is available at Ref. [14].

II. PRELIMINARIES

Definition 1 (Skeletal fusion category). We sketch a definition of a skeletal fusion category suitable for our purposes.
For a more complete (rigorous) definition, we refer the mathematically inclined to Refs. [3 and 15], and the physically
inclined to Refs. [16 and 17].

A skeletal fusion category C consists of the following data:
..}, where |Irr(C)| is known as the rank of C.A-finiteset-ofsimple

e A finite set of simple objects Irr(C) = {1, a, b, .

e For each triple of simple objects, non-negative integers NS, called fusion coefficients, obeying

NY, = NJ| = 0ay (unit)
ZeGIrr(C) N:bNgc = Efelrr(c) foszc (associativity)
For each x € Irr(C), there is a unique Z € Irr(C) such that N}, = N, = d,.z. (duals)

e For each triple of simple objects, a C-vector space C(a ® b, ¢), called the fusion space, of dimension N¢,.

e Associator isomorphisms @.C(a ® b,e) @ C(e ® ¢,d) = @ C(a® f,d) ® C(b® ¢, f) obeying the pentagon aziom
(Eq. 2.2 of Ref. [3]).

If any of the fusion coefficients is larger than one, we say C has multiplicity.
It is convenient to specify a basis for all C(a ® b, c), and use a graphical notation commonly referred to as string
diagrams when discussing fusion categories. A basis vector in C(a ® b, ¢) is indicated by a trivalent vertex

C

a€lla®b,c)+ 9\, (1)

a b

while more general vectors correspond to weighted sums of such vertices. Tensor products of vectors are indicated
using more complex diagrams, for example

a®pelCla®be)®Cle®c,d) B . (2)



With bases fixed, the associator isomorphisms are realized by a collection of invertible matrices

p d
N ﬁe Ef v { “bc} (av,e,B) (. fov) y uf ’ Y
a b c o b

called the F-symbols. We adopt the convention that objects in Irr(C) are labeled by Roman letters, and basis vectors
by Greek letters. Correspondingly, sums over objects run over Irr(C), while sums over Greek indices run over a
complete basis of the appropriate vector space. In this framework, the pentagon equation constraining the F-symbols
is

e 9

P i) = 2 [rd i [ -
XC:[ el g9 L (@0 0mm) Z%;V el @s 0z U gy U oz (0.0)

Changing basis on the C(a ® b, ¢) spaces leads to a gauge redundancy in the F-symbols, meaning that F' and G
describe the same category, where

(4)

C C
Q\ = M) .s éi\ (5a)
a b s a b
(G (ave.B)(ufr) — W;M [ngc} (7,e,8) (o, f,7) [(M;”)_l} ay M), [Mlﬁ on [(Medc)_l} 86 (5b)

where M is an invertible change-of-basis and e indicates the new trivalent basis.
Partial gauge fixing can be used to ensure that

=da,-

Fh] =0 |Fhe] =60, [Fih]
[ el 4y aygud1) P ] Lapder) P %] (a,d,1)(1,b,0)

For simplicity, we assume such a gauge is chosen for all following computations.

Unitary case

A particularly important class of fusion categories are called unitary. By Choosing the bases appropriatelv, the

F- sy mb()ls of suc h a (dtog(nv can be transformod into unitary matrices. > :
: Ut In the unitary case, we can dddltlolldll\’ fix thc gduge to

ensure that

7,
Fa } - o 7
[ W laanaay dy’ Q

where s, = +1, and d, is the Frobenius-Perron dimension of a completely defined by

dy> 0 (8a)
du db Z a }, (Sb)

A covector in the dual space to C(a ® b, ¢) is indicated via a ‘splitting’ vertex, with basis defined by

(&
a

! B
o€ C(C,a X b) A d Oé\( s a b= dz_zlbéa,ﬁéc,e . (9)

«



Re-association of covectors is also given by the F-symbols

a b c S
axX e Trod | %
_ Fd :| 14 f 10
B foux”[ e ] (ae,8)(u,fv) ’ v
) d

where “¥ is the complex conjugate.

Definition 2 (C-module category). We sketch a definition of a skeletal left C-module category suitable for our
purposes. For a more complete (rigorous) definition, we refer to Ref. [3].

Given a skeletal fusion category C, with specified bases for all fusion spaces, a skeletal C-module category M consists
of the following data:

e A finite set of simple objects Irr(M) = {m,n,...}Trr(M) =

e For each pair of simple objects m,n € Irr(M), and simple object a € Irr(C), non-negative integers N called
fusion coefficients, obeying

Nipw = 0mmn (unit)
ZeGIrr(C) Nngéfm = Zpelrr(./\/l) N;;)Nlin (aSSOCiatiVity)

e For each pair of simple objects m,n € Irr(M), and simple object a € Irr(C), a C-vector space M(a>m,n) of

. . n
dimension N/,.

e Associator isomorphisms @, C(a ® b,e) @ M(e>m,n) = &, M(a>p,n) @ M(b>m,p) obeying the module pen-
tagon aziom (Eq. 7.2 of Ref. [3]).

If any of the fusion coefficients is larger than one, we say M has multiplicity.
Again, it is convenient to specify bases for all M(a>m,n), and extend the string diagram notation. A basis vector
in M(a>m,n) is indicated by a trivalent vertex

n
a € M(arm,n) < AO‘ ) (11)

am

while more general vectors correspond to weighted sums of such vertices. Tensor products of vectors are indicated
using more complex diagrams, for example

n

a®pelCla®be)® M(erm,n) < . (12)
a

a b m

With bases fixed, the associator isomorphisms are realized by a collection of invertible matrices

n n

e p

14
— " :| ]
Zp#’y |: abm (a,e,8)(11,p,v) Z ) (13)

a b m a b m

called the L-symbols.
In this framework, the mixed pentagon equation constraining the L-symbols is

L”cm] |:L2 i| = I:Fg ci| |:L;Lzmi| |:Lqmn1| ’ 14
24:[ fem ] 6,9.7)(00:0) L P (@, £,0) (00,7 2 | Fa (@, F,8) (M 2o11) (g ar) L2 (2,0 (p,p10) (14)

2,0,V



where the F-symbol is that of the underlying fusion category C.

Changing basis on the M(a>m,n) spaces (holding the bases in C fixed) leads to a gauge redundancy in the

L-symbols, meaning that L and L describe the same category, where

A @ = Z[Mgm]aﬁ Aﬂ

B am

L2] = > [Li] LR .70 G758
{ ™ (@e,8) (.po0) 2 Lo <a,e75><a,p,r)[ o (Mol | (M) 85

6,0,T

Partial gauge fixing can be used to ensure that

L"m} — 64, {Lgm] — 64
[ ] gyt U as) im0

For simplicity, we assume such a gauge is chosen for all following computations.

Unitary case

If there is a basis in which the L-symbol is unitary as a matrix', the module category is called unitary.

A covector in the dual space to C(a>m,n) is indicated via a ‘splitting’ vertex, with basis defined by

n

n
am B
= /%2226, 56
[ NS M(n,abm) — « s a p = d,, Ya,%m,n y
n «
m

where d,,, is the Frobenius-Perron dimension of m completely defined by

dpm >0
dadm = Z N ;Lmdn
n€lrr(M)
> dn= ) d
melrr(M) a€lrr(C)

Re-association of covectors is also given by the L-symbols

a b m a b m

(0%

— n
- Zp,p,,l/ [Labm

ANUSES

e } (a,e,8) (1,p,v)

n n

where “¥ is the complex conjugate.

(15a)

(15b)

(16)

(17)

(18a)
(18b)

(18¢)

(19)

For all following discussions, we assume that M is indecomposable as a C-module category , meaning M cannot
be decomposed as a direct sum of module categories. If we do not restrict M in this way, the result of the algorithm

we present will be multifusion. We refer to Ref. [3] for more details.

1 We also require this to be compatible with the pivotal /unitary structure on C.



Definition 3 (Module tube category). Given a fusion category C, and a C-module category M, the module tube
category Tub¢ (M) has as objects pairs

Ob(Tub¢(M)) = {(m,n) | m,n € Ob(M)}. (20)

Given a pair of simple objects (m,n), (p,q), a basis for the morphism space Tub¢(M)((m,n), (p,q)) is given by the
set of diagrams

S R

A= T[mnlpgl, , 5= © zer(C),1 <a < NP

xrm)

1<B<N

f’l

T o

Composition of morphisms is evaluated using the re-association matrices F' and L from the underlying categories

/

n
T n1p'q s ar,p 0 Tlmnlpdl o= T | T (222)

/ /

-1 1
LY, L?, ) } T[mn|p'q , 22b
[( zz”) }(&mﬂﬂawﬂ[( wm (ep0’) (Cy,0) [mnlp'd’ls.,- (22b)

Where L is the L-symbol for splitting vertices.
With this composition, the set of all morphisms forms an algebra closely related to Ocneanu’s tube algebra [18].
Since it will not cause confusion in the current context, we will refer to the algebra Eq. (21) as the tube algebra.
: + This algebra is associative due to the pentagon equation Eq. (14), and unital.
When the module ./\/l is 1rreduc1ble the tube algebra is semisimple [3, 19], and therefore isomorphic to a direct sum of
C-matrix algebras. This becomes important when computing representations of this algebra in the following sections.
Finally, we define a tensor product via diagrams

p 771/5q n’ §

y,(,0,T

Tnlpl ap ® T 0150 ) s 0 = B

p

which is acted on by tube diagrams T[p’¢’|rs] by acting on the ‘outside’ and reducing using the string manipulation

rules.

a,Y,T

Given a fusion category C, and a finite, irreducible module category C ~ M, we denote the category of C-module
endofunctors from M to itself by Cx, [20-22]. This category has a natural tensor structure, given by functor com-
position. In Appendix A, we briefly recall this structure, and how tube algebra representations relate to these
endofunctors.

Definition 4 (Morita equivalence). Let C, D be fusion categories. We say that C and D are Morita equivalent if
there exists an irreducible C-module M such that C}, is equivalent to D. Notice that in this case, M is an irreducible
C—D module.



Unitary case

When C and M are unitary, the tube algebra comes equipped with an induced s*-structure, which exchanges the
inner and outer (source and target) circles in the diagram

= dy [ ,,,} {ngn} T[pqlmn] _ . . 24
Z \/ C RN 1 PRI o LT MRS D)

Additionally, the algebra is equipped with a linear functional and associated inner product
(U( [mn|pq]a x 5) 6LE ldmdn (253)

< [mnIpq]a/,z/,3/,T[mnlpq]a,z,ﬂ>:Zw( [m'n|p'q' % o0 5 0 Tlmnlpdl, 4 5)- (25b)

Tlmnlpgly 5= *

30T ®S

The form (-,-) is linear in the second argument by definition. It can readily (although tediously) be verified that
(A, B) = (B, A). Showing that (A, A) > 0V A # 0 reduces to showing that

v =0Vo = b¢azra. (26)

[252.]
(1,1,1)(ev,b,0)
This follows from bending

b b b
. = 7 —d, [Lgm} [Lb ] ]
% A a M a 2o L1)(abo) L") 11,1) (07 g (27)
X a X a X a

It is necessary to define a balanced inner product on the tensor product space [23]

<T[7‘s|tu]a,w® T['s'|[t'u], s Tlmnlpgl, , 5 © T[m’n/|p'q/]a/7r,’5/> =

<T[Ts|tu]g’y’7, T[mn|pq]a’m’5><T[r/5/|t/u/}g,’y,ﬁ,, T w |0 ¢ ) o1 >
Vdgdy .

If C is a unitary fusion category and trivalent vertices are chosen to be compatible with the unitary structure on C,
then the F-symbol is a unitary matrix. If M is a unitary C-module, then C}, is a unitary fusion category [24]. In this
paper, we demonstrate how to compute a basis set of trivalent vertices for C}, compatible with its unitary structure.
In particular, this implies that the computed associator for C}, is unitary. The procedure goes as follows:

(28)

1. Tub¢ (M) inherits a *-structure and trace from the unitary structures on C and M. Compute matrix units e;;
in Tubc (M) which satisfy e;; = ej;. Then Tube(M)e;; is an irreducible unitary representation of Tubc (M),
its unitary structure inherited from the inclusion Tub¢(M)e;; — Tube(M).

2. Given unitary representations V;,V;, Vi of Tube(M), choose a basis of intertwiners V; ® V; — Vj, which are
isometric projections. With respect to this basis, the F-symbol of Tub¢ (M) is unitary.

III. COMPUTING DATA FOR C),

Given a fusion category C, and an indecomposable C-module category M, the first piece of data defining C} is the
set of simple objects. We compute this by constructing a complete set of irreducible representations of the tube algebra
Tubc(M). Specifically, since Tube (M) is semisimple, we can compute an explicit Artin- Wedderburn isomorphism

Tube(M) = @7'_, Mat(D,), (29)



where Mat(D) is the D x D matrix algebra over C, and y_"_, D? = dim Tub¢(M). In particular, it is convenient to
fix a matriz unit basis for Mat(D,,),

{[ea]z’j

and seek a solution to the set of equations

0<14,j <Dy, [ea]ij lealy = 5j,k[ea]iz}a (30)

leal;; = Z Cj(va)Pa (31)
PeA

where A is the basis defined in Eq. (21) and (,'l(ﬁ) are coefficients to be determined . Although it is in principle
computationally hard to find such an isomorphism, in practice it can be solved (or accurately approximated) in many
cases. This is discussed in Ref. [8], and example code is provided there.

Given such an isomorphism, we can construct a vector space with basis

[val; = leal;o; (32)

forming an irreducible representation (irrep) of Tube(M). In Refs. [8, 25, and 26], these vector spaces were called
binary interface defects, since physically they correspond to excitations at the interface of two boundaries. It is
convenient to extend our graphical notation to include these vectors

[val; = 0‘+" : (33)

where the left label denotes the irrep label, and the right index specifies a basis vector in that representation. Omission
of the vector label indicates the full representation. Each irreducible representation is a simple object in the category
C),. Fusion of objects corresponds to tensoring representations. Using this notation, the tensor product of two
representations is indicated by vertical stacking

«

a®pB:= BI (34)

The tensor product space comes equipped with an action of Tub¢ (M), and so forms a (potentially reducible) repre-
sentation. Decomposing into irreps gives the fusion rules of the fusion category Cj,

ﬁ =D 7+’ (35)

where v runs over the irreps occurring (possibly multiple times) in the decomposition of a ® 5. The fusion rules N;’B
can be deduced by projecting generic vectors in the tensor product

Bej
v = Z Cij aei (36)
2%
onto the irrep v using the identity matrix

L= [ey]y; (37)

i

The fusion Ngﬂ is the dimension of the space spanned by such projected vectors.

Explicit trivalent vertices for the category C3, can be computed by forming matrices for the isomorphisms Eq. (35).
Since there was a great deal of freedom in the choice of basis [v,];, these matrices are far from unique. We can
change basis on all three of the involved tube algebra representations. Choosing distinct bases will lead to distinct,
but equivalent, F-symbols.

We denote a map embedding the irrep v into the representation o ® 8 by

B
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a matrix with dima ® 8 rows and dim~ columns. It is convenient to reshape this matrix into a 3-tensor, however
dim @ ® § may not be a composite number due to the tensor product rule Eq. (23) requiring matching of the middle
strand label. For this reason, it is useful to fill out with zero rows, corresponding to cases where [va]; ® [vg]; = 0.
Following this process, the matrix can be recast as a 3-tensor of size (dim «, dim 3; dim ). If there are multiple copies
of v € a ® B, there will be multiple such matrices, forming a vector space. We choose a basis of matrices, and label
the vertex to identify which basis vector is being referred to. The choice here corresponds to the gauge freedom in
choosing a basis for the fusion space.
Assuming Ngﬁ # 0, matrix elements for Vojﬁ can be computed as follows:

e Pick a generic vector v € a ® 8 (Eq. (36)).
e Project onto the target irrep v using [e,],-

If NJ; =1, call the result [v,], ([v,], unique up to scale).

If Ngﬁ > 1, repeat until N;B independent vectors [v,,;], are obtained. If an inner product is defined, these
could be made orthonormal.

e Build the rest of the basis [v.], = [ey];0[Vy.2]o-

i
e The entries in the ith column of V(zﬁx are the coefficients of [v, .|, in the tensor product basis.

Given these 3-tensors, there are two ways they can be combined into intertwining maps 6 -+ a ® 8§ ® 6. These
provide two bases for the intertwiner space, and are related by a change of basis matrix, -which-we-eat4=

v Tk

= F
5 A 0 Zk,u,l |: a,B'y] (i) (kD) B ] d . (39)
a’t a

Solving this (linear) equation gives F-matrices for C}, , which, in general, are distinct from those of the input category
“ To summarize the algorithm:

1. Compute irreducible representations of tube algebra.

2. Compute decomposition of tensor product of all irrep pairs.

3. Form explicit matrices for isomorphism, express as 3-tensors.

4. Solve linear equations Eq. (39) to obtain (new) F-symbols.

Unitary case

When C and M are unitary, it is useful to respect the x-structure when solving Eq. (31). In particular, we should
solve Eq. (31) with the additional condition that

*
([ea]ij) = [ea]ji- (40)
This ensures that our resulting tube representations are unitary (although, our computed bases are not necessarily

orthonormal). Since the tube representations are unitary, we can insist that the embedding maps Eq. (38) are isometric
with respect to the equipped norms, and distinct maps V.5, Vi’ obey

<V‘;Yéw([v7]i)’ Vgéy([vy}j» = 5mvy<[v7]i7 [Uv]j>' (41)

As outlined in the preliminaries, it makes sense that choosing vertices in this way leads to a unitary gauge for the
resulting F-symbols, and we have numerically verified this for both of the Haagerup categories considered in this
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paper. It can be verified generally as follows

0 Y
Tl
5<w,u,x>,<y,u,z><[va]i,[va]j> ={ B ; o p (42a)
o’ w o
Y
- ¥ [F5 } [F‘S } < B (42b)
aBy| afy
aeboo.d (w,p,x)(a,e,b) (y,v,2)(c,0,d)
(0%
= F? } [F6 ] <v5 - [vs > 42¢
aeb[ o (w,p,)(a,€,b) by (y,v,2)(a,e,b) [ L [ ]‘] ( )
;) By (w,p,z)(a,e,b) B (y,v,2)(a,e,b) (wsh2,),(y:,2) ( )

Alternatively, one could attempt to change the gauge after finding the F-symbols, however this is challenging if C},
has multiplicity.

IV. A WORKED EXAMPLE: Vec(Z/2Z)%,.

We work through a particularly simple example to recover the F-symbols of Rep(Z/2Z) from a module, namely
Vec, over Vec(Z/2Z).

The skeletal fusion category Vec(Z/2Z) has two simple objects, {0, 1}, and fusion rules a ®b := a+b mod 2. Both
objects have d, = 1. All F-symbols are 1 when permitted by fusion. In all cases, we neglect to draw the strings
corresponding to the unit object 0. We consider a module category Vec with a single simple object, denoted * or a
blue string, with dimension d, = v/2. All module L—symbols are 1 when permitted by fusion.

A basis for the tube algebra is given by

A= To= |7T1: < . (43)

Since all the F- and L-symbols are 1, the product Eq. (22) reduces to T, 0Ty = Tyiy mod 2, recovering the group
algebra C[Z/2Z)]. Finally, these categories are equipped with a #-structure, which acts trivially on the basis A.

Step 1.

The tube algebra CA decomposes as two copies of the 1-dimensional algebra CA = C @ C. We will label the two
irreducible representations by 1,4%. A complete set of matrix units is given by

[el]oo—TO;rTl—;( :+ <> (44a)
oo =257 =5 (1171 0) (41)

Since both representations are 1-dimensional, we neglect the matrix indices for the remainder of this section. A basis
for the representations is given by

[v1] = [ea] [vy] = [ew], (45)

with action

[ea] [”B} = 5a,ﬁ[va]~ (46)

Both basis vectors [v,] have norm 1.
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Step 2.

The tensor product basis is 4-dimensional,

@] =1 i+ qﬁ él+ 5 o] @ [oe] = 3 i— ql+ é— é (47a)

> =

IR (3 EC 0 RN [ 5 - R

To obtain the fusion rules for Vec(Z/ QZ):,QC, we project the tensor product basis above onto the irreps. This is
done by left multiplication with the basis for the representations given in Eq. (45). Graphically, left multiplication
corresponds to putting the tubes given in Eq. (44a) and Eq. (44b) on the outside of the tubes in the tensor product
and reducing the diagrams using the F- and L-symbols. For example,

ool = 51| ()eq i— ql+ dl— é (482)
A1 3E80aag e

RGE R TR et

which tells us that v is in the decomposition of the tensor product 1 ® .

More generally, to compute the multiplicity of an irreducible inside some representation, you compute the dimension
of the image of multiplication by the corresponding indecomposable idempotent. Summing up, the fusion rules for
Vec(Z/2Z)v,,. are

| —

ool —

l@r=22=2®1 YRY =1, (49)

where z € {1,¢}.

Step 3.

Next, we provide explicit trivalent intertwiners. As discussed in Section III, we ensure that these are isometric. All
basis vectors in the tensor product basis [v,] ® [v,] have norm 27/4, arising from the dimension of the module object
d. = /2, and Eq. (28). Recall that these are obtained (for a given choice of irreps to tensor) by: first choosing a
generic vector in the tensor product, followed by projecting onto the target irrep. Since all irreps are 1-dimensional
in this case, expressing the result as in the tensor product representation completes the computation.

We obtain the isometric intertwiners with matrix representations

[v1] [v1]

1

| o =l e (ol ) <2 D1 el (wh, ) x 2 (500)
[vy] [vy]

1/1} } Y =[] [vy] (wﬁp) x 21/ ; } ¥ o= [vy] ® [v1] (w%) x 2M4, (50Db)

where the w?,’s are complex numbers with |w$,| = 1.
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|1 o o ) ap a2p Ha > Ms 1 T ol o’T A|[Hz> Ms2| G | pG
1|11 a o p ap a?p 1 T al o’ A 1 G | pG
ala o 1 ap a?p p @ al’ a’l r A @ G |pG
a’la® 1 « a?p o ap o? a’T Tr al’ A o? G | pG
ol p & ap|14+X &*+X a+X p al' +a’T+A I'+al'+A T'+a’I'+A|Y p G| Z
aplap p Ppla+X 14+X o2+ X ap '+’ I'+A al' +a’ T+ A I'+al +A |V ap G| Z
a?pla®p ap p [*4+X a+X 14X o?p F'+al'+A T+’ T+A al' +°T+A|Y o?p pG| Z

TABLE 1. Fusion rules for H2 and Hs (left) and module fusion rules (middle and right). The category Hs is rank 6, with a
full subcategory, generated by {1, a, a?}, equivalent to Vec(Z/3Z). We define X = p+ap+a?p, Y =T + ol 4+ o’T + A, and
Z = G + 3 - pG. Fusion rules for the modules were obtained from Ref. [9].

Step 4.

Finally, to compute the F-symbols, we solve the linear equations

C C

. f
b A d = Zf |:Fubc]ef b d , (51)
a a

where the vertices Eq. (50) are used. This gives

»

I A A
[111 " 1y, 7 Wi, e, = wl

Wiy,

W _ @ [pt _ @i [t vy [pe _ iy
[Fw”} g1 “n {lew}lplp Ty, {Fwwl}w B ‘*’ill Fpg 11 @i

1

8)—‘

which is any true for any choice of wf,, and corresponds to the fusion category Rep(Z/2Z).

In the appendices, we provide similar worked examples for (Vec(S3))y.. (Appendix B) and (Rep(5’3));ep(33)
(Appendix C), which explore some of the complications that arise in the more general case. Additionally, we supply
F-symbols for H;, a category with multiplicity, in attached Mathematica files [14]. These were computed using the
technique described here, using (Hg)j\,l3 _» where the fusion category Hs, and its module M3 ; are defined in Section V.
These examples, including those in the attached code, illustrate the possible complications that can arise.

V. EXAMPLE: HAAGERUP FUSION CATEGORIES

A far more complicated application of our algorithm is finding the F-symbols of one of the Haagerup fusion
categories. These categories originate from the Haagerup subfactor [27, 28], and they are of particular interest due
to their outstanding role in the conjectured correspondence between subfactors and conformal field theories initially
formulated by Vaughan Jones [29, 30]. Jones’ conjecture states that for every unitary fusion category C (equivalently
every finite depth subfactor), there is a conformal field theory (realized as a completely rational conformal net A),
such that Z(C) = Rep(A). We refer to Ref. [31] for a more complete exposition of the conjecture.

For subfactors with index less than four the conjecture is proven in Prop. 1.7 of Ref. [31], but the general case
remains unproven. The first example above index four is the Haagerup subfactor, for which an associated CFT is yet
to be proven, although it seems very likely that such a CFT exists [32].

The Morita equivalence class of fusion categories coming from the Haagerup subfactor contains three categories,
commonly called Hy, Ha, Hs, and their module categories were studied extensively in Ref. [9]. We take as the input
category Hs, with fusion rules given in Table I. The F-symbols for H3 were found in Refs. [11-13], and in an encoded
form in Ref. [10]. We visualize the F-symbols in the left part of Fig. 1 in a gauge in which they are all real. For the
category Ha, F-symbols are also known [12, 13], leaving those for H; the only unknown data.

Finding the F-symbols of H; directly by solving the pentagon equation is considerably harder than the corresponding
calculation for H3 due to the fact that 7 has multiplicities. It therefore makes sense to use the algorithm presented
above to obtain the F-symbols for H; via a module category over Hs. We consider a rank 4 indecomposable module
category over Hg, which we refer to as M3 ;. We obtained the fusion rules for this module from Ref. [9], although
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FIG. 1. A visualization of the F-symbol matrix elements in a unitary gauge istadizati >
Hs [11-13], and on the right is Hi. In the upper plot, white = —1, black = +1. All values are real

5, on the left is

they could be obtained more directly, for example by a brute-force search. We provide code for a tree-based search,
inspired by a talk given by J. Slingerland [33], in the attached Mathematica file ‘FindingModules.nb’ [14]. The fusion
rules are provided in the Table I.

Since these fusion rules are multiplicity free, it is reasonably easy to solve the module pentagon equation Eq. (14).
The solution is provided in the attached file ‘M31Data.m’ [14], and can be verified and visualized in ‘M31Data.nb’ [14].

With this data obtained, one can apply the algorithm described above. The tube algebra (Eq. (21)) is 555 dimen-
sional, so we refrain from extensive discussion of the computation. This algebra has 4 irreps, which we label 1, u,n, v
following Ref. [9]. By forming the projectors onto the irreps, we can easily obtain fusion rules for these irreps

1 7 v
. I n v
(Ha)m,, = 14v n+v n+up+v |, (53)

n+v l1+n+p+v n+p+2v
n+u+v n+p+2v 14+2n+p+2v

R I T ~|o
RIS T |-

which are the fusion rules of H;. Forming trivalent vertices, and using them to compute F-symbols gives the associator
data for the Haagerup category Hi. We provide a visualization in the right part of Fig. 1, and the numerical data in
the attached file ‘H1Data.m’ [14]. In particular, these were obtained using the unitary version of the algorithm, and
so are in a unitary gauge. Since there is multiplicity in the fusion rules, gauge freedom in these F-symbols is more
than the phase freedom in H3. In the bottom right panel of Fig. 1, this is apparent since the values do not cluster,
unlike the bottom left panel (H3). A full implementation of the algorithm used to obtain this data can be accessed
from the notebook ‘Main.ub’ [14], which also allows this to be applied to the other examples in this manuscript.

To complete the Morita class, we include the data for Hs in the file ‘DataH2.m’ [14]. These data are obtained from
a module category M3 o (data in ‘M32Data.m’). Unlike M3 1, this module has multiplicity three in its fusion rules
as shown in the right panel of Table I. Since the module pentagon equations are quadratic, and due to the reduced
gauge freedom, the module associator can be obtained more easily than would be possible for a fusion category with
multiplicity three.
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VI. REMARKS

To summarize, we have described an algorithm to compute F-symbols for a fusion category C},, given the data
for a fusion category C and a module category C ~ M. By using a module version of the tube category, and its
representations, this algorithm automates computation of these data.

To demonstrate the utility of our algorithm, we have applied it to obtain the F-symbols of the Haagerup Morita
equivalence class, and in particular the category H1. This category has multiplicity in its fusion rules, which makes it
extremely challenging to obtain the data by directly solving the pentagon equations. As such, this solution is among
only a handful of such data that have been obtained for categories with multiplicity. Conversely, the module involved
in the computation of s has multiplicity, however the simplified pentagon makes it possible to find the module
associator directly. With this data in hand, the algorithm can be applied to find the data for the final category in the
class.

The algorithm discussed in this manuscript requires as input data for one category in the Morita equivalence class.
The problem of finding this initial data is the subject of a great deal of research, and the current algorithm provides
no solution. In the case of a previously obtained solution, our algorithm allows for maximal use of the known data.

The only currently known ‘exotic’ fusion categories are those related to the ‘extended Haagerup subfactor’ [34]
(EH). All other examples fall into some infinite family. For this reason, these are particularly interesting to study
as this may aid in the classification. Previously, a complete understanding of the Morita equivalences has provided
insight into the origins of purportedly exceptional fusion categories [35]. Although the categories Morita equivalent
to EH are classified in Ref. [34], their data is not known. The algorithm presented here would greatly simplify the
task of calculating the data. In the case that new fusion categories are discovered, it would also provide a way to
more easily discover the Morita equivalences.

ACKNOWLEDGMENTS

Research at Perimeter Institute is supported in part by the Government of Canada through the Department of
Innovation, Science and Industry Canada and by the Province of Ontario through the Ministry of Colleges and
Universities. R.W. acknowledges financial support from the National Centres of Competence in Research (NCCRs)
QSIT (funded by the Swiss National Science Foundation under grant number 51NF40-185902) and SwissMAP — The
Mathematics of Physics.

This work was initiated at the workshop “Fusion categories and tensor networks”, hosted by the American Institute
of Mathematics in March 2021. We thank AIM for their generosity.

We thank Corey Jones for enlightening discussions.

[1] M. Levin and X.-G. Wen, String-net condensation: A physical mechanism for topological phases, Physical Review B 71,
045110, arXiv:cond-mat/0404617 (2005).

[2] A. Feiguin, S. Trebst, A. W. W. Ludwig, M. Troyer, A. Kitaev, Z. Wang, and M. H. Freedman, Interacting Anyons in
Topological Quantum Liquids: The Golden Chain, Physical Review Letters 98, 160409, arXiv:cond-mat/0612341 (2007).

[3] P. Etingof, S. Gelaki, D. Nikshych, and V. Ostrik, Tensor categories, Mathematical Surveys and Monographs, Vol. 205
(American Mathematical Society, Providence, RI, 2015) pp. xvi+343, available at http://www-math.mit.edu/ etingof/eg-
nobookfinal.pdf.

[4] K. Suzuki and M. Wakui, On the Turaev-Viro-Ocneanu invariant of 3-manifolds derived from the E6-subfactor, Kyushu
Journal of Mathematics 56, 59 (2002).

[5] E. Ardonne and J. K. Slingerland, Clebsch—-Gordan and 6j-coefficients for rank 2 quantum groups, Jour-
nal of Physics A: Mathematical and Theoretical 43, 395205, implementation at https://github.com/ardonne/
affine-lie-algebra-tensor-category, arXiv:1004.5456 (2010).

[6] D. Aasen, E. Lake, and K. Walker, Fermion condensation and super pivotal categories, Journal of Mathematical Physics
60, 121901, arXiv:1709.01941 (2019).

[7] C. Edie-Michel, M. Izumi, and D. Penneys, Classification of Z/2Z-quadratic unitary fusion categories, arXiv:2108.01564
(2021).

[8] J. C. Bridgeman and D. Barter, Computing data for Levin-Wen with defects, Quantum 4, 277, arXiv:1907.06692 (2020).

[9] P. Grossman and N. Snyder, Quantum subgroups of the Haagerup fusion categories, Communications in Mathematical
Physics 311, 617, arXiv:1102.2631 (2012).

[10] M. Izumi, The Structure of Sectors Associated with Longo-Rehren Inclusions II: Examples, Reviews in Mathematical
Physics 13, 603 (2001).
[11] T. J. Osborne, D. E. Stiegemann, and R. Wolf, The F-Symbols for the H3 Fusion Category, arXiv:1906.01322 (2019).


https://doi.org/10.1103/PhysRevB.71.045110
https://doi.org/10.1103/PhysRevB.71.045110
https://arxiv.org/abs/cond-mat/0404617
https://doi.org/10.1103/physrevlett.98.160409
https://arxiv.org/abs/cond-mat/0612341
https://doi.org/10.1090/surv/205
http://www-math.mit.edu/~etingof/egnobookfinal.pdf
http://www-math.mit.edu/~etingof/egnobookfinal.pdf
https://doi.org/10.2206/kyushujm.56.59
https://doi.org/10.2206/kyushujm.56.59
https://doi.org/10.1088/1751-8113/43/39/395205
https://doi.org/10.1088/1751-8113/43/39/395205
https://github.com/ardonne/affine-lie-algebra-tensor-category
https://github.com/ardonne/affine-lie-algebra-tensor-category
https://arxiv.org/abs/1004.5456
https://doi.org/10.1063/1.5045669
https://doi.org/10.1063/1.5045669
https://arxiv.org/abs/1709.01941
https://arxiv.org/abs/2108.01564
https://doi.org/10.22331/q-2020-06-04-277
https://arxiv.org/abs/1907.06692
https://doi.org/10.1007/s00220-012-1427-x
https://doi.org/10.1007/s00220-012-1427-x
https://arxiv.org/abs/1102.2631
https://doi.org/10.1142/S0129055X01000818
https://doi.org/10.1142/S0129055X01000818
https://arxiv.org/abs/1906.01322

16

[12] T.-C. Huang and Y.-H. Lin, The F-Symbols for Transparent Haagerup-Izumi Categories with G = Zany1, arXiv:2007.00670

(2020).

[13] J. C. Bridgeman, JCBridgeman /UnitarySphericalFusionData: Ranks 2-6, github.com/JCBridgeman/UnitarySphericalFusionData
(2020).

[14] J. C. Bridgeman, D. Barter, and R. Wolf, JCBridgeman/FSymbolsFromModules,

github.com/JCBridgeman /FSymbolsFromModules (2021).
[15] S. Yamagami, Polygonal presentations of semisimple tensor categories, Journal of the Mathematical Society of Japan 54,
61 (2002).

6] A. Kitaev, Anyons in an exactly solved model and beyond, Annals of Physics 321, 2, arXiv:cond-mat/0506438 (2006).

7] P. H. Bonderson, Non-Abelian Anyons and Interferometry, Ph.D. thesis, California Institute of Technology (2007).

8] A. Ocneanu, Chirality for operator algebras, (Kyuzeso, 1993) 39 (1993).

9] K. Hoek, Drinfeld centers for bimodule categories, Master’s thesis, The Australian National University (2019).

20] V. Ostrik, Module categories, weak Hopf algebras and modular invariants, Transformation Groups 8, 177,
arXivimath/0111139 (2003).

[21] P. Etingof and V. Ostrik, Finite tensor categories, Moscow Mathematical Journal 4, 627, arXiv:math/0301027 (2004).

[22] P. Etingof, D. Nikshych, and V. Ostrik, On fusion categories, Annals of Mathematics 162, 581, arXiv:math /0203060 (2005).

[23] C. Jones and D. Penneys, Operator algebras in rigid C*-tensor categories, Communications in Mathematical Physics 355,
1121, arXiv:1611.04620 (2017).

[24] D. Penneys, Unitary dual functors for unitary multitensor categories, 4, 22, arXiv:1808.00323 (2020).

[25] J. C. Bridgeman, D. Barter, and C. Jones, Fusing binary interface defects in topological phases: The Vec(Z/pZ) case,
Journal of Mathematical Physics 60, 121701, arXiv:1810.09469 (2019).

[26] J. C. Bridgeman and D. Barter, Computing defects associated to bounded domain wall structures: The Vec(Z/pZ) case,
Journal of Physics A: Mathematical and Theoretical 53, 235206, arXiv:1901.08069 (2020).

[27] U. Haagerup, Principal graphs of subfactors in the index range 4 < [M : N] < 3 + v/2, in Subfactors (Kyuzeso, 1993)
(1994) pp. 1-38.

[28] M. Asaeda and U. Haagerup, Exotic subfactors of finite depth with Jones indices (5 + /13)/2 and (5 4 v/17)/2, Commu-
nications in Mathematical Physics 202, 1, arXiv:math/9803044 (1999).

[29] V. F. R. Jones, Von Neumann Algebras in Mathematics and Physics, in Proceedings of the International Congress of
Mathematicians, Kyoto (1990) pp. 121-138.

[30] V. Jones, Some unitary representations of Thompson’s groups F and T, Journal of Combinatorial Algebra 1, 1,
arXiv:1412.7740 (2017).

[31] M. Bischoff, A Remark on CFT Realization of Quantum Doubles of Subfactors: Case Index < 4, Letters in Mathematical
Physics 106, 341, arXiv:1506.02606 (2016).

[32] D. E. Evans and T. Gannon, The Exoticness and Realisability of Twisted Haagerup-Izumi Modular Data, Communications
in Mathematical Physics 307, 463, arXiv:1006.1326 (2011).

[33] J. Slingerland and G. Vercleyen, Exploring small fusion rings and tensor categories, Mathematical Picture Language Sem-
inar, Harvard University, https://www.youtube.com/watch?v=Cysle6RI1lrc&ab_channel=MathematicalPictureLanguage
(2020).

[34] P. Grossman, S. Morrison, D. Penneys, E. Peters, and N. Snyder, The extended haagerup fusion categories,
arXiv:1810.06076 (2018).

[35] P. Grossman, M. Izumi, and N. Snyder, The asaeda—haagerup fusion categories, Journal fiir die reine und angewandte
Mathematik (Crelles Journal) 2018, 261, arXiv:1501.07324 (2018).

[
1
1
1
[


https://arxiv.org/abs/2007.00670
https://doi.org/10.5281/zenodo.4277499
https://github.com/JCBridgeman/UnitarySphericalFusionData
https://doi.org/10.5281/zenodo.5550960
https://github.com/JCBridgeman/FSymbolsFromModules
https://doi.org/10.2969/jmsj/1191593955
https://doi.org/10.2969/jmsj/1191593955
https://doi.org/10.1016/j.aop.2005.10.005
https://arxiv.org/abs/cond-mat/0506438
https://doi.org/10.7907/5NDZ-W890
https://tqft.net/web/projects/taniguchi/Chirality%20for%20operator%20algebras%20-%20Adrian%20Ocneanu%20-%20Subfactors%20(Kyuzeso,%201993)%2039-63%20-%20MR1317353.pdf
https://tqft.net/web/research/students/KeeleyHoek/thesis.pdf
https://doi.org/10.1007/s00031-003-0515-6
https://arxiv.org/abs/math/0111139
https://doi.org/10.17323/1609-4514-2004-4-3-627-654
https://arxiv.org/abs/math/0301027
https://doi.org/10.4007/annals.2005.162.581
https://arxiv.org/abs/math/0203060
https://doi.org/10.1007/s00220-017-2964-0
https://doi.org/10.1007/s00220-017-2964-0
https://arxiv.org/abs/1611.04620
https://higher-structures.math.cas.cz/api/files/issues/Vol4Iss2/Penneys
https://arxiv.org/abs/1808.00323
https://doi.org/10.1063/1.5095941
https://arxiv.org/abs/1810.09469
https://doi.org/10.1088/1751-8121/ab7d60
https://arxiv.org/abs/1901.08069
https://tqft.net/web/projects/taniguchi/Principal%20graphs%20of%20subfactors%20in%20the%20index%20range%20(4,3+sqrt2)%20-%20Uffe%20Haagerup%20-%20Subfactors%20(Kyuzeso,%201993)%201-38%20-%20MR1317352.pdf
https://doi.org/10.1007/s002200050574
https://doi.org/10.1007/s002200050574
https://arxiv.org/abs/math/9803044
https://www.mathunion.org/fileadmin/ICM/Proceedings/ICM1990.1/ICM1990.1.ocr.pdf
https://www.mathunion.org/fileadmin/ICM/Proceedings/ICM1990.1/ICM1990.1.ocr.pdf
https://doi.org/10.4171/jca/1-1-1
https://arxiv.org/abs/1412.7740
https://doi.org/10.1007/s11005-016-0816-z
https://doi.org/10.1007/s11005-016-0816-z
https://arxiv.org/abs/1506.02606
https://doi.org/10.1007/s00220-011-1329-3
https://doi.org/10.1007/s00220-011-1329-3
https://arxiv.org/abs/1006.1326
https://www.youtube.com/watch?v=Cys1e6RI1rc&ab_channel=MathematicalPictureLanguage2020
https://www.youtube.com/watch?v=Cys1e6RI1rc&ab_channel=MathematicalPictureLanguage
https://arxiv.org/abs/1810.06076
https://doi.org/10.1515/crelle-2015-0078
https://doi.org/10.1515/crelle-2015-0078
https://arxiv.org/abs/1501.07324

17
Appendix A: Tensor structure on Cj

Let C be a fusion category and M, N be C-modules. In this appendix, we briefly review the tensor structure on
Cl- We will concentrate on recovering tube algebra data from this functor, but, given a tube algebra representation,
the functor can be recovered similarly.

Let F': M — N be a module functor. This data specifies a vector space N (F(m),n), which we denote

m

After a basis has been chosen, vectors in N'(F(m),n) are indicated by

The tube algebra action

2 n2

ni
z vi =0, G ew; (A3)
mi
«
mo mo

on this vector space is extracted from the functor F' as follows:

postcompose with 8

N(F(mi),ny) == N(z> F(my),z>n1)
N (@5 F(my), ng) —-S0herence 50 Ar(F(z 5 my), na)

precompose with F(a)

N(F(m2),n2) (A4)
Now consider the composition of two tensor functors F': M — N and G : N' — P. The coherence isomorphism for
FRG:=GoF (Ab)

is given by
25 G(F(m)) G coherence iso. Gz F(m)) F coherence iso. G(F(z5m)) (A6)

Now assume that z > F(m) = n and choose trivalent vertices v : x> F(m) — n and ¢ : n — a > F(m) realizing this
isomorphism. We can decompose the coherence isomorphism for G o F' as

aDG(F(m)) G coherence iso. G(a:DF(m)) G(v) G(n) G(9) G(a:DF(m)) F' coherence iso. G(F(xbm)) (A?)

Substituting Eq. (A7) into Eq. (A4) tells us that the tube action for G o F' can be interpreted as

B B
- g (A8)
(0% (0%

followed by applying the F' and G actions independently. Notice that this is like a higher categorical version of the
well known group theory trick zy = xgg~'y.
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Appendix B: Worked Example: Vec(S3)

We work through another relatively simple example to recover the F-symbols of Rep(S3) from a module over
Vec(S3). This example has a two-dimensional representation, so is slightly more complicated than that in Section IV.
Additionally, since Rep(Ss) is not equivalent as a fusion category to Vec(Ss3), it is perhaps more clear that the
output F-symbols are distinct from the input. Conversely, since there is a single simple object in the module category,
computations within this example remain straightforward. In particular, all boundary tubes can be stacked to give a
nonzero picture.

The group Ss is given by the presentation

Sy =(o,7|0® =7> = (07)*> =1). (B1)

The simple objects of Vec(S3) are labeled by the group elements, with fusion given by group multiplication. All
F-symbols are 1 when permitted by fusion. In all cases, we neglect to draw the strings corresponding to the unit
object 1.

We consider a module category M with a single simple object, denoted * or a blue string. All module L—symbols
are 1 when permitted by fusion.

The boundary tube algebra is 6-dimensional, with picture basis

A = Tl = b TO' = g b T(7'2 = 0-2 b TT = u ) TUT = oT ) T(72T = 0-27— . (B2)

The multiplication on the tubes is given by group multiplication on their label T; T; = T,.;.

Step 1.

The tube algebra composes into two 1-dimensional algebras and one 2-dimensional algebra: C[S3] = C@Ca M (C).
A complete set of matrix units is given by

7T1+T0+T02+TT+TUT+T02T 1 | 2

le1]gg = G =5 ’Jr ol + o + 1+ ol + o?r 7 (B3a)
T Tcr TU _TT_TO'T_TU T 1 |
lewloo = Lt 1o e ? =5 |—|— ol + o — 1 — ol —o%r , (B3b)
2T —T; —Tpe 2T, +Tor +Tp2p 1 |
lexloo = ! ? G + T ot 6( 2 |— ol — o =2 1+ orl + o*r , (B3c)
_TO' Ta _TO'T TO’ T 1
lexloy = t 2o oo _ — ol + oY — ot + o7 7 (B3d)
2v/3 2v/3
lex]yo = To= Tor = Tor + Mot = ! o\ — o = o + T ) (B3e)
2V3 23
2Ty —Ty -T2 +2T, =Ty —Tp2p 1 |
lexly; = ! :t 2| 2 - o = o +2 1 — ot =P [ (B3f)

6 6 |



A basis for the representations is given by
[Ul]o :[61]007 [Wl]o = [ew]ooa [UW]O = [eﬂ]ooa
with
[ew]i,j [Uy}k :5';!5;‘6 [Uw]r

Using the central idempotents

1 :=[ex]oo + €)1,
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(B6a)
(B6b)
(B6c¢)

we can project onto a given representation. This is useful for computing the fusion rules for Cj,, but the full

representations are required to compute the F-symbols.
The fusion category C}, therefore has 3 simple objects, labeled 1,1, 7.

Step 2.

The composite basis is 36-dimensional, with picture basis

B
(X,BES?,

(07

The tensor products of the representations [v,] form a 16-dimensional subspace with basis [v,];, ® [v] ..

Step 3.

J

To find the required trivalent vertices, we need to decompose the composite space. This can be achieved as follows:

e Fix z,y representations. Pick a generic vector V =37, . alj[v.]; @ [v,],

e For each representation z, apply [e.]y,, giving a new vector V),

o If V(?) =0, the representation z does not occur inside the tensor product z ® .

e The vector V(*) = 0 will have at least one free parameter «. If it has exactly one, it can be fixed to any value.
Ultimately, this corresponds to a choice of gauge for the trivalent vertices. If there are multiple free parameters
(n of them), z occurs multiple times within  ® y. In that case, form n linearly independent vectors V(*9) with
all but one of the free parameters set to 0, and the remaining one fixed, for example, to 1.

e We can now identify [v,], with V(*% for each ¢ € {0,...,n — 1} since [e,],,V*? = V=9,

representations by applying [e.],,, giving vectors V;(Z’Q).

e The matrix elements of the trivalent vertex

Fill out the

Y
P (B3)
are given by the coefficients of [v,], ® [vy]j in the vector Vk(z"q), where the rows are labeled by {[%]Z ® [vy]j } ,
i

and the columns by {V,C(Z’Q) }k.
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For the present example, there are no multiplicities. For clarity, we leave the free parameters unfixed, naming them

w. This serves to demonstrate that they correspond to the gauge freedom in the F-symbols. The trivalent vertices
are given by the matrices

[Uw]o

> = e, (el ) <67 1> ek, (6 ) <6

[l [v1]

1 (0
b =yl (why ) x 6 by =gl gy (wh, ) x 6
[vzly  [vrly [vzly  [vrly
T > _ [Ul]o ® [Uﬂ}o Wiy 0 GL/4 1 _ [Uﬂ]o ® [Ul}o Wiy 0 GL/4
L [vﬂo@[ml( 0 o, ) ) R R R b
[velo o)y [vzlo  [vx)y
& [vylo ® [vxy 0 Wi 1/4 v [vr]o ® [vy]y 0 Wi 1/4
57T T ol ( e 0 ) T = ) o, L "
[v1)o [vylo
[vrlo ® [vrly  Wrn [vrlo @ [vx]g 0
SR OO I I (3) S S S O A <3> v
T [va], ® [valy 0 32 T [va]; ® [va]g —why 32
[vr]y ® [om]y \ wie [vr]; ® [vzly 0
[UW]O [Ux];
[vrlo @ vz 0 Wir 1/a
g > _ [Uﬂ] ® [Ufr} Win 0 (3)
b — 0 1 —
T [Ux]; @ [vz]y | Wix 0 8
[vr]; ® [v]y 0 —Win
Step 4.
The remainder of the calculation is straightforward linear algebra, solving the linear equations
c c
. f
b A d = Zf |:Fabc] ¢ b d y (Bg)
a a

1 0
- 0 -1

0 1

3

NP B PRV (B10)
. 10

-1 0

0 1
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and
10
- 00
S
@ T =l |X \/;w;rlw}m (Blla)
T 00
00
01
0 O
0 -1
i ¥ 0 1
| 0 0 i -
T =0 o X \/;wm/jwﬂw (B11b)
T 1 0
-1 0
0 O
1 0
- 0 1
{ 2o 3
| = Qw2
T T = 0 —1 X 8(w7r7'r) . (BllC)
T 1 0
1 0
0 1
From this, we read off that
[Fﬂ } ~ (wra)? {Fﬂ ] o (wis)? {Fﬂ ] 0 (B12)
T 1 _ﬁw;,lw}rm T - - ﬂwg’ww}f,ﬂ T o — Y.

The full set of F-symbols is computed similarly. Those that are not required to be zero by fusion are

1 1 w?
[ REY ) ey, T 0, Ur|, = of, Wi, R
[ “iy _F :| 1 [ o 1 _Fl 1 _ vis _Fib :| _ Wig
7 = = =1 =
| hp‘n-] - Wy A 1l - | 17w - 17r7r_ xl wi; | 1w - w?,
_FTF i| 1 _F¢ ] wfl _Fl :| w:ﬁl )k w:ﬁl _Fl :| wy
_ _ X _ _ — “Yn
1 - - ™ - D
[Flmw| ) o]y T ek [01%] gy T 0P, Ak PP vty T oWl
r r o1 r r % om
w Wl w o w? w
Fﬂ’ ] _ }w Ia ] s 142;1;: T :| -1 T :| -1 F ] _ Yrn 11/;)7\'
L vy 11 W1ﬁ11 vy 1m Wipm L i T Yy T L L& w1 W}rw“’q/;l
Wi Wi wr wr 1 wr
Fl :| — v FT :| =1 FT :| = “n ™ — Ym F :| = 2zl
L vrr T ‘*’mr‘*’}/u/; L Y™l an L mil 7l w11 L iy T }bw ) L mim T Wi
T K ™ w’ w
ke } — “m [F’T } — “m [Fn } _ W {Fﬂ } _ Oy [Fl ] _ m
|: i T Win mim T Wi ™yl TP w$1 Y w1l w‘*’wl‘”ww Tm T Yo
w? wT, wl P W
|: T o wiﬂ TP o Wi, 7l I wry 7wl - wry Tl -
1 » 7r w1
P . YiyYrn 1 Wrr Wy T _ T _ Wix ™ WinWrn
[Fﬂﬂ-w:| 1w - w;’fwwﬂw Fﬂ'ﬂ-w P o w}f"w:w Fﬂ—ﬂ'w e =1 Fﬂpﬂ—ﬂ' 11 2wy Fﬂ-ﬂ'ﬂ 19 N ijrjww-;rz/;
|:F7r :| Wirwha |:F7r :| — wi’ww% |:F7r :| — W |:F7r ] _ _erjww:;w |:F7r :| — wi,?
T 1 \/§w77:7r2 T W1 2“’w1‘*’71r7r T Wb 2“):11’ T - \/§w7ﬂr-7r2 T 1 \/iw;rlw}m
T 2
Fra| = [FL.] =1 (Fie] ==1 [Fr.] =0
|: T - \/iw:f”www T o T o T o

It can readily be verified that these obey the pentagon equations, and are the F-symbols, up to a choice of gauge, for
Rep(S3) as expected.



P =1 [Fla] =1 [FL] =1 |Fn.] =1 [P
L 11: 1m L 1yl P L tpww Pl L ly P L il T
Pl =1 (Pl =1 [F], =1 [l =1 [P, =
|; 1 | e I 1 - i P11 1 I 12}11;) i A Pl -
T _ T _ i _ _ 1
-Fwwﬂ_ 1m =1 _de—l_ T =1 _Fwﬂ—w:| g =1 _FwWTr:| w1l =1 _Fwﬂ-ﬂ:| TP
_F77:1111:| b =1 _F7'%17Tj| o =1 _F:rblw:| . =1 »F;'rlﬂ':| . =1 _F’l?dll_ e
_Ffw'rr_ o =1 _FT7:1[17T_ o =-1 _F’I:II:7T1 ir =1 _F;irl:| W =1 _F';rﬂl o
,Fﬂ- T -1 —Fﬂ' i 1 -Fﬂ' :| 1 >F7\' :| _ 1 _F7T
I 7T7l"¢): o I 7T‘IT7T: 11 2 A T 10 2 i Ll V2 A 71'71'71': ¥l
T _ 1 T _ 1 1 _ _ ™
_Fﬂ7r7r_ 7l - \/§ _Fﬂ'ﬂ'fr_ - - \/5 _F7r7r7r:| - - 1 F7r7r7r:| - - 1 _F7r7r7r_ -
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Appendix C: Worked Example: Rep(Ss3)

We work through another relatively simple example to recover the F-symbols of Rep(S3) from a module over
Rep(Ss3). This example is slightly more complicated than that in Appendix B since the module category we choose
has 3 simple objects. Because of this, and unlike the previous two examples, not all boundary diagrams are valid.

As input, we use the F-symbols computed in Appendix B. We consider Rep(S3) as a module over itself, so the
module category M also has 3 simple objects.

The boundary tube algebra is 32432452 = 43 dimensional, where the decomposition foreshadows the decomposition
into irreducible representations. Defining

d
Tlablcd], == T g , (C1)
a
the picture basis is
T111],,  T[LLyel,, TAllrn],, T[], TY[1],, Tp|rrl,, Tlr|lr], T[ir|)],,
Tlr|rl],, T[r|ry],, Tlnrlrr],, TR114],, TPy, TRllrr], Ty[ll],, Tdlpd];,
A~ Ty|rnl,, Tlrinl,, Thrlyr],, Tlyr|rl],, Tr|r)l,, Tn|rrl,, Trlla],, Trllya],,
) Trl|nl]y, T[7r1|m/)]w, Tirl|rr),., T[mp|ix],., Trlpr],, T[7T1/)|7Tl]w, T[mip|mip]y, Tlmp|rn],,
Tlrrn|11],, Tlrrn|ly]., Tlrr|lx] , Tlrr|Yl],, Trrjyd),, Tlrrljpn],, Tlrr|rl] , Tlrr|ry],
Tlrn|rr)y, Trr|rxl,, Tlrr|rr],
Step 1.

As already hinted at above, the tube algebra decomposes into two 3-dimensional algebras and one 5-dimensional
algebra: M5(C) @& M5(C) @ M5(C). A complete set of matrix units is given by

T[], Tlvlil], Lol

lealy; = | TOLww], Thovlw, Tl gl (C2a)
T[ligw],r T[M\“‘J/\;W],r %(T[ww|7r7r]1+T[7r7r|7r7r]¢+\/§T[7r7r|777r]7r> u
T[], Ty, T —

leg]y; = | TOwle1], TR, Hrrfellz (C2b)
Tholrrl, T, i(T[mr|7r7T]1+T[7T7T|7r7T]¢—\/§T[777r\7r77]ﬂ> }
T(in|la], T[¢n|ia], Trl|ix], Tlry|in], Al
T(inln), T[prlyn], Tlrilgrl, Tlrylg, — Tl

lexl;; = | TOnlrl], Tn|rl], Tlrlll], Trelrl], Trlels . (C2c)
Tlin|re], Tlmlry], Tlrljrel, Tlrylryl, e
T, Tty Tl Tl 3(irnjrg, - Tirnlea],) .

Note that we are redundantly using the labels 1, ¢, 7 for the simple objects in: Rep(S3) as both a fusion and module
category, and as labels for the irreducible representations of the tube category.
A basis for the representations is given by

[vl]i :[el]ioa [WJ]Z— = [ew]ioa [Uﬂ]i = [e‘fr]ioa (C3)
with

[eal; vy, =045 [va]- (C4)



These vectors have norm

[vi); ]l = H[WLH =1

lvalill = V2.
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(C5)

The fusion category C}, therefore has 3 simple objects, labeled 1,1, 7. Note that we are labeling the objects in C},
with the same labels as the input category C since, as shown below, C}, = C as a fusion category. From this point,

all labels are in C},.

Step 2.

The composite basis is 683 dimensional. Unlike the two previous examples, 683 # 432, since many of the composite

pictures evaluate to 0. The tensor products of the representations v, form a 43 dimensional subspace with basis

[vl]o ® [01]07 [Ul
[vi]o ® [vy]ys [01
[Ul]o ® [UW]O? [Ul
[vy]o @ [vr]y, [vy
[UW]O @ [01]27 [Uﬂ'
[UW]O ® [Uw]z, [Ur
[Uw]o ® [Uw]zv [Uw
[Uw]z ® [Ur]ov [Vr

[vi]y ® [v1]a,  [vy]y

w]p ['Ul]2 ® [v¢]27 [Uw]o
7r]17 [Ul]Q ® [U‘n']27 [01}2
ﬁ]ov [”11)}2 & [Uﬂb, [WJ]Q
1]2» [U’IT]2 ® [Ul]ov [Uvr]s
vl [Unls ® [vgly, [vrs
Uﬂ]?ﬂ [UW]O ® [vﬂ]m [UW]l
xl1y [Urly ® [vrlys [valy

Step 3.

[Uwha [Uib]l ® [’Uw}o, [Uib]g ® [v }2’

[vilis [ve]; ® [vi]g, [vp], @ [1],,
} s [Ul]g ® [UTer

[1)7\']37 [Udl]z ® [”‘n]4a

[v1ly, [vr]y ® [v1]y,

[’Uw] , [vﬂ']4 ® [’Uw]Qv

[Uw] s [Uwh ® [Uw]3a [Uwh ® [UW]47

[Vrls, [Ur]y ® [Ur]y

(C6)

For the present example, there are no multiplicities. For clarity, we leave the free parameters unfixed, naming them
w. This serves to demonstrate that they correspond to the gauge freedom in the F-symbols. The trivalent vertices

are given by the matrices

0

[vi]o
1o ® [v1]g ( wiy
@i, [0
1]2 ® [”1]2 0
[velo
1o ® [ogly [ wiy
1 @yl |0
1y @ [vyly \ O
[velo
wlo ® il [ wih
ply ®[vi]g [0
ply ®[vi]y \ 0
[v1]o
wlo ® vyl [ wiy
wli @ [vgly ( 0

[v1]y

0

[v1],
0

1
ﬂwww
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[’Uﬂ}o & [/Uﬂ}g 0 0 0
[vr]p @ [vr]s 77/\/E 0 0
[vﬂ}o ® [vxly 0 0 0
[vr]y @ vz, 0 erfr/\/é 0
T [Ux]; @ [vr]y 0 0 0
us } v o= [vr]; ® [vx], 0 0 0
[vrly ® [vr]g 0 0 /4
[vals ® [vz]y 0 0 v /4
[Vx], ® [Ur]s 0 0 0
[Vr]y ® [Ur]4 0 0 0
[vr]y ® [V, 0 0 —w¥, /2
[Uﬂ]o [Uﬂ]l [Uﬂ]z [UW]3 [Uﬂ]4
[Vr]o ® [Ur], 0 0 0 0 0
[vr]o ® [vrl4 0 0 0 0 0
[Vrlp @ [Un]y | Wi 0 0 0 0
[Vr]; ® [Ur]s 0 0 0 0 0
- [vr]; ® [Ur]4 0 0 0 0 0
- } T = [vx]; ® [va]y 0 —wi. 0 0 0
[valy ® [vr]g 0 0 0 0 /2
[vr]3 ® [vx]y 0 0 0 0 Wi /2
[Vr]y ® [Ur], 0 0 Wi 0 0
el | 0 0 0 - 0
[Vx], ® [vx]y 0 0 0 0 0

Note that these matrices are not isometric matrices, but are matrices for isometric operators.

Step 4.

The full set of F-symbols is computed from these. Fixing wg, = 1, these are

[an} o ! [Flw} 14 =1 [Fﬁ“} I ! [F{Z’l} oo 1 [Ffw¢_}¢1 =1 [Fﬁ/m}wﬁ =1 [Flﬂﬂ}
Fry| =1 Fle —1 _Fffm} L=l Fm] =1 R L=l _Fd{w}w —1 [F7,,
O - TR L | wLw [Fr] =1 [Pl =1 [Fe
Flee] =1 F;TH} —1 :F;TwLw =1 |Fh,] = P =1 [Fne] =1 [Fp]
_Fﬁww_ 1 1 mlﬂr]m _Ffww]m =1 77] o _F;ﬂ'l_ - 1 »Ffﬂ} o 1 _F;rﬂ'l_
:F;pﬂw . 1 Aw :F;T”w]m =1 “} 11 :F;FM] 19 - % :F;T”} I % :F;r’m:

the F-symbols for Rep(Ss) as expected.
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