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Abstract

We give a pedagogical introduction to the Hamiltonian formalism of general
relativity at an advanced undergraduate and graduate levels. After covering
the mathematical pre-requisites as well as the 3 + 1-decomposition of space-
time, we proceed to discuss the Arnowitt-Deser-Misner (ADM) formalism (a
Hamiltonian approach) of general relativity. Then we proceed to give a brief
but self-contained introduction to homogeneous (but not necessarily isotropic)
universes and discuss the associated Bianchi classification. We first study their
dynamics in the Lagrangian formulation, followed by the Hamiltonian formu-
lation to show the equivalence of both approaches. We present a variety of
examples to illustrate the ADM formalism: (i) free & massless scalar field
coupled to homogeneous (in particular, Bianchi IX) universe, (ii) scalar field
with a potential term coupled to Bianchi IX universe, (iii) electromagnetic
field coupled to gravity in general, and (iv) electromagnetic field coupled to
Bianchi IX universe.
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1 Introduction

General relativity is generally introduced in the Lagrangian formalism (the so-called stan-
dard formalism) to the students. This illustrates the importance of the principle of general
covariance. Similar to what we have in classical mechanics where the Hamiltonian for-
malism (the so-called canonical formalism) is an equivalent description as the Lagrangian
formalism, this is true in the context of general relativity as well. But this canonical
approach to general relativity is not as completely obvious. For example, in the covariant
formalism, space and time are treated on equal footing but in the Hamiltonian approach,
we need to parametrize time and create a slicing of “time+space” of the spacetime mani-
fold. This is non-trivial because general relativity does not admit a natural parametrization
for time and thus choosing a particular time coordinate remains arbitrary in the canonical
approach. The purpose of this work is to go through the details of this procedure and
allow for a Hamiltonian description of general relativity.

Once we have the canonical formalism ready, we see that the formulation of the initial
value problem (the so-called Cauchy problem) is vastly simplified. A vast amount of
progress has been made in the context of the initial-value problem in general relativity [1]
and the associated works of York, Choquet-Bruhat and O’Murchadha [2, 3]. One of the
central pillars of the Cauchy problem formulation in general relativity is the Arnowitt-
Deser-Misner (ADM) formalism [4, 5] and its applications to various Lorentz invariant
classical field theoretical formulations. Simultaneously, the Hypersurface Deformation
Algebra (HDA) [6] have played a significant role in the development of general relativity.
This is sometimes taken as an independent starting point to develop general relativity.
Physics emerging from further deforming the HDA [7] are the topical areas of interest.
We briefly discuss this in Chapter 3.3 and present a detailed derivation of the HDA in
Appendix H.

We cover two major topics in this work: (i) the ADM (Hamiltonian) formulation of
general relativity, & (ii) homogeneous cosmological solutions of the Einstein field equations
(the so-called “Bianchi” class of universes). Mathematically speaking, the isotropic and
homogeneous universe, namely the FRWL cosmological model is a subset of the Bianchi
universe in which the anisotropy parameters vanish1. FRWL cosmological model is highly
relevant for our universe as it lies within the experimental limits placed through CMB
(Cosmic Microwave Background) observations and the paradigm of inflation [8]. However
the equations of motion of general relativity predict that a deviation from isotropy might
have happened at very early epochs (before the inflation), so studying the anisotropic
homogeneous models makes sense in these regards.

We have tried to be detailed and self-contained in this work while addressing both of
these pre-requisites. The readers are expected to have familiarity with the basic concepts
in general relativity and know how to derive the FRWL cosmological solution from the
Einstein field equations. The structure is as follows.

Chapter 2 deals with the mathematical preliminaries required for this work. It focuses
on developing the mathematics required for the two approaches towards general relativity,
namely the Lagrangian formulation as well as the Hamiltonian formulation. In particu-
lar, Section 2.2 provides a brief but rigorous derivation of Einstein field equations using
the Einstein-Hilbert action in the Lagrangian formulation. Concepts of hypersurfaces,
embeddings and other related foundational topics are discussed which form the basis of

1Different Bianchi universes have different topologies, just like FRWL universes. Thus to make this
sentence more precise, the closed FRWL universe is the isotropic case of Bianchi IX, the flat FRWL
universe is a special case of Bianchi I & Bianchi VII0 and the open FRWL is of Bianchi V & Bianchi VIIa.
See the chart 129 for the Bianchi classification.
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3 + 1−description of general relativity.
Chapter 3 deals with the Arnowitt-Deser-Misner formalism (a Hamiltonian approach)

of general relativity. Section 3.1 delves into decomposing the spacetime into 3+ 1−foliation
of space and time. After describing this procedure, the ADM formalism is discussed in
Section 3.2. The chapter concludes with the discussion on Hypersurface Deformation
Algebra (sometimes known as the Dirac algebra) in Section 3.3 which can be viewed as an
independent starting point of general relativity [9, 10]. A detailed derivation of the HDA
is provided in Appendix H.

Chapter 4 provides a brief but self-contained introduction to homogeneous but anisotropic
universes (the “Bianchi” class of universes) where we start with the classification of topo-
logically different homogeneous cosmologies in Section 4.1. We introduce a form of basis,
known as the invariant basis, in Section 4.2 which we show to be particularly well-suited
to study homogeneous cosmologies. We express the Einstein field equations in invariant
basis in this section as well. Then we discuss the dynamics, as examples, of Bianchi I and
Bianchi IX universes in the Lagrangian formulation in Section 4.3 where all the results are
re-derived in the Hamiltonian formulation in Chapters 5.1 & 5.2, thereby showing their
equivalence.

Chapter 5 is completely devoted to do the canonical analyses of the homogeneous
cosmologies that we encountered in Chapter 4. Again as examples, we present the ADM
analysis of Bianchi I and Bianchi IX universes in Sections 5.1 & 5.2 where we re-establish
the results obtained in the Lagrangian formulation in Chapter 4.3. We then proceed
to give two more examples to further practice the ADM formulation: (i) (Section 5.3)
a free & massless classical scalar field coupled to Bianchi IX universe, and (ii) (Section
5.4) we extend the previous system to the case of a classical scalar field with a potential
term. Through these two examples, we study their dynamics and phenomena such as
Mixmaster dynamics (first encountered in Chapter 4.3.2 and re-established in Section
5.2.4) & quiescence (introduced in Section 5.3.1).

Chapter 6 extends the ADM analysis done in Chapter 5 to the case of Einstein/Bianchi
IX-Maxwell-Scalar Field system. Section 6.1 contains a 3+ 1−decomposition of Maxwell’s
equations and the continuity equation which we use in Subsection 6.1.1 to present the
full Einstein-Maxwell equations of motion for the general case of electromagnetic field
coupled to gravity. Then in Section 6.2, we take a step back and derive the ADM action
whose variations lead to the equations of motion presented in Subsection 6.1.1. Finally
in Subsection 6.2.1, we specialize to the case of homogeneous cosmology, in particular
Bianchi IX universe and do the ADM analysis of Bianchi IX-Maxwell system. In Section
6.3, we study a free & massless classical scalar field coupled to the Bianchi IX-Maxwell
system in the Hamiltonian formalism and calculate explicitly its equations of motion.
Although the procedure has been known in the literature, the explicit calculations and
the results obtained in Sections 6.2 & 6.3 have not been reported to the best knowledge
of the author. Thus these two sections can be considered a new component of this work,
albeit not original.

Chapter 7 summarises this work and discusses future prospects such as extending
these results to Yang-Mills field as well as to other more general inhomogeneous universes.
Appendices contain involved & detailed calculations that have been taken out from the
corresponding chapters and relegated therein to maintain the flow of reading.

For the purposes of this work, we will always be interested in the bulk and will always
(unless stated otherwise) ignore the boundary terms arising, say, due to integration-by-
parts. Therefore, two of the crucial concepts missing in this work are: ADM mass & ADM
momentum. The sign of the metric gµν will be taken as (−,+,+,+) and cosmological
constant Λ will be set to zero (unless stated otherwise). The units we will be working with
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are the natural units where we set the Newton’s gravitational constant G and the speed
of light c, both equal to 1. This work is completely based on classical Physics and every
entity encountered should be taken as classical objects. Greek indices, such as µ, ν,α, . . .,
denote the full spacetime components (which in 3 + 1−D means running over {0, 1, 2, 3})
while Latin indices, such as i, j, a, . . ., denote the spatial components only (which in 3−D
means running over {1, 2, 3}). The only exception will be when we introduce invariant
basis in Chapter 4.2 where both Greek and Latin indices will denote spatial components
with Greek denoting invariant basis while Latin denoting coordinate basis. There should
be no confusion for the readers as what Greek indices mean (spacetime components versus
spatial components in invariant basis) will always be clear from the context. See footnote
6 in Chapter 4 for further comments.
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2 Mathematical Preliminaries

In this chapter, we set up the mathematical machinery behind general relativity. In
Section 2.1, we start with defining crucial mathematical operations which are inevitable
in the study of general relativity. The basic definitions and useful formulae of general
relativity are already summarized in Appendix A. After briefly discussing the definitions,
we proceed to directly deal with general relativity. There are two major approaches: the
Lagrangian (or the so-called standard) as well as the Hamiltonian formulations of general
relativity. Section 2.2 completely derives from the basic the Einstein field equations using
the Lagrangian approach starting from the Einstein-Hilbert action. Section 2.3 prepares
the readers for the Hamiltonian formulation which is discussed at length in Chapter 3.

2.1 Definitions

Covariant Derivative or Connection

We consider a differentiable manifold M over which we define a covariant derivative (or
connection) ∇ as a map:

∇ : T (r, s) 7−→ S(r, s+ 1) (1)

where T and S are tensor fields of rank (r, s) and (r, s + 1), satisfying the following
properties:

(a) ∇ is linear: ∇ (aT + bS) = a∇T + b∇S where T and S are tensor fields of same
rank and {a, b} are scalar constants.

(b) For a given tensor field T and a scalar field f , we have df as a tensor of rank (0, 1)
with tensor components ∂µf , and the connection satisfies: ∇(fT ) = df ⊗ T + f∇T .

(c) Given the bases sets {eµ} and {θµ} of the tangent and the cotangent spaces Tp(M)
and T ⋆

p (M) respectively, we have: ∇eµ = Λα
βµθ

β ⊗ eα, where Λα
βµ are the connection

coefficients defined in Appendix A.

The connection becomes a metric connection if we have a well-defined metric gµν on the
differentiable manifold M and the connection satisfies ∇gµν = 0. In this particular case,
the connections are known as Christoffel symbols whose formula is provided in Appendix
A.

In terms of components, we have:

∇µA
ν = Aν

;µ =
∂Aν

∂xµ
+ Λν

µλA
λ = Aν

,µ + Λν
µλA

λ

∇µAν = Aν;µ =
∂Aν

∂xµ
− Λλ

νµAλ = Aν,µ − Λλ
νµAλ

(2)

Tensor Density

For a given tensor T of rank (r, s), the corresponding tensor density is defined as:

T α1α2···αr
β1β2...βs ≡

√
|g|

W
Tα1α2...αr

β1β2...βs (3)

where g = determinant(gµν) and W ∈ R is the weight of the tensor density.

6



SciPost Physics Lecture Notes Submission

With this defined, the covariant derivative of a tensor density is a direct generalization
(using ∇µgαβ = 0, so ∇µg = 0):

∇µT α1α2···αr
β1β2...βs =

√
|g|

W
∇µ

[
T α1α2···αr

β1β2...βs√
|g|W

]

=
√

|g|
W

∇µT
α1α2...αr

β1β2...βs

(4)

Integral Curve and Flow Map

For any given vector field X = Xµ∂µ on a differentiable manifold M and an open subset
I ⊂ R, we define the integral curve of X at point p as follows:

αp :I 7−→ M
s 7−→ αp(s)

(5)

such that:
αp(0) = 0
dαp

ds s0
= α̇p(s0) = Xs0(αp) ∀ s0 ∈ I.

(6)

Then the integral curve defines the flow map ϕX
s as follows (where U ⊂ M is an open

subset):
ϕX

s :U 7−→ M
p 7−→ αp(s)

(7)

such that:
dαp

ds
|s0 = α̇p(s0) = Xs0(αp) (8)

This flow map ϕX
s has the following properties:

(a) ϕX
0 (p) = αp(0) = p =⇒ ϕX

0 = I,

(b) ϕX
s ◦ ϕX

t = ϕX
s+t ∀s, t ∈ R,

(c) ϕX
s is a diffeomorphism, and

(d)
[
ϕX

s

]−1
= ϕX

−s

Lie Derivative

The flow map allows us to define something known as Lie derivative of any differentiable
tensor field of rank (r, s) along the vector X, evaluated at point p, as follows:

[LX(T )]p ≡ d
ds

∣∣∣∣
s=0

[(
ϕX

−s

)
∗
TϕX

s (p)

]
(9)

In terms of components, which is most commonly used by physicists, we have:

[LX(T )]µ1...µr
ν1...νs = Xλ∂λT

µ1...µr
ν1...νs

− T λ...µr
ν1...µs∂λX

µ1 − . . .− Tµ1...λ
ν1...νs∂λX

µr

+ Tµ1...µr
λ...νs∂ν1X

λ + . . .+ Tµ1...µr
ν1...λ∂νsX

λ

(10)
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For our purposes, we are interested in the special case of ∇ being torsion-free, namely
Γλ

µν = +Γλ
νµ, where the Lie derivative takes the form:

[LX(T )]µ1...µr
ν1...νs = Xλ∇λT

µ1...µr
ν1...νs

− T λ...µr
ν1...µs∇λX

µ1 − . . .− Tµ1...λ
ν1...νs∇λX

µr

+ Tµ1...µr
λ...νs∇ν1X

λ + . . .+ Tµ1...µr
ν1...λ∇νsX

λ

(11)

Lie derivative satisfies the following properties as can be checked by direct computation:

(a) LX(T ) is linear in both X and T ,

(b) LX : T (r, s) 7−→ S(r, s): Lie derivative of a tensor field of rank (r, s) is another
tensor field of rank (r, s),

(c) for a given scalar field f , we have LX(f) = X(f) = Xµ∂µf , and

(d) for a given vector field V µ, we have LXV
µ =

[
X⃗, V⃗

]
.

2.2 Lagrangian Formulation of General Relativity

As a reminder, we are using the natural units (G = c = 1), setting the cosmological con-
stant Λ = 0, and always ignoring all boundary terms (unless stated otherwise) throughout
this work. After discussing all the variations with respect to the metric in the following
paragraphs, we will derive the Einstein field equations using the Lagrangian formulation.

Variation of Metric

Variations δgµν and δgµν are related as:

gαλgλβ = δα
β ⇒ δgµν = −gµαgνβδg

αβ (12)

where minus sign is noted.
We also have the Jacobi’s formula:

δg = ggµνδgµν = −ggµνδg
µν (13)

Variation of Christoffel Symbols

The variation is:

δΓλµν =
1
2 (δgλν,µ + δgµλ,ν − δgµν,λ)

=
1
2 (∇µδgλν + ∇νδgµλ − ∇λδgµν)

+
1
2
[
Γσ

µλδgσν + Γσ
µνδgλσ + Γσ

νµδgσλ + Γσ
νλδgµσ − Γσ

λµδgσν − Γσ
λνδgµσ

] (14)

⇒ δΓλµν =
1
2 (∇µδgλν + ∇νδgµλ − ∇λδgµν) + Γσ

µνδgσλ (15)

We will also be needing:

δΓρ
µν = δgρλΓλµν + gρλδΓλµν

= −gρλΓσ
µνδgσλ +

1
2g

ρλ (∇µδgλν + ∇νδgµλ − ∇λδgµν) + gρλΓσ
µνδgσλ

(16)

8
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⇒ δΓρ
µν =

1
2g

ρλ (∇µδgλν + ∇νδgµλ − ∇λδgµν) (17)

which can be shown to be a tensor of rank (1, 2), and
δΓµ

µν = δgµλΓλµν + gµλδΓλµν

= −gαµgβλδgαβΓλµν + gµλ
[1

2 (∇µδgλν + ∇νδgµλ − ∇λδgµν) + Γσ
µνδgσλ

]
= −Γβ

µνg
αµδgαβ +

1
2g

λµ∇νδgλµ + Γβ
µνg

αµδgαβ

(18)

⇒ δΓµ
µν =

1
2g

λµ∇νδgλµ (19)

Variation of Curvature

We can start from the complete definition of the Riemann curvature tensor as provided
in Appendix A and vary it with respect to the metric, or we can make our lives easier by
choosing a local inertial frame where we can always make Γλ

µν = 0 which is valid in any
Lorentz frame (tangential to the spacetime manifold). Accordingly this greatly simplifies
the variation of the Riemann curvature tensor as follows:

δRρ
σµν = δ

[
Γρ

σν,µ − Γρ
σµ,ν

]
(Lorentz frame) (20)

where we now replace the partial derivative ∂µ with covariant derivative ∇µ and realize
that this is a tensor identity, therefore it should be valid in all frames of reference. This
leads to the Palatini identity:

⇒ δRρ
σµν = ∇µδΓρ

σν − ∇νδΓρ
σµ (21)

Accordingly we get:
⇒ δRµν = ∇λδΓλ

µν − ∇µδΓλ
λν (22)

Proof: By definition, we have:

Rµν = Rλ
µλν = ∂λΓλ

µν − ∂νΓλ
µλ + Γλ

λρΓρ
νµ − Γλ

νρΓρ
λµ

⇒ δRµν = ∂λδΓλ
µν − ∂νδΓλ

µλ + δΓλ
λρΓρ

νµ + Γλ
λρδΓρ

νµ − δΓλ
νρΓρ

λµ − Γλ
νρδΓρ

λµ

(23)

Then we use eqs. (17, 19) to get the desired result: δRµν = ∇λδΓλ
µν − ∇µδΓλ

λν .
Next we evaluate another important result which will also be used in the context of

3−dimensions in Appendix F (recall ∇µgαβ = 0):

gµνδRµν = ∇λ

(
gµνδΓλ

µν

)
− ∇µ

(
gµνδΓλ

λν

)
= ∇λ

(
gµνδΓλ

µν − gµλδΓν
νµ

) (24)

We again use eqs. (17, 19) to get:

⇒ gµνδRµν = (∇µ∇ν − gµν∇α∇α) δgµν

=
(
gµαgνβ − gµνgαβ

)
∇µ∇νδgαβ

⇒ gµνδRµν = ∇λ

[
gλαgνβ − gλνgαβ

]
∇νδgαβ

(25)

9
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Now using eq. (22), we can also calculate the variation of Ricci scalar with respect to
the metric as follows:

δR = −Rµνδgµν + gµνδRµν

= −Rµνδgµν + gµν
[
∇λδΓλ

µν − ∇µδΓλ
λν

]
= −Rµνδgµν + ∇λδV

λ︸ ︷︷ ︸
= gµνgρλ∇ρ (∇µδgλν − ∇λδgµν)

= ∇µ∇νδgµν − ∇λ∇λδ ln |g|

(26)

Thus we have finally:

⇒ δR = −Rµνδgµν + ∇µ∇νδgµν − ∇λ∇λδ ln |g| (27)

Action of General Relativity

The total action functional is:
S = SH + Sm (28)

where SH is the Hilbert term for pure gravity and Sm is the matter action, both given by:

SH =
∫

V
d4x

√
−gLH =

1
16π

∫
V
d4x

√
−gR

Sm =
∫

V
d4x

√
−gLm

(29)

where V is the volume over which the integration is done.

Variation of the Hilbert Term

We apply the chain rule to get:

δLH =
1

16π [δ (gµνRµν
√

−g)]

= − 1
16π

[
δg

2√
−g

gµνRµν + (δgµνRµν + gµνδRµν)
√

−g
] (30)

Then we use the Jacobi’s formula (eq. (13)) to get:

δLH =
1

16π

[(
Rµν − 1

2gµνR

)
δgµν + gµνδRµν

]√
−g (31)

Then we use Palatini identity (eq. (21)) to get:
√

−ggµνδRµν =
√

−ggµν
[
∇ρδΓρ

µν − ∇µΓρ
ρν

]
=

√
−g∇ρ

[
gµνδΓρ

µν − gρνδΓµ
µν

] .
= ∂ρ (

√
−gδV ρ)

(32)

where we already introduced the variation δV µ above. This becomes a full derivative,
which we choose to ignore as we are never considering boundary contributions. We are,
therefore, finally left with:

δSH =
1

16π

∫
V

(
Rµν − 1

2gµνR

)√
−gδgµνd4x (33)

10
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Variation of the Matter Term

We get by applying the chain rule again:

δSm =
∫

V

[
δLm

δgµν
δgµν√

−g+ Lmδ
√

−g
]

d4x

=
∫

V

[
δLm

δgµν
− 1

2Lmgµν

]√
−gδgµνd4x

(34)

We define the stress-energy tensor Tµν as Tµν ≡ −2 δLM
δgµν + LMgµν to get:

δSm = −1
2

∫
V
Tµν

√
−gδgµνd4x (35)

Einstein Field Equations

Combining the Hilbert term and the matter term, we get the variation of the full metric
as:

δS = δSH + δSm =
1

16π

∫
V

[
Rµν − 1

2gµνR− 8πTµν

]√
−gδgµνd4x (36)

Then we enforce the action principle and equate δS = 0 to get the Einstein field
equations:

Rµν − 1
2gµνR︸ ︷︷ ︸

Gµν=Gνµ

= 8πTµν (37)

from which we get the desired conservation of the stress-energy tensor (see the text below
eq. (380)):

∇µT
µν = 0 (38)

Note that we have ignored the cosmological constant Λ throughout but the entire anal-
ysis goes through if we replace R → (R− 2Λ) to get the full Einstein field equations (this
prescription of replacing R with (R− 2Λ) is in general a powerful heuristic of restoring
the cosmological constant):

Rµν − 1
2gµνR+ gµνΛ = 8πTµν (39)

2.3 Prerequisites of Hamiltonian Formulation of General Relativity

We now set up the space where we shall be working. We consider a submanifold N ⊂ M
through the embedding Φ̃ : N → M (injective and structure preserving). In particular,
Φ̃ : N → Φ̃(N ) is a diffeomorphism where Φ̃(N ) ⊂ M is a k−dimensional submanifold
(k < n). We will identify N and Φ̃(N ). This is shown in Fig.(1) [11].

We now assume that the spacetime (M, gµν) is globally hyperbolic2 namely that its
topology is R × Σ where Σ is an orientable 3−dimensional manifold (see Fig.(2) [11]).
Accordingly we can foliate the spacetime by 3−manifolds (hypersurfaces) Σt (t ∈ R) such
that (we identify Σt with {t} × Σ):

M =
⋃
t∈R

Σt (40)

Then we assume the following about Σt:
2A spacetime M is said to be globally hyperbolic if it admits a spacelike hypersurface Σ (called the

Cauchy surface) such that every timelike or null curve without end points intersects Σ only once.
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Figure 1: Embedding 3−D manifold in 4−D manifold [11]

(a) No two Σt will intersect with each other.

(b) The initial hypersurface Σt=0 will encode the initial information giving rise to the
spacetime as prescribed by the equations of motion.

(c) Hypersurfaces Σt arise as level surfaces of a scalar function t which will be interpreted
as a global function time.

(d) All Σt are spacelike.

As an aside, we are imposing the assumption (d) for our purposes but in general
the foliation allows to have hypersurfaces Σ of three types (recall our convention of the
signature of the metric: (−,+,+,+)):

(i) spacelike hypersurface if the induced 3−metric (defined below) is positive definite,
i.e. signature is (+,+,+) having a timelike normal vector,

(ii) timelike hypersurface if the induced 3−metric is Lorentzian, i.e. signature is (−,+,+)
having a spacelike normal vector, and

(iii) null hypersurface is the induced 3−metric is degenerate, i.e. signature is (0,+,+).

We will always stick to the first type, namely a spacelike hypersurface with a timelike
normal vector.

This construction allows us to define a normal vector nµ on each of the spatial hyper-
surface Σt. This is shown in Fig. (2). We can interpret nµ as the 4−velocity of a normal
observer whose worldline is always orthogonal to Σt. Clearly nµ is a timelike vector which
we shall always take to be normalized. In our metric signature convention, this means
nµnµ = −1.

We have defined our hypersurface Σt as that of a surface with constant t where t is a
scalar field on M. So the 1-form dt is normal to Σt in the sense that every vector on Σt

has a vanishing inner product with dt. Accordingly the metric dual of dt, namely ∂µt, is
also normal to the hypersurface Σt where ∂µt is timelike if Σt is spacelike. Thus we see a
resemblance between the structure of ∂µt and nµ. Indeed upto a normalization constant,
we can write nµ = Ω∂µt where Ω = Ω(xµ) is a normalization constant which is fixed by

12
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Figure 2: Foliation of globally hyperbolic spacetime M [11]

the condition nµnµ = −1. Also nµ = nµ = gµνnµnν = gttΩ2. Thus we have Ω = ± 1√
g00

.
We choose a negative Ω to allow nµ to be a timelike vector and we thus get:

nµ = −
δ0

µ√
−g00

nµ = − g0µ√
−g00

(41)

Then the spacetime metric gµν (the 4−metric) induces a 3−dimensional Riemannian
metric γij on Σt such that γµν = gµν + nµnν ⇔ γµν = gµν + nµnν , where despite being a
3−D object, we have still used Greek indices for γij because we can regard it as an object
living on spacetime. Any time Greek indices can be converted to Latin indices to get back
the 3−dimensional results on spacelike hypersurfaces Σt. Then we get explicitly for the
induced 3−metric:

γµ
ν = δµ

ν + nµnν =

(
0 − g0j

g00

0i +δi
j

)
(42)

This induced metric is also used as a projector. We have two types of projection:

(a) Spatial projection (spacelike): given a tensor Tµν , its spatial part is given by TS
µν = γα

µγ
β
ν Tαβ.

(b) Normal projection (timelike): Normal projector Nµ
ν is defined asNµ

ν ≡ −nνn
µ = δµ

ν −γµ
ν .

Accordingly any vector V µ can be decomposed into spatial and temporal parts as follows:

V µ = δµ
νV

ν = (γµ
ν +Nµ

ν )V
ν = V S + V T (43)

Just like gµν on M defines a unique covariant derivative ∇µ, the 3−metric γij defines
in a unique way a covariant derivative Di (the Levi-Civita connection) on Σt. This can
be taken to be torsion free and compatible with the metric in 3−D on each hypersurface
Σt, just like the full 3+ 1−D case. Accordingly, in 3−D we have Dµγαβ = 0 , just like in
3 + 1−D we have ∇µgαβ = 0. The relation between the 3− and 4−covariant derivatives
is given in eq. (385) in Appendix B.

13
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The 3−metric then defines the 3−Christoffel symbols as:

(3)Γµ
αν =

1
2γ

µσ (∂αγνσ + ∂νγσα − ∂σγαν) (44)

Like 3 + 1−D, the covariant derivative in 3−D defines the intrinsic curvature of each
spacelike hypersurface Σt as follows:

[Dµ,Dν ] V
α = (3)Rα

βµνV
β (45)

where (3)Rα
βµνn

β = 0, Ricci tensor (3)Rαβ = (3)Rµ
αµβ and Ricci scalar (3)R = (3)Rαβγ

αβ

But this only provides the information about the curvature intrinsic to the hypersurface
and provides no information at all that how Σt fits in (M, gµν). This is what is captured
by extrinsic curvature tensor Kµν defined as:

Kµν ≡ −γα
µγ

β
ν ∇αnβ (46)

The properties of the extrinsic curvature tensor Kµν are:

(a) symmetric in µ and ν by construction,

(b) purely spatial by construction: nµKµν = −γα
µγ

β
ν

1
2∇α (nβn

µ) = 0 where we made
use of eq. (385), Dµγαβ = 0 and nµnµ = −1 is just a constant,

(c) measures how the normal to the hypersurface changes from point to point, &

(d) also measures the rate at which the hypersurface deforms as it is carried along the
normal, thereby capturing intuitive notion of how the curvature varies from one
hypersurface to the next.

There is an associated concept known as the acceleration of a foliation aµ that, as the
name suggests, captures how rapidly the curvature changes from one hypersurface to the
next. It is defined as:

aµ ≡ nν∇νnµ (47)

This allows us to express the extrinsic curvature tensor in two other equivalent ways
than eq. (46). They are:

(a) Kµν = −∇µnν − nµaν

Proof: We realize nµ∇νnµ = 1
2∇ν (n

µnµ)︸ ︷︷ ︸
=−1

= 0. Thus we have from the definition in

eq. (46) that:
Kµν = −γα

µγ
β
ν ∇αnβ = −

(
δα

µ + nµn
α
) (
δβ

ν + nνn
β
)

∇αnβ

= −
(
δα

µ + nµn
α
) (
δβ

ν

)
∇αnβ

= −∇µnν − nµaν

(b) Kµν = −1
2Lnγµν

Proof: We start from the RHS and use Lngµν = 2∇(µnν) to get:
Lnγµν = Ln (gµν + nµnν) = 2∇(µnν) + nµLnnν + nνLnnµ

= 2
[
∇(µnν) + n(µnν)

]
= −2Kµν

⇒ Kµν = −1
2Lnγµν

14
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Clearly either of these two definitions also satisfy the aforementioned properties of Kµν

and indeed in the literature, sometimes the definition of Kµν is taken to be either of these
two instead of eq. (46).

Just like the Ricci scalar in 3 + 1−D, we have something known as the mean curva-
ture or extrinsic curvature scalar, defined as (keeping in mind that Kµν and thus K are
3−objects living on Σt):

K ≡ gµνKµν = γµνKµν (48)

It can be shown to be equivalent to K = −∇µn
µ = −Ln (ln (det(γ))). The physical

meaning captured by K is that it measures the fractional change of 3−dimensional volume
along the normal nµ from one spacelike hypersurface to the next.

There is a note to be made. Even though the indices used are Greek for the 3−metric,
it is understood that only the spatial components are non-trivial. This is a rule in general
that if Greek indices are used for any mathematical object which are 3−objects living on
a spacelike hypersurface Σt, only the spatial components matter and we can safely replace
all Greek indices with Latin ones. Accordingly, for example, the covariant derivative
induced by γµν is denoted by Dµ that satisfies Dαγµν = 0 simply means Diγab = 0. Thus,
{γµν ,Dµ, (3)Γλ

µν , (3)Rµ
ναβ ,Kµν ,K} are 3−objects (as their respective contractions with the

normal vector nµ are zero), living on Σt and accordingly the Greek indices can be replaced
with Latin ones as only the spatial components are relevant.

The final ingredient that is required as a mathematical pre-requisite are the famous
Gauss, Codazzi, Mainardi relations. Without them, the 3 + 1−decomposition cannot be
done and this is the foundation of the Arnowitt-Deser-Misner (ADM) formalism of general
relativity. They have been proven in complete detail in Appendix B. Here we list the final
results.

• Gauss Identities:

– Gauss relation:

γµ
αγ

ν
βγ

γ
ργ

σ
δ
(4)Rρ

σµν = (3)Rγ
δαβ +Kγ

αKδβ −Kγ
βKαδ (49)

– Contracted Gauss relation

γµ
αγ

ν
β
(4)Rµν + γαµn

νγρ
βn

σ(4)Rµ
νρσ = (3)Rαβ +KKαβ −KαµK

µ
β (50)

– Scalar Gauss relation (or generalized Theorema Egregium):

(4)R+ 2(4)Rµνn
µnν = (3)R+K2 −KijK

ij (51)

The original Theorem Egregium proposed by Gauss is a special case of this
result and is derived using this result in Appendix B.

• Codazzi-Mainardi Identities:

– Codazzi-Mainardi relation:

γγ
ρn

σγµ
αγ

ν
β
(4)Rρ

σµν = DβK
γ
α −DαK

γ
β (52)

– Contracted Codazzi relation:

γµ
αn

ν (4)Rµν = DαK −DµK
µ
α (53)

This completes our requirement of all the required mathematical machinery and we
are now in a position to decompose spacetime into spatial and temporal parts.
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3 Hamiltonian Formulation of General Relativity

In this chapter, we develop the methodology of decomposing general relativity, which is
a Lorentz invariant theory, into temporal and spatial components. In doing so we realize
that general relativity apriori does not admit a natural parametrization for time and there
always remains an arbitrary choice for the time coordinate. But having such a split of
“time+space” enables us to deal with time-varying tensor fields on spatial hypersurfaces.
This allows for the formulation of the so-called Cauchy problem (the initial value problem)
in general relativity [1–3]. In Section 3.1, we discuss in detail the setup required to do
so. One of the crucial elements of this section is to introduce 4 new functions, namely the
lapse function N and the shift functions N⃗ which are functions of spacetime. Then the
entire 3 + 1−decomposition of the globally hyperbolic spacetime manifold M, based on
the mathematical machinery developed in Chapter 2.3 as well as these four new functions,
are detailed. In Section 3.2, we finally develop the canonical formulation and derive the
Hamiltonian of general relativity based on the works of Arnowitt-Deser-Misner [4,5]. As a
reminder, we will only be considering bulk terms and will throughout ignore the boundary
terms. Accordingly the discussions on the ADM mass & momentum are excluded from this
treatment. In Section 3.3, we discuss the Hypersurface Deformation Algebra (HDA), or the
Dirac algebra, which will provide us the insight into the Hamiltonian and diffeomorphism
constraints that we derive in Section 3.2. The HDA is sometimes taken as an independent
starting point to develop general relativity [6, 7, 9, 10]. In the Minkowski limit, the HDA
boils down to the well-known Poincaré algebra.

3.1 3 + 1−Decomposition of Spacetime

As seen in Chapter 2.3, we do the dimensional splitting between time and space by as-
suming the spacetime manifold M to be globally hyperbolic and endowed with a metric
gµν . As shown in eq. (40), the spacetime is foliated into spacelike hypersurfaces Σt on
which a 3−metric γµν (or γij) is induced by the 4−metric gµν . But despite the machinery
developed in Chapter 2.3, this is not sufficient for the 3 + 1−formalism to be completely
equivalent to the 4−geometry of the full spacetime. We still need to specify the geometry
between the hypersurfaces. This is done by introducing four new variables: the lapse
function N and the shift functions N⃗ which provide the additional information required
for a complete description of the spacetime manifold M.

Lapse & Shift Functions

The definition of the lapse function N is:

N ≡ 1√
−g00 (54)

and that of shift function N⃗ is:
N i ≡ N2g0i (55)

There is another object known as the normal evolution vector, that will be useful later
and is defined as:

mµ ≡ Nnµ (56)
where nµ is the normal vector defined in eq. (41). Physically it shows the evolution from
one hypersurface to another as shown in Fig. (3) [12].

The claim is: {N ,N i, γij} completely determine the spacetime geometry which we
will prove it below in the rest of this Section 3.1. Before proceeding to show this, we
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Figure 3: Geometric interpretation of lapse and shift functions [12]

first need to develop an intuition about the lapse & shift functions and what they mean
physically. The geometrical interpretation of these functions is shown in Fig. (3) [12]. nµ

is the normal vector to the hypersurface and thus nµNdt ≡ mµdt leads “a” to the next
adjacent hypersurface Σt+dt at point “b” and then shift functions measure the difference
of coordinates on the hypersurface Σt+dt between “b” and the time evolution point of
“a”, namely “c”. There is another interpretation of the lapse function: if we consider an
observer moving with the 4−velocity nµ, then the elapsed proper time δτ between two
events as measured by this normal observer is given by δτ = Nδt (t is the coordinate
time) which simply means that the lapse function N associates an infinitesimal interval of
coordinate time t to the proper time τ as measured by a normal observer whose world lines
are orthogonal to Σt. Thus the lapse and the shift functions tell how to relate coordinates
between two hypersurfaces where the lapse function measures the proper time to go from
one hypersurface to the next one and the shift functions measure changes in the spatial
coordinates on the same hypersurface. In this way, these 4 functions capture the geometry
in between the hypersurfaces and coupled with the 3−metric γij (i.e. the set {N , N⃗ , γij})
completely determine the spacetime geometry of M (which is completely captured by the
4−metric gµν). We will now make this statement more precise.

4−Metric & its Inverse

Using the definitions of N and N⃗ from eqs. (54, 55), we already some of the components
of the inverse metric gµν . Then we can write the whole matrix as:

gµν =

(
− 1

N2
Nj

N2
N i

N2
Ωij

N2

)
(57)

where Ωij are the unknown functions which will determine the inverse 3−metric. For the
metric gµν , we take an ansatz by keeping in mind that the only knowledge we already have
in advance in that the 3−metric gij must be the γij :

gµν =

(
A Bj

Bi γij

)
(58)

where A,Bi (Bj is the same as Bi with a different index as gµν is symmetric in its indices)
are unknown functions.
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Thus we solve for A,Bi, Ωĳ using the identity gµρg
ρν = δν

µ as follows:

giρg
ρ0 = 1

N2
(
−Bi + γijN

j
)
= 0 =⇒ Bi = γikN

k

g0ρg
ρ0 = 1

N2

(
−A+ γikN

kN i
)
= 1 =⇒ A = γikN

kN i −N2

giρg
ρj = 1

N2γik

(
NkN j + Ωkj

)
= δi

j =⇒ Ωij = N2γij −N iN j

(59)

Thus we have finally:

gµν =

(
NiN

i −N2 Nj

Ni γij

)
gµν =

(
− 1

N2
Nj

N2
N2

N2 γij − N iNj

N2

)
(60)

Then if we take det(gµν) = g (where g < 0 due to signature of 4−metric being
(−,+,+,+)) and det(γij) = γ (where γ > 0 on the spacelike hypersurface Σt due to
signature being (+,+,+)), then they are related as (upon direct computation):

√
−g = N

√
γ (61)

Finally, using eq. (41) and definitions in eqs. (54, 55), we can express the normal
vector as:

nµ = (−N , 0, 0, 0)

nµ =

(
1
N

, −N i

N

)
(62)

Before we start to decompose the 4−Riemannian curvature in 3+ 1−form, we need to
express the remaining 3−objects introduced in Chapter 2.3 and in this chapter in terms
of lapse and shift functions. We state the final results here whose detailed proofs can be
found in Appendix C.

aµ = Dµ ln(N) Lmγ
µ
ν = 0

∇µnν = −Kµν − nµDν ln(N) ∇µm
ν = −NKν

µ − nµD
νN + nν∇µN

Lmγ
µν = 2NKµν Lmγµν = −2NKµν

LmKµν = Nγα
µγ

β
ν ∇nKαβ − 2NKµρK

ρ
ν Kµν =

1
2N [DµNν +DνNµ − γ̇µν ]

(63)

The last equation on the right, upon rearranging, gives the equation of motion for
3−metric γµν in terms of 3−objects and govern the evolution of 3−metric on a spacelike
hypersurface Σt.

There is an additional important result which allows us to deduce a crucial corollary.
The result is obtained from the Lie derivative of Kµν to get the Lie derivative of K along
mµ, given as follows:

LmK = NLnK = Nγµν∇nKµν (64)

Proof: Consider the LHS and make use of eq. (63):

LmK = Lm

(
γijKij

)
=
(
Lmγ

ij
)
Kij + (LmKij) γ

ij

= 2NKijKij +
(
Nγa

i γ
b
j∇nKab − 2NKicK

c
j

)
γij

= Nγa
i γ

b
j∇nKab − 2NKicK

c
jγ

ij

= Nγij∇nKij = γij∇mKij
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Corollary: We know in general that γij and ∇n (or ∇m) do not commute (as 3−derivatives
Di are compatible with 3−metric, not 4−derivatives). But this identity suggests that we
can replace γij∇nKij with LnK. Thus the corollary we have is that for a scalar field f

and a vector X⃗, LXf = ∇Xf and thus we are able to write γij∇nKij = LnK. Thus
contraction with γij commutes with ∇ even though ∇λγ

ij ̸= 0 due to the presence of a
3−object K. This also means that γij∇mKij = LmK.

Now we are in a position to 3+ 1−decompose the Riemann 4−curvature (LHS of Ein-
stein field equations) and 4−stress-energy-momentum tensor (RHS of Einstein field equa-
tions) following which we will decompose the Einstein field equations in 3 + 1−variables.
We will only present the results here and the derivations of all the results presented can
be found in Appendix D.

Projection of 4−Curvature

With the aforementioned complete set of results obtained, we can proceed to decompose
the Riemann curvature tensor. We start with the definition of the 4−Riemann tensor
when applied to normal vector nµ, namely:

[∇µ, ∇ν ]n
ρ = (4)Rρ

σµνn
σ (65)

We now project this twice onto the hypersurface Σt using the induced 3−metric and once
along the normal nµ to get:

γραγ
µ
β
(4)Rρ

σµνn
σnν = −KαλK

λ
β + γµ

αγ
ν
β∇nKµν +

1
N
DαDβN (66)

Similarly we do the same procedure of projecting the Ricci tensor and the Ricci scalar
to get them in terms of the 3 + 1−variables:

γα
µγ

β
ν
(4)Rαβ = (3)Rµν +KKµν − γα

µγ
β

ν∇nKαβ − 1
N
DµDνN (67)

and
(4)R = (3)R+K2 +KijKij − 2∇nK − 2

N
DiDiN (68)

Thus we have successfully (3 + 1)−decomposed spacetime curvature in terms of the
3−dimensional objects, namely Kµν (and the associated K), γµν , the lapse function N , the
shift functions N⃗ and 3−Riemann tensor of Σt. See Appendix D for the detailed proofs.

Projection of 4−Stress-Energy-Momentum Tensor

Once the curvature tensor has been decomposed, this finally helps us to project Einstein
field equations into 3 + 1−formalism. Without the cosmological constant, Einstein field
equations in natural units read as (4)Rµν − 1

2gµν
(4)R = 8πTµν where Tµν is the stress-

energy-momentum tensor which is symmetric in its indices. We have already projected
the LHS of this equation and now we need to project the RHS, namely Tµν , into energy
density (projected twice along the normal, as measured by a normal observer moving
with 4−velocity nµ), momentum density (projected once along the normal and once along
the hypersurface, making it tangent to Σt) and stress tensor (projected twice along the
hypersurface) as follows:

E ≡ Tµνn
µnν (Energy Density)

pα ≡ −Tµνn
µγν

α (Momentum Density)
Sαβ ≡ Tµνγ

µ
αγ

ν
β (Stress Tensor)

(69)
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Here we can define stress scalar as S ≡ γαβSαβ and stress-energy-momentum scalar
as T ≡ gµνTµν . Then we see that S,T and E are not all independent but related by:

T = Tµνg
µν = Tµν (γ

µν − nµnν)

⇒ T = S −E
(70)

With these projections of Tµν taken, we have projected the LHS as well as the RHS of
the Einstein field equations separately and it’s time to combine them.

Projection of Einstein Field Equations

We finally combine the results obtained in the last two subsections to finally project
the Einstein field equations in terms of 3 + 1−variables. Since the equations involve
rank 2 tensors, we can take two projections corresponding to each indices and we have
three possibilities for doing so: (i) projecting twice along the spatial hypersurface Σt, (ii)
projecting twice along the normal vector nµ, & (iii) mixed projections involving (once)
along Σt as well as along nµ. We perform the calculations for all three cases and we get
the final results as (derivations can be found in Appendix D):

• Both Projections along Σt: This is purely spatial projection:

(3)Rαβ − 2KαλK
λ
β +KKαβ − 1

N
[LmKαβ +DαDβN ]

= 8π
[
Sαβ − 1

2γαβ(S −E)

] (71)

• Both Projections along nµ: This is purely temporal projection (also called the Hamil-
tonian constraint):

(3)R−KijK
ij +K2 = 16πE (72)

• Mixed Projections along Σt and nµ (also called the momentum constraint):

DβK
β
α −DαK = 8πpα (73)

These three equations collectively contain the same amount of information as the
covariant form of the Einstein field equations: (4)Rµν − 1

2gµν
(4)R = 8πTµν . We know that a

symmetric matrix A of size n×n has n(n+1)
2 independent elements, therefore the Einstein

field equations in covariant form is a set of 16 equations out of which 6 are dependent
leaving us with 10 independent equations (since it is symmetric in µ & ν where they
run over spacetime components {0, 1, 2, 3, 4}, so n = 4). These 10 independent equations
solve for the exactly 10 independent components of the metric gµν (as it is symmetric in
its spacetime indices as well). This is true in terms of 3 + 1−variables too: eq. (71) is
symmetric in the indices α & β where the indices are spatial (thus n = 3 & it contains
6 independent equations), eq. (72) is a scalar equation (so 1 independent equation),
and eq. (73) is a vector equation with one free spatial index α (therefore 3 independent
equations), putting the total count in 3 + 1−variables to 10 independent equations just
like the covariant form.

Now we are in a position to finally introduce the formalism on which this entire work
is based upon and that is the Arnowitt-Deser-Misner (ADM) formulation of general rela-
tivity.
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3.2 ADM Formalism of General Relativity

In the canonical Hamiltonian formalism, just like the case of classical mechanics, time
holds a privileged position among the coordinates xµ and the time evolution of tensor
fields on spacelike hypersurfaces are governed by Hamilton’s equations of motion which
are first-order differential equations in time derivatives. The advantage of this approach is
that it allows for a clear formulation of the initial value problem (also called the Cauchy
problem). But it is significantly difficult to obtain a Hamiltonian picture because the
metric gµν contain some redundancies in the covariant approach to general relativity.
Capturing those redundancies can be tricky in the Hamiltonian approach. Moreover we
know that Hamilton’s equations of motion are closely connected to Poisson brackets which
in turn is closely related to commutation relations in quantum mechanics. Therefore, the
Hamiltonian formalism becomes a pre-cursor in the grand attempt to canonically quantize
gravity. But we need to first identify the unconstrained canonical variables in order to be
able to write down their Poisson brackets and this identification of unconstrained canonical
variables from the total set of variables can require significant effort. The Hamiltonian
formalism we are interested in is known as the Arnowitt-Deser-Misner (ADM) formulation
of general relativity and we will develop it in this section based on the entire mathematical
machinery built in Chapters 2.3 & 3.1. The structure will be as follows: we will first derive
the Einstein-Hilbert action in 3 + 1−variables, then proceed to find conjugate momenta
to dynamical variables in order to write down the Hamiltonian of general relativity, and
finally evaluate the equations of motion from this Hamiltonian. In principle, they should
contain the same amount of information as the Einstein field equations in covariant form.
We only focus on the vacuum case (pure gravity) in the bulk.

Einstein-Hilbert Action in 3 + 1−Variables

We derive this using the projection of 4−curvature (eq. (68)) but an alternate derivation
using the scalar Gauss relation (eq. (397)) is possible and is done in Appendix E.

The Einstein-Hilbert action for pure gravity without the cosmological constant is given
by:

SH =
1

16π

∫
(4)R

√
−gd4x (74)

Now we already know the decomposition of (4)R from eq. (68) as well as for √
−g from

eq. (61). Also d4x = dtd3x. Thus we have:

⇒ SH =
1

16π

∫ t2

t1
dt

∫
Σt

d3xN
√
γ

[
(3)R+K2 +KijKij − 2∇nK − 2

N
DiDiN

]
(75)

But the last two terms contain pure divergences which can be ignored (since we are
only interested in the bulk), as we will show now. Just like 4−divergence in terms of
4−covariant derivative is given by eq. (372), we have a similar result in 3 + 1−variables
for a scalar function f :

DiD
if =

1
√
γ

∂

∂xi

(√
γ
∂f

∂xi

)
(76)

We use this relation to simplify:
√
γDiD

iN = ∂i

(√
γ∂iN

)
(77)

Similarly, we make use of the eq. (371), reproduced here for convenience:

∇µV
µ =

1√
−g

∂α (
√

−gV α) (78)
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Then we use √
−g = N

√
γ (eq. (61)), substitute V α = Knα and recall K = −∇αn

α

(below eq. (48)) to get:
∂α (

√
−gV α) = N

√
γ∇α (Knα)

= N
√
γ (∇αn

α)︸ ︷︷ ︸
=−K

K +N
√
γnα (∇αK)

⇒ N
√
γnα (∇αK) = ∂α (

√
−gV α) +N

√
γK2

⇒ N
√
γ∇nK = ∂α (

√
−gV α) +N

√
γK2

(79)

Thus we plug eqs. (77, 79) into eq. (75) and read off the Lagrangian density LH (since
SH =

∫ t2

t1
dt
∫

Σt
d3xLH) to get:

LH =
1

16π
[(

(3)R−K2 +KijKij

)
N

√
γ − 2

(
∂i

(√
γ∂iN

)
+ ∂α (

√
γNKnα)

)]
(80)

Ignoring the total diverges (boundary terms), we finally get the Einstein-Hilbert action
for pure gravity in 3 + 1−variables (also known as the ADM action) where the pre-factor

1
16π is ignored without loss of generality:

SH =
∫ t2

t1
dt

∫
Σt

d3xN
√
γ
(
(3)R−K2 +KijKij

)
(81)

An alternate derivation is provided in Appendix E.

Hamiltonian Formalism

From eq. (81), we can read off the Lagrangian density:

LH = N
√
γ
(
(3)R−K2 +KijKij

)
(82)

and the Lagrangian is given by L =
∫
d3xLH which in turn gives the action SH =

∫
dtL.

The first observation to make is that SH (or consequently LH) depends on the set
{γ, γ̇ij ,N , N⃗ , ∂iN , ∂iN⃗}. But it does not depend on {Ṅ , ˙⃗N} which, as shown in Appendix
F, gets translated into the fact that N & N⃗ serve as Lagrange multipliers (& thus are
not dynamical variables). However, on a first glance, it is logical to assume then that
{γ,N , N⃗} and their conjugate momenta (defined below) are the dynamical variables of
the system but as we will find out, only γij and its conjugate momenta (denoted by
πij) are dynamical variables leading to equations of motion while {N , N⃗} are Lagrange
multipliers (& thus are not dynamical variables) leading to constraints relations. Readers
are directed to Appendix F for a mathematically detailed discussion of this.

As a quick refresher, in classical mechanics having the Lagrangian L =
∫
d3xL where

L = L(q, q̇) (q = {qi} for i = 1, 2, 3, ...,n is the generalized coordinate) has canonical
momenta corresponding to qi defined as πi = ∂L

∂qi
. Thus the Legendre transformation of

L gives the Hamiltonian H as: H(q,π) =
∑

i π
iq̇i − L. We are going to have the same

approach here where we will find the conjugate momenta corresponding to {γ, γ̇ij ,N , N⃗}
and then take the Legendre transform of LH (eq. 82).

The simplest are the conjugate momenta corresponding to N and N⃗ :

πN =
∂LH

∂Ṅ
= 0

πN i =
∂LH

∂Ṅ i
= 0

(83)
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because, as discussed above, LH is independent of Ṅ and ˙⃗N .
Next we need to evaluate the conjugate momenta πij conjugate to the components of

γij as πij = ∂LH
∂γij

. πij contains six independent components and is symmetric in its indices.
To evaluate this, we first note that γ and γ̇ are taken as independent variables, much like
what we do in classical mechanics, and the set {γij ,πij , γ̇ij , π̇ij} is taken as an independent
set of variables. Next we realize that in the definition of 3−Ricci scalar (3)R, we just have
3−metric appearing and not its derivatives, thus ∂(3)R

∂γ̇ij
= 0. Finally we make use of the

relation in eq. (63), namely Kµν = 1
2N [DµNν +DνNµ − γ̇µν ], to get:

∂Kab

∂γ̇ij
= − 1

2N δi
aδ

j
b (84)

Then we are in a position to finally explicitly evaluate πij as follows:
πij =

∂LH

∂γij
=

∂

∂γ̇ij

[
N

√
γ
(
(3)R−K2 +KabKab

)]
= N

√
γ
∂

∂γ̇ij

[
−K2 +KijKij

]
= N

√
γ
∂

∂γ̇ij

[
−2K ∂K

∂γ̇ij
+ 2Kab∂Kab

∂γ̇ij

]

= N
√
γ
∂

∂γ̇ij

−2K
∂
(
γabKab

)
∂γ̇ij

+ 2Kab∂Kab

∂γ̇ij


= N

√
γ
∂

∂γ̇ij

[
−2Kγab∂ (Kab)

∂γ̇ij
+ 2Kab∂Kab

∂γ̇ij

]

= N
√
γ

[
−2Kγab

(
− 1

2N δi
aδ

j
b

)
+ 2Kab

(
− 1

2N δi
aδ

j
b

)]
⇒ πij =

√
γ
(
Kγij −Kij

)

(85)

Clearly πij is a contravariant tensor density of weight one as √
γW with W = 1 enters the

expression. Also the 3−metric is responsible for shuffling the indices up or down in πij .
But we want our final result to be completely written in terms of {(3)R, γ,N , N⃗}, so we

need to simplify it further. We have the expression from eq. (63) aboutKij =
1

2N [DiNj +DjNi − γ̇ij ]
which we use now to eliminate the reference of the extrinsic curvature completely from πij

as follows:
πij =

√
γ
(
Kγij −Kij

)
=

√
γ
[
Kabγ

abγij −Kabγ
iaγjb

]
(86)

where we plug the expression for Kab and finally get:

⇒ πij =

√
γ

2N
[
2γijDkN

k −DiN j −DjN i +
(
γikγjl − γijγkl

)
γ̇kl

]
(87)

Now we have the ingredients to calculate the ADM Hamiltonian density but before we
proceed, we realize that the extrinsic curvature appears in LH in eq. (82) and we need to
get rid of these terms in favour of the lapse and shift functions. Using eq. (85), we can
re-arrange it to get:

Kij =
1

2√
γ

(
πγij − 2πij

)
(88)

Contracting with the 3−metric gives for γijKij = K as follows (using γijγij = 3 and
γijπij = π):

K = γijKij =
1

2√
γ
(3π− 2π) = π

2√
γ

(89)
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Finally we can write the evolution equation of the 3−metric using the expression from
eq. (63) about Kij =

1
2N [DiNj +DjNi − γ̇ij ] and replacing Kij with eq. (88) to get:

γ̇ij = DiNj +DjNi − N
√
γ
(πγij − 2πij) (90)

Plugging eqs. (88, 89) into eq. (82), we get for LH :
LH = N

√
γ
(
(3)R−K2 +KijKij

)
= N

√
γ(3)R−N

√
γ
π2

4γ +N
√
γ

(
1

2√
γ

)2 (
πγij − 2πij

)
(πγij − 2πij)

= N
√
γ(3)R−N

√
γ
π2

4γ +
N

√
γ

4γ
(
3π2 − 2π2 − 2π2 + 4πijπij

) (91)

Thus we have for the Lagrangian density in terms of {(3)R, γ,N , N⃗} as follows:

⇒ LH = N
√
γ(3)R+

N
√
γ

(
πijπij − 1

2π
2
)

(92)

We can finally calculate the ADM Hamiltonian density using this form of Lagrangian
density (eq. 92) and eqs. (83, 90) as follows:

HH = πN Ṅ + πN iṄ i + πijγij − LH

= πij

[
DiNj +DjNi − N

√
γ
(πγij − 2πij)

]
−
[
N

√
γ(3)R+

N
√
γ

(
πijπij − 1

2π
2
)] (93)

to finally get for the ADM Hamiltonian density:

⇒ HH = 2πijDiNj −N
√
γ(3)R+

N
√
γ

(
πijπ

ij − π2

2

)
(94)

An alternate expression is:
⇒ HH = 2Di

(
πijNj

)
− 2NjDiπ

ij −N
√
γ(3)R+

N
√
γ

(
πijπ

ij − π2

2

)
(95)

Note that Diπ
ij is the 3−covariant density of a tensor density with weight W = 1 and

just like eq. (4), we have Diπ
ij =

√
γWDi

[
πij

√
γW

]
with W = 1.

The ADM Hamiltonian HADM =
∫

Σt
d3xHH can be written in a more meaningful way

as follows:

HADM = H[N ] + D
[
N j
]
= NH +N jDj (96)

where H[N ] is the Hamiltonian constraint given by:

H[N ] ≡
∫

Σt

d3xN

[
−√

γ(3)R− 1
√
γ

(
π2

2 − πijπij

)]
(97)

and D
[
N i
]

are the diffeomorphism constraints given by:

D[N⃗ ] ≡
∫

Σt

d3xN i
[
−2Djπij

]
(98)

We will see the physical interpretation of the Hamiltonian and diffeomorphism con-
straints in the Section 3.3. Also by varying the ADM action (eq. (81)) with respect to N
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and N⃗ , as done in Appendix F, we get the following constraint relations that needs to be
satisfied on any spacelike hypersurface Σt:

H ≈ 0
Dj ≈ 0

(99)

where ≈ symbol is called weakly equal to which simply means that this equality needs to
be satisfied only on the hypersurfaces and not in between them. Note that the Hamil-
tonian constraint is 1 constraint equation while the diffeomorphism constraints contain 3
constraint equations.

Hamilton’s Equations of Motion

We are now in a position to determine the 12 Hamilton’s equations of motion corresponding
to:

γ̇ij =
δH
δπij

π̇ij = − δH
δγij

(100)

We start with the ADM action eq. (81) and use eq. (94) to get:

SADM =
∫ t2

t1
dt

∫
Σt

d3x
(
πij γ̇ij − H

)
=
∫ t2

t1
dt

∫
Σt

d3x

[
πij γ̇ij −

(
2πijDiNj −N

√
γR+

N
√
γ

(
πijπ

ij − π2

2

))] (101)

In order to calculate the equations of motion, we need to impose the boundary condi-
tions (where ∂Σt denotes the boundary of the hypersurface Σt):

δN |∂Σt = δN i|∂Σt = δγij |∂Σt = 0 (102)

However there are no restrictions on the conjugate momenta πij which are treated as
independent variables.

So we have to vary this ADM action with respect to {N , N⃗ ,πij , γij} which we have
taken to be a set of independent variables from the start. This is done in complete detail
in Appendix F. We will present the results here. Variations with respect to N & N⃗ lead
to something known as constraint relations that need to be satisfied on a hypersurface,
and with respect to πij & γij lead to equations of motion telling about actual evolution
of tensor fields in time on a spacelike hypersurface Σt. They are given by:

• Constraint equations:

- δSADM
δN

!
= 0 ⇒ H = 0 (N is a Lagrange multiplier.)

- δSADM
δNi

!
= 0 ⇒ Di = 0 (Ni are Lagrange multipliers.)

• Hamilton’s equations of motion:

- δSADM
δπij

!
= 0 ⇒ γ̇ij =

δH
δπij

= DiNj +DjNi − 2NKij

- δSADM
δγij

!
= 0 ⇒ π̇ij = − δH

δγij

which for the sake of completeness is given by the full expression as follows:
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Σ 1

Σ 2

ϕσ

ϕ σ

Σ 1

ξi

χ j

χ i
ξj

Σ 1

Σ 2

χ i
ϕ ϕ

χ i

(a) (b) (c)

Figure 4: Geometric interpretation of constraints: (a) diffeomorphism constraint,
(b) diffeomorphism + Hamiltonian constraints, (c) Hamiltonian constraint [1]

⇒ π̇ij = −N
√
γ

(
Rij − 1

2γ
ijR

)
+

N

2√
γ

(
πcdπ

cd − π2

2

)
γij

− 2N
√
γ

(
πicπj

c − 1
2ππ

ij
)
+

√
γ
(
DiDjN − γijDcD

cN
)

+Dc

(
πijN c

)
− πicDcN

j − πjcDcN
i

As a redundancy check, we realize that the equation of motion for the 3−metric is the
same as what we had obtained in eq. (90) where we replaced Kij with eq. (88). The
evolution of the conjugate momenta is a new result while the 4 constraint relations simply
help us conclude what we stated above that the lapse and the shift functions are Lagrange
multipliers (& thus are not dynamical variables). These dynamical equations also lead to
fundamental Poisson brackets among the canonical variables of the system, namely:

{γij , γkl}|(γ,π) = 0
{πij ,πkl}|(γ,π) = 0
{γij ,πkl}|(γ,π) = δk

i δ
l
j

(103)

where the Poisson brackets are calculated with respect to variables γij and πkl. The
definition of the Poisson bracket is taken as:

{f(x),h(y)}|(γ,π) =
∫
d3z

[
δf(x)

δγij(z)

δh(y)

δπij(z)
− δf(x)

δπij(z)

δh(y)

δγij(z)

]
(104)

As an aside, without proof, we note that reintroducing the cosmological constant Λ
has no effect on the definition of πij and a simple relabelling R → (R− 2Λ) leads to
correct result throughout without any exception. Thus we conclude that the Hamiltonian
formalism of general relativity has no change with the reintroduction of Λ through this
simple relabelling. Although we are never considering the boundary terms, it can be
stated here without proof that even with the inclusion of boundary terms in the Lagrangian
formulation as well as the Hamiltonian formulation, nothing changes after the substitution
R → (R− 2Λ) everywhere.

Now we move to the Hypersurface Deformation Algebra (HDA), also known as the
Dirac algebra, where we will have a physical interpretation of the Hamiltonian constraint
and the diffeomorphism constraints.

3.3 Hypersurface Deformation Algebra

We realize that H[N ] and D[N⃗ ] are constraints as both vanish on any hypersurface Σt.
Hence these constraints must be preserved as the system evolves. Accordingly we expect
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that H[N ] and D[N⃗ ] form a first class set of constraints3, i.e. they will form a closed
system of constraints under the action of the Poisson brackets. Indeed they do and the
constraint algebra or more commonly known as the Hypersurface Deformation Algebra
(HDA) or the Dirac algebra is [9,10] (which can be taken as an independent starting point
for general relativity):

(a)
{

D[ξ⃗], D[χ⃗]
}

|(γ,π) = D
[
L

ξ⃗
χ⃗
]
= D

[
[ξ⃗, χ⃗]

]
(b)

{
D[ξ⃗], H[ϕ]

}
|(γ,π) = H

[
L

ξ⃗
ϕ
]

(c) {H[ϕ], H[σ]} |(γ,π) = D
[
γjk(x)(ϕ∂jσ− σ∂jϕ)

] (105)

A detailed derivation of the HDA is provided in Appendix H. We focus here on the
graphical interpretation of constraints as shown in Fig. (4) [1]. The vector fields gener-
ating the tangential and normal deformations of the spatial slice form an algebra4 under
the commutator, which finds a representation in the deformation algebra formed by the
phase space quantities H[N ] and D[N⃗ ] under the Poisson bracket. Thus we have a clear
geometrical interpretation for the Hamiltonian constraint H[N ] and the three diffeomor-
phism constraints D[N⃗ ]: H[N ] takes us from one hypersurface Σ1 to another hypersurface
Σ2 (whose travel length is proportional to N) while D[N⃗ ] allows for movement on one
hypersurface itself (whose travel length is proportional to N⃗). And irrespective of which
operation is done first followed by the next, the algebra remains closed.

In other words, if we consider (a) in eq. (105), the Poisson bracket for two diffeomor-
phism constraints is yet another diffeomorphism constraint, implying that if we compute
two diffeomorphism constraints in different orders, then this would lead us to two different
points on the same hypersurface and thus we need another diffeomorphism to connect the
two points on the hypersurface. Similarly (b) in eq. (105) implies that if we compute
Hamiltonian constraint followed by the diffeomorphism constraint, then we reach a point
on the next hypersurface but the reverse order of computing would take us somewhere in
between the two hypersurfaces and that’s why we need a Hamiltonian constraint at the
end to get us to the same point as reached first. Finally, (c) in eq. (105) means that
computing two different Hamiltonian constraints in different orders both lead to the next
hypersurface but at different points and hence we need a diffeomorphism constraint on
the next hypersurface to connect those two points. This is exactly what is shown in Fig.
(4).

As a special case, if we restrict to linear deformations, namely linear coordinate changes
of flat slices γij = δij (the Minkowski limit), it can be shown [13] that the HDA reduces to
the Poincaré algebra under linear diffeomorphisms (where Pµ is the generator of transla-
tions, Mµν is the generator of Lorentz transformations and ηµν is the Minkowski metric):

{Pµ,Pν}|(γ,π) = 0
{Mµ,ν ,Pρ}|(γ,π) = ηµρPν − ηνρPµ

{Mµν ,Mρ,σ}|(γ,π) = ηµρMνσ − ηµσMνρ − ηνρMµρ + ηνσMµρ

(106)

3A function f defined on the full phase-space is called a first class constraint if its Poisson brackets with
all the constraints of the system vanish weakly, namely {f , Φi} ≈ 0 (where Φi are the constraints of the
system). Any function that is not a first class constraint is a second class constraint, namely it has one or
more non-weakly vanishing Poisson brackets with all the constraints of the system.

4γjk(x) appearing in (c) are spacetime functions, not just constants, that emerge from the geometrical
deformations of hypersurface.
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4 Homogeneous Cosmologies

After giving a detailed introduction to the ADM formalism of general relativity, we now
shift towards giving a brief but self-contained introduction to homogeneous cosmologies.
We stick to the assumption of homogeneity but would relax the criterion of isotropy.
As we are aware in case of homogeneous and isotropic universe, we have one indepen-
dent variable and that is the acceleration parameter a(t) that appears in the Fried-
mann–Lemaître–Robertson–Walker (FRWL) metric [14]. In the case of homogeneous but
anisotropic universe (FRWL being a special case5), we will see that there are more than
one type of cosmological solutions that are inequivalent to each other. In Section 4.1,
we discuss this classification of homogeneous but anisotropic universes, something known
as the Bianchi classification. Then in Section 4.2, we discuss a set of basis vectors well-
suited for homogeneous cosmologies, namely the invariant basis and go on to show how
the Einstein field equations look in this basis. In Section 4.3, we discuss the dynamics of
the Bianchi models in the Lagrangian formulation and then, as examples, specialize to the
case of Bianchi I & Bianchi IX universes. We recover these results for Bianchi I & Bianchi
IX universes in the Hamiltonian formulation in Chapters 5.1 & 5.2 respectively, thereby
showing the equivalence of these two formulations. We always consider the vacuum case
in the bulk.

4.1 Bianchi Classification

We rely heavily on the resources [15, 16] for this section. By homogeneous, we are refer-
ring to those spacetimes which have spatial homogeneity [15,16]. We do not deal with the
case of entire spacetime manifold being homogeneous where the metric is the same at all
points in time and space because such a universe cannot expand at all. A spatially ho-
mogeneous spacetime (or simply the homogeneous spacetime from now onward) is defined
as a manifold possessing a group of transformations that leave the metric invariant, or
in other work a group of isometries. Accordingly there is a set of vectors, known as the
Killing vectors ξ, that generate such invariant transformations (Lξg = 0) whose orbits are
spacelike hypersurfaces foliating the spacetime manifold which we encountered in Chapter
2.3. So we start with a brief overview of Killing vector fields following which we make the
definition of homogeneity mathematically more precise and what it means in the context
of cosmology. Then finally we discuss the Bianchi classification.

Killing Vector Fields

The Lie algebras of Killing vector fields are responsible for generating infinitesimal dis-
placements that can lead to conserved quantities and allows for a classification of ho-
mogeneous cosmologies. Before we delve into that, let’s focus on Killing vector fields
themselves.

Consider a group of transformations

xµ 7−→ x′µ = fµ(x, a) (107)

on a manifold M where {ab}|b=1,2,...,r are r−independent variables which parametrize the
group and let a0 be the identity such that fµ(x, a0) = xµ. Then taking an infinitesimal

5Different Bianchi universes have different topologies, just like FRWL universes. Thus to make this
sentence more precise, the closed FRWL universe is the isotropic case of Bianchi IX, the flat FRWL
universe is a special case of Bianchi I & Bianchi VII0 and the open FRWL is of Bianchi V & Bianchi VIIa.
See the chart 129 for the Bianchi classification.
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transformation a0 + δa about identity leads to:

xµ →x
′µ = fµ (x, a0 + δa) ≈ fµ (x, a0)︸ ︷︷ ︸

=xµ

+

(
∂fµ

∂aa

)
(x, a0)︸ ︷︷ ︸

≡ξµ
a (x)

δaa

⇒ xµ →x
′µ ≈ xµ + ξµ

a δa
a

= (1 + δabξb)x
µ

(108)

The first-order differentiable operators {ξa} (total r of them) are the generating vector
fields, also called the Killing vector fields, defined as:

ξb ≡ ξµ
b

∂

∂xµ
(109)

where the components are given by {ξµ
b } and satisfy Lξgµν = 0. Thus we have x′µ ≈ (1+ δabξb)x

µ ≈ eδabξbxµ.
This is for infinitesimal transformations of the group.

Finite transformations of the group are represented by:

xµ → x′µ = eθaξaxµ (110)

where {θa}a=1,2,...,r are r new parameters of the group.
The Killing vector fields form a Lie algebra where the basis {ξa} is closed under com-

mutation:
[ξa, ξb] = ±Cc

abξc (111)

where Cc
ab are the structure constants of the Lie algebra and ± refer to the left-/right-

invariant groups.
This algebra allows us to define a natural inner product as follows. Suppose {ea} is a

basis of the Lie algebra g of a group G:

[ea, eb] = Cc
abec. (112)

Then we can define γab ≡ Cc
adC

d
bc = γba (symmetric by definition) that allows for a natural

inner product on the Lie algebra (when det(γab) ̸= 0) as follows: γab = ea.eb = γ(ea, eb).
This is known as the semi-simple group which is our primary interest.

Mathematical Definition of Homogeneity

With this introduction about Killing vector fields, we now proceed to define homogeneity.
Suppose that the group acts of a manifold M as a group of transformations xµ → fµ(x, a) ≡ fµ

a (x)
and let us define the orbit of x: fG(x) = {fa(x)|a ∈ G}. This constitutes a set of all points
that can be reached from x under the group of transformations. Thus we define the group
of isometry at x is Gx = {a ∈ G|fa(x) = x} (it is the subgroup of G which leaves x fixed).
Suppose G = {a0} and fG(x) = M and every point in M can be reached from x by a
unique transformation. Then G|Gx = {aa0|a ∈ G} = G where Gx is the group isotropy
at x. Thus G is diffeomorphic to M. Then for a given basis {ea} of the Lie algebra of
a three dimensional Lie group G, the spatial metric at each point of time is specified by
the spatially constant inner products: ea.eb = gab(t) (6 functions of time). This is the
definition of spatially homogeneous universes that we are interested in. We will see later
that Einstein equations become ordinary differential equations for these six functions for
pure gravity case. In three dimensions, the classification of inequivalent 3D Lie groups is
called the Bianchi classification and determines various symmetry types for homogeneous
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3-spaces which is analogous to how k = −1, 0,+1 determines the possible symmetry types
for homogeneous and isotropic (FRWL) 3−spaces.

A homogeneous spacetime is defined by spacelike hypersurfaces Σt such that for any
point p, q ∈ Σt, there exists a unique element τ ∈ G such that τ (p) = q (here the Lie
group acts transitively on each Σt). Such uniqueness implies that dim(G) = dim(Σt) = 3
and thus G ∼= Σt. As an example, the simplest case of translation group has Σt = R3.
Thus the action of isometries on Σt is just the left-multiplication on G and tensor fields
invariant under isometries are the left-invariant ones on G.

From now on, we specializing to 3 + 1−D where we foliate the spacetime manifold as
M = R ×G. We demand the invariance of the line element on each of the hypersurfaces:

dl2 = γab

(
x1,x2,x3

)
dxadxb = γab

(
x′1,x′2,x′3

)
dx′adx′b (113)

In general for any non-Euclidean homogeneous 3−D space, we have three independent
differential forms ωα (α = 1, 2, 3) which are invariant under the transformations generated
by the three independent Killing vector fields. We write them as ωα = eα

adx
a. The

components eα
a in the dual basis satisfy the orthogonal relations: (i) eα

ae
b
α = δb

a, & (ii)
eα

ae
a
β = δα

β . Thus the 3−line element becomes:

dl2 = ηαβ (e
α
adx

a)
(
eβ

b dx
b
)

(114)

from which we read off the metric as γab = ηαβ(t)e
α
a

(
xi
)
eβ

b

(
xi
)

and the inverse met-
ric as γab = ηαβ(t)ea

α

(
xi
)
eb

β

(
xi
)
. Defining volume V = |ea

α| = e1 ·
[
e2 ∧ e3] leads to

det(γab) = ηV 2 where η = det(ηαβ).
With a given basis {ea}, we have the following relation for homogeneous spacetimes

(spatial homogeneity):

eα
a

∂eγ
b

∂xα
− eβ

b

∂eγ
a

∂xβ
= Cc

abe
γ
c (115)

Proof: The invariance of the line element in eq. (114) means that ωa(x) = ωa(x′) ⇒
ea

α(x)dx
α = ea

α (x′) dx′α where ea
α on both sides is the same function expressed in old and

new coordinates respectively. From this equality, we can deduce:

∂x′β

∂xα
= eβ

a (x
′) ea

α(x) (116)

This is the fundamental differential equation defining the change of coordinates x ↔ x′ in
terms of given basis vectors e⃗a and its dual e⃗a. The integrability condition of eq. (116) is
known as the Schwartz condition provided by:

∂2x′β

∂xα∂xγ
=

∂2x′β

∂xγ∂xα

⇒ ∂

∂xα

(
eβ

a(x
′)ea

γ(x)
)
=

∂

∂xγ

(
eβ

a(x
′)ea

α(x)
) (117)

Taking derivatives of e⃗a(x) and e⃗a(x′) on both sides and using the orthogonality conditions
of ea

α:[
∂eβ

a (x
′)

∂x′δ eδ
b (x

′) −
∂eβ

b (x
′)

∂x′δ eδ
a (x

′)

]
eb

γ(x)e
a
α(x) = eβ

a (x
′)

[
∂ea

γ(x)

∂xα
− ∂ea

α(x)

∂xγ

]
(118)

Multiplying and contracting on both sides by eα
d (x)e

γ
c (x)e

f
β (x

′), we get:

⇒ eβ
c (x

′) eδ
d (x

′)

∂ef
β (x

′)

∂x′δ −
∂ef

δ (x
′)

∂x′γ

 = eβ
c (x) e

δ
d (x)

∂ef
β (x)

∂xδ
−
∂ef

δ (x)

∂xγ

 (119)
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Basically, the LHS and the RHS are the same functions denoted in the new and the old co-
ordinates respectively. Since the coordinate system is arbitrary, we have LHS = RHS = constant,
where we choose the group structure constants Cc

ab as the constant to get:

⇒
(
∂ec

α

∂xβ
−
∂ec

β

∂xα

)
eα

ae
β
b = Cc

ab (120)

which upon contracting with eγ
c gives us eq. (115)

Here Cc
ab are the structure constants of the Lie algebra for the Lie group G which is

by construction Cc
ab = −Cc

ba. Defining a vector as Xa ≡ eα
a

∂
∂xα , we have:

[Xa,Xb] = Cc
abXc (121)

Thus the condition of homogeneity is then expressed by the Jacobi identity:

[[Xa,Xb] ,Xc] + [[Xb,Xc] ,Xa] + [[Xc,Xa] ,Xb] = 0 (122)

or explicitly:
Cf

abC
d
cf +Cf

bcC
d
af +Cf

caC
d
bf = 0 (123)

Introducing Cc
ab ≡ ϵabdC

dc where ϵabc is the 3D Levi-Civita tensor with ϵ123 = +1, we
get for the Jacobi identity:

ϵbcdC
cdCba = 0 (124)

Thus Bianchi classification of categorizing inequivalent homogeneous spaces reduces to
finding all inequivalent sets of structure constants. Each algebra uniquely determines the
local properties of a 3D group.

Bianchi Classification

In order to have Bianchi classification, we start by realizing that any structure constant
can be written as:

Ca
bc = ϵbcdm

da + δa
c ab − δa

b ac (125)

where mab = mba.
Class A and Class B Bianchi models refer to the cases ab = 0 and ab ̸= 0 respectively.

Accordingly Jacobi identity becomes

mabab = 0 (126)

Without loss of generality, we can take ab = (a, 0, 0) and matrix mab can be described
by its principal eigenvalues, say, n1, n2 and n3 (in 3D). Then Jacobi identity further
simplifies to

⇒ n1a = 0 (127)

which means either a or n1 has to vanish. Explicitly we have Jacobi identity as:

[X1,X2] = −aX2 + n3X3

[X2,X3] = n1X1

[X3,X1] = n2X2 + aX3

(128)

where a > 0 and (a,n1,n2,n3) are all rescaled to unity without loss of generality. Thus
Bianchi classification is given as [17]:
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Type a n1 n2 n3
Bianchi I 0 0 0 0
Bianchi II 0 1 0 0
Bianchi III 1 0 1 −1
Bianchi IV 1 0 0 1
Bianchi V 1 0 0 0
Bianchi VI a a 0 1 −1
Bianchi VI 0 0 1 −1 0
Bianchi VII a a 0 1 1
Bianchi VII 0 0 1 1 0
Bianchi VIII 0 1 1 −1
Bianchi IX 0 1 1 1

(129)

Clearly FRWL universe (homogeneous as well as isotropic) is a special case of Bianchi
universes (see footnote 5 at the start of this Chapter 4). Note that Bianchi I is isomorphic
to the R3 (3D translation group) for which the flat FRWL model is a particular case (once
isotropy is restored). Thus Bianchi I universe has flat spatially homogeneous hypersurfaces.
Analogously, Bianchi V contains open FRWL as a special case. Another crucial point to
be noted is that not all anisotropic dynamics are compatible with a satisfactory Standard
Cosmological Model [8] but some can be represented as “FRWL model + a gravitational
waves packet” if certain conditions are satisfied [18, 19]. As we will see later, for example
in the case of Bianchi IX universe, there is a type of dynamics as one approaches the big-
bang singularity where there is an infinite number of transitions from one free motion to
another due to bounces off the potential wall (just like the case of a billiards ball bouncing
off the walls of the billiards table and travelling freely in between those collisions). Such
a behaviour is what Misner called Mixmaster behaviour [20–22].

The line element of a homogeneous universe can be decomposed as follows:

ds2 = ds2
0 − δ(a)(b)G

(a)(b)
ik dxidxk (130)

where ds0 denotes the line element of an isotropic universe having a positive curvature
constant k = 1 (closed), G(a)(b)

ik is a set of spatial tensors and δ(a)(b) are the amplitude
functions which are sufficiently small when far from singularity. These satisfy:

G
(a)(b);l
ik;l = −(n2 − 3)G(a)(b)

ik G
(a)(b)k
i;k = 0 G

(a)(b)i
i = 0 (131)

Here Laplacian is referred to the geometry of a unit sphere.
Choosing a basis of dual vector fields ωα preserved under isometries and recalling

γij = ηαβei
αe

j
β, we can decompose the 4−D line element as:

ds2 = N2dt2 − ηαβω
α ⊗ ωβ (132)

which is parametrized by the lapse function N and ωα that satisfies the Maurer-Cartan
equations:

dωa =
1
2C

a
bcω

b ∧ ωc (133)

Then we have explicitly the expressions for Bianchi I and IX universes as:
• Bianchi I:

Ca
bc = 0,

ω1 = dx1,
ω2 = dx2,
ω3 = dx3

(134)

32



SciPost Physics Lecture Notes Submission

• Bianchi IX:
Cabc = ϵabc,
ω1 = sin(ψ) sin(θ)dϕ+ cos(ψ)dθ,
ω2 = − cos(ψ) sin(θ)dϕ+ sin(ψ)dθ,
ω3 = cos(θ)dϕ+ dψ

(135)

which are the coordinates for a unit 3-sphere. Here Ca
bc = ϵbcdC

da where Cda = diag(1, 1, 1).

4.2 Invariant Basis & Einstein Field Equations

We recall that the set of transformations generated by Killing vector fields {ξi} (i = 1, 2, 3)
on a manifold M form a Lie group, also known as the isometry of the manifold. They are
given by:

[ξi, ξj ] = Cc
ijξc (136)

where Cγ
αβ are the structure constants of the Lie algebra which satisfies Cγ

αβ = −Cγ
αβ.

Thus in 3−D, we have 9 independent components. Eqs. (123, 124) are also its general
properties. Here we are going to discuss about two types of basis states: the invariant
basis as well as triad formalism (a non-coordinate basis). Then we recast all 3−geometrical
objects capturing the curvature of spacelike hypersurfaces in terms of non-coordinate basis.
Finally we reduce the Einstein field equations for the vacuum case in a homogeneous ansatz
(provided in eq. (145)), both in terms of coordinate as well as non-coordinate bases (which
coincide with invariant basis).

Invariant Basis

We start with considering a general coordinate system {xi} whose coordinate basis is {∂i}
and its dual basis {dxi}. Then the 3−metric is given in terms of this coordinate basis is:

γ = γijdx
idxj (137)

But from the definition of Killing vector fields, we have Lξiγ = 0 which in coordinate
basis becomes Lξcdx

i = 0 ∀ i. But we also know that the inner product between basis
state and its dual is a delta function: ⟨dxi, ∂j⟩ = δi

j . Applying the Lie derivative on this
equation and using the chain rule, we get

〈
Lξcdx

i, ∂j
〉
= −

〈
dxi, Lξc∂b

〉
. Thus we have

established:
Lξcdx

i = 0 ⇔ Lξc∂b = 0 (138)

This is the defining relation for invariant basis: a set of basis states that are invariant
under transformations generated by ξc. Dual to the invariant basis is called the dual
invariant basis.

Before we proceed further of how to construct an invariant basis, we list down the
advantages of using this basis in the context of Bianchi (homogeneous) universes:

(a) Components of the 3−metric γ are spatially constants on each of the hypersurfaces
Σt while only depending on time,

(b) If {ea} are the vector fields associated to the invariant basis, then they form a Lie
algebra [ei, ej ] = Dc

abec. Generally the structure functions Dc
ab are dependent on

spatial coordinates but in case of invariant basis, these are constants.

(c) Dc
ab = Cc

ab in an invariant basis for Bianchi universes where Cc
ab is introduced in eq.

(136). This holds at all points on any spatially homogeneous hypersurfaces.
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We realize that in general a coordinate basis need not coincide with an invariant basis.
Here we discuss how to construct an invariant basis using (i) a coordinate non-invariant
basis, & (ii) three independent Killing vector fields on Bianchi spatial hypersurfaces. We
start with taking three independent vectors Vi at any arbitrary point P on a hypersur-
face. It is often convenient to identify them with Killing vector fields ξi so that we have
Vi = δj

i ξj(P ). Then any 3−vector fields {Aa} by construction form an invariant basis if
it satisfies the following two conditions:

(i) Aa(P ) = Va (ii) LξaAj = [ξa,Aj ] = 0 (139)

It is conventional to denote invariant basis by {êα} and use Greek indices to label them
where α = 1, 2, 3. We will be using invariant basis to discuss Bianchi cosmologies in this
work. Note that in general invariant basis {êα} may not coincide with coordinate basis
{∂i} but if it does then Dc

ab = Cc
ab = 0.

Triad Formalism

Any vector in a non-coordinate basis can be written as a linear combination of the coor-
dinate basis vectors as follows:

êα = ea
α∂a (140)

where indices a and α run over {1, 2, 3} on spacelike hypersurfaces, ea
α are called triads

which can depend on spatial coordinates and we always take det (ea
α) > 0 to preserve the

orientation of the manifold6.
Inverse of the triads eα

a are defined as the components of the vectors of the dual non-
coordinate basis in the dual coordinate basis:

θ̂α = eα
adx

a (141)

The triads and its inverse satisfy the orthogonality conditions:

eα
ae

b
α = δb

a eα
ae

a
β = δα

β (142)

The dual non-coordinate basis satisfies the Maurer-Cartan structure equation:

dθ̂α = −1
2D

α
βγ θ̂

α ∧ θ̂γ

= −1
2C

α
βγ θ̂

α ∧ θ̂γ
(143)

where the second line holds only iff the non-coordinate basis coincides with the invariant
basis which is of our interest. Note that Cγ

αβ = 0 when an invariant basis coincides with a
coordinate basis while Dγ

αβ = 0 when a non-coordinate basis coincides with a coordinate
basis. An example for the triads are ea

α = δa
α for Bianchi I universe (where Cγ

αβ = 0, see
eq. (134)).

6A note on notation: The notation used here can be a source of confusion because Greek indices have
been used until now to denote spacetime components while Latin indices are used to denote spatial com-
ponents. But here Greek indices are used to denote the non-coordinate basis components (which we will
later take to coincide with the invariant basis in the context of Bianchi cosmologies) while Latin indices
are used to denote coordinate basis components and both runs over spatial parts only. The distinction
between these two usages should be clear from the context.
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Geometry of Hypersurfaces

Now we are in a position to start expressing the geometry of hypersurfaces in terms of
triads. We defined 3−metric in terms of coordinate basis in eq. (137). Then its components
in non-coordinate basis is given by:

hαβ = γije
i
αe

j
β (144)

The 4−line element of a homogeneous universe becomes:

ds2 = −dt2 + γijdx
idxj = −dt2 + hαβ(t)e

α
i e

β
j dx

idxj (145)

Accordingly the connection coefficients in non-coordinate basis are defined as:

Dêα êβ = (3)Γγ
αβ êγ (146)

which in terms of triads become:

Dαe
i
β = (3)Γσ

αβe
i
σ Die

j
α = (3)Γj

ike
k
α (147)

Then the compatibility with the metric Dêαhαβ = 0 implies (3)Γγαβ = −(3)Γβαγ . More-
over torsion is defined in a non-coordinate basis as:

T γ
αβ ≡ (3)Γγ

αβ − (3)Γγ
βα −Dγ

αβ (148)

Thus torsion-free implies T = 0 ⇒ (3)Γγ
αβ − (3)Γγ

βα = Dγ
αβ = Cγ

αβ, where last equality
is true only when non-coordinate basis coincides with invariant basis. The crucial point
is that in a non-coordinate basis, connection coefficients (3)Γγ

αβ are not symmetric in its
indices α and β. Only when a non-coordinate basis coincides with a coordinate basis, then
Dγ

αβ = 0 and we have symmetry restored in case of torsion-free.
Just like the 3−connection coefficients, we can evaluate other 3−geometric objects in

non-coordinate basis whose results are listed herewith:

(3)Γαβγ = −1
2 (Dαγβ +Dγβα −Dβαγ)

(3)Rα
βγδ = ∂γ

(3)Γα
δβ − ∂δ

(3)Γα
γβ + (3)Γα

γϵ
(3)Γϵ

δβ − (3)Γα
δϵ
(3)Γϵ

γβ −Dϵ
γδ

(3)Γα
ϵβ

(149)

Remember that the indices are raised or lowered using the 3−metric in non-coordinate
basis, i.e. using hαβ. For example, Dαβγ = hαδD

δ
βγ , hµτ

(3)Γτ
σρ = (3)Γµσρ and similarly

3−Ricci tensor is defined as (3)Rβδ = (3)Rα
βαδ giving us the following result:

(3)Rαβ = − 1
2
(
∂γD

γ
αβ + ∂γD

γ
βα + ∂βD

γ
γα + ∂αD

γ
γβ +Dγδ

β Dγδα

+Dγδ
βDγαδ − 1

2D
γδ
β Dαγδ +Dγ

γδD
δ
αβ +Dγ

γδD
δ
βα

) (150)

Special Case: The case we are interested in is when non-coordinate basis coincides with
invariant basis. Then Dγ

αβ = Cγ
αβ are constants and their derivatives vanish. This leaves

us with:

(3)Rβ
α =

1
2h

[
2CβδCαδ +CδβCαδ +CβδCδα −Cδ

δ

(
Cβ

α +Cβ
α

)
+ δβ

α

((
Cδ

δ

)2
− 2CδγCδγ

)]
(151)

where we define Cαβ as Cγ
αβ = ϵαβδC

δγ and h = det(hαβ).
Now we proceed to give explicit expressions for invariant basis and its dual for Bianchi

IX universe as this is of the most importance to us in this work. Let the invariant basis
be denoted by {χµ} (µ = 1, 2, 3) and its dual be {σµ}. Then:
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• Invariant Basis: We have χµ = ea
µ(x)∂a. Thus:

χ1 = − cos r cot θ∂r − sin r∂θ + cos r csc θ∂ϕ

χ2 = sin r cot θ∂r − cos r∂θ − sin r csc θ∂ϕ

χ3 = ∂r

(152)

from which we can read off the triads:

er
1, eθ

1, eϕ
1 = − cos r cot θ, − sin r, cos r csc θ

er
2, eθ

2, eϕ
2 = sin r cot θ, − cos r, − sin r csc θ

er
3, eθ

3, eϕ
3 = 1, 0, 0

(153)

• Dual Invariant Basis: Recall σµ = eµ
a(x)dx

a. Then:

σ1 = − sin rdθ+ cos r sin θdϕ
σ2 = − cos rdθ− sin r sin θdϕ
σ3 = dr+ cos θdϕ

(154)

from which we can read off the inverse triads:

e1
r , e1

θ, e1
ϕ = 0, − sin r, cos r sin θ

e2
r , e2

θ, e2
ϕ = 0, − cos r, − sin r sin θ

e3
r , e3

θ, e3
ϕ = 1, 0, cos θ

(155)

Using these results, a wide variety of useful results can be obtained which will be
used later while imposing the homogeneous ansatz on Bianchi IX ADM Hamiltonian (Sec-
tion 5.2). For example, from eq. (144), the homogeneous metric determinant becomes
h = γ sin2(θ). Similarly Dj

(
sin(θ)ej

α

)
= 0 ∀ α7.

Einstein Field Equations in Homogeneous Universes

We are interested in the vacuum case (pure gravity) as usual. This means that the
4−stress-energy-momentum tensor Tµν = 0. Using eq. (446), we see that the Einstein
field equations become (4)Rµν = 0. We impose on this the homogeneous ansatz for the
metric, i.e. eq. (145) reproduced here for convenience:

ds2 = −dt2 + γijdx
idxj = −dt2 + hαβ(t)e

α
i e

β
j dx

idxj (156)

We first present the result in coordinate basis where we start with the metric ds2 = gµνdx
µdxν = −dt2 +γijdx

idxj

to directly calculate the Christoffel symbols as follows:

(4)Γ0
ab =

1
2 γ̇ab

(4)Γa
0b =

1
2γ

acγ̇cb
(4)Γa

bc =
(3)Γa

bc (157)

while the remaining ones are identically zero. Here (3)Γa
bc is defined in an analogous manner

(suited to 3−D) to how (4)Γλ
αβ is defined in Appendix A. Accordingly the 4−Riemann

7We can explicitly check this. For example, consider α = 1, then we have

Dj

(
sin(θ)ej

1

)
= Dr (sin(θ)er

1) + Dθ

(
sin(θ)eθ

1

)
+ Dϕ

(
sin(θ)eϕ

1

)
. Now we plug in the explicit forms of triads from eq. (153) to see that Dj

(
sin(θ)ej

1

)
= 0. Similarly we

can check for α = {2, 3}.
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curvature is evaluated. Thus (4)Rµν = 0 reduce to the following in a coordinate basis for
a homogeneous ansatz:

(4)R00 = −1
2∂0γ̇

a
a − 1

4 γ̇
b
aγ̇

a
b = 0

(4)Ra0 =
1
2
(
Dbγ̇

b
a −Daγ̇

b
b

)
= 0

(4)Rab =
1
2∂0γ̇ab +

1
4 (γ̇abγ̇

c
c − 2γ̇bcγ̇

c
a) +

(3)Rab = 0

(158)

In non-coordinate basis that coincide with invariant basis, we use (3)Rab = eα
ae

β
b
(3)Rαβ.

For the homogeneous metric, we now read off the metric from ds2 = −dt2 +hαβe
α
i e

β
j dx

idxj

and use γij = hαβe
α
i e

β
j . When non-coordinate basis coincides with invariant basis, recall

that Dγ
αβ = Cγ

αβ are constants and their derivatives vanish. Thus (4)Rµν = 0 reduce to the
following in a non-coordinate basis (which coincide with invariant basis) for a homogeneous
ansatz:

(4)R0
0 =

1
2∂0ḣ

α
α +

1
4 ḣ

β
αḣ

α
β = 0

(4)R0
α = ea

α
(4)R0

a =
1
2 ḣ

γ
β

(
Cβ

γα − δβ
αC

δ
δγ

)
= 0

(4)Rβ
α = ea

αe
β
b
(4)Rb

a = (3)Rβ
α +

1
2
√
h
∂0
(√

hḣβ
α

)
= 0

(159)

4.3 Dynamics of the Bianchi Models in Lagrangian Formalism

We now proceed towards finding a general solution. A general solution, by definition,
means that it has to be completely stable and must satisfy arbitrary initial conditions. A
perturbation should not change the form of the solution. First we discuss the methodology
towards finding a general solution and then specialize to the case of Bianchi I & Bianchi
IX universes as these two cosmological solutions are what we are interested in for the
purposes of the work. In Subsection 4.3.1, we present the solutions of the vacuum case
for Bianchi I universe (also known as the Kasner solutions) while in Subsection 4.3.2, we
show Mixmaster dynamics in Bianchi IX universes.

We take the most general ansatz for a diagonal metric and calculate the Einstein field
equations corresponding to this ansatz. In order to be able to do so, we introduce three
spatial vectors as ea = ℓ(xγ),m(xγ),n(xγ) and take the most general diagonal ansatz for
hαβ (defined above in eq. (144)) as:

hαβ = a2(t)ℓαℓβ + b2(t)mαmβ + c2(t)nαnβ (160)

Then just like we did above, using this metric, the Einstein field equations for a generic
homogeneous cosmological model in an empty space for a generic diagonal 3−metric be-
come:

−Rl
l =

(ȧbc)·

abc
+

1
2a2b2c2

[
n2

1a
4 −

(
n2b

2 − n3c
2
)2
]
= 0

−Rm
m =

(aḃc)·

abc
+

1
2a2b2c2

[
n2

2b
4 −

(
n1a

2 − n3c
2
)2
]
= 0

−Rn
n =

(abċ)·

abc
+

1
2a2b2c2

[
n2

3c
4 −

(
n1a

2 − n2b
2
)2
]
= 0

−R0
0 =

ä

a
+
b̈

b
+
c̈

c
= 0

(161)

where (n1,n2,n3) = (C11,C22,C33) (recall Cc
ab = ϵabdC

dc and eq. (129)) and off-diagonal
terms of Ricci tensor vanish identically due to the choice of the diagonal form of hαβ.
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We now introduce a new temporal variable τ as dt = abc dτ (where t is the coordinate
time) as well as α = ln(a), β = ln(b) and γ = ln(c). Then the Einstein field equations
further simplify to:

2αττ =
(
n2b

2 − n3c
2
)2

− n2
1a

4

2βττ =
(
n1a

2 − n3c
2
)2

− n2
2b

4

2γττ =
(
n1a

2 − n2b
2
)2

− n2
3c

4

1
2 (α+ β + γ)ττ = ατβτ + ατγτ + βτγτ

(162)

where Aτ = dA
dτ and Aττ = d2A

dτ2 .
These are the homogeneous Einstein field equations in vacuum corresponding to the

most generic diagonal ansatz for the metric in eq. (160) that needs to be solved.

4.3.1 Kasner Solution

The vacuum solutions for the case of Bianchi I universe is known as Kasner solution. For
the case of Bianchi I universe, we realize that from eq. (129) that a = n1 = n2 = n3 = 0.
They all vanish. Accordingly, the RHS of eq. (162) vanish.

We now proceed to solve for Bianchi I explicitly using eq. (159). We know for Bianchi
I universe from eq. (134) that Cα

βγ and the triads ea
α = δa

α. We plug this back in eq. (159)
to get (the second equation becomes trivial):

∂0ḣ
α
α +

1
2 ḣ

β
αḣ

α
β = 0

1√
h
∂0
(√

hḣβ
α

)
= 0

(163)

The second equation implies:
√
hḣβ

α = constant = 2λβ
α (say) (164)

where λβ
α is a matrix of coefficients that can be reduced to its diagonal form. This makes

the first equation as:
∂0ḣ

α
α = − 2

h
λβ

αλ
α
β (165)

Substituting ḣα
α from eq. (164) into eq. (165), we get ḣ

2
√

h
= constant, solving which

gives:
h = Ct2 (166)

for some constant C. Accordingly eqs. (164, 165) becomes:

ḣβ
α =

2
Ct
λβ

α

∂0ḣ
α
α = − 2

Ct2
λβ

αλ
α
β

(167)

Without loss of generality, we can always rescale the spacetime coordinates xµ such
that the constant becomes one, or in other words λα

α = 1. Then we substitute ḣα
α from

the first equation into the second in eq. (167) where we use λα
α = 1 to get from the second

equation:
λα

βλ
β
α = 1 (168)
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Next, putting the constant to unity, if we lower the index β in the first equation of eq.
(167) using hβγ , we get:

ḣαβ =
2
t
λγ

αhβγ (169)

This is the system of ordinary differential equations that needs to be solved to get the
3−metric. In order to do so, we diagonalize λγ

α by its eigenvalues p1, p2, p3 (all real &
different) having eigenvectors n⃗(1), n⃗(2), n⃗(3). Then the solution to the system of ODEs in
eq. (168) is given by:

hαβ = t2p1n(1)α n
(1)
β + t2p2n(2)α n

(2)
β + t2p3n(3)α n

(3)
β (170)

Since the triads for Bianchi I is given by ea
α = δa

α, then we can choose the frame of
eigenvectors that resemble the spatial coordinates denoted by x1,x2,x3. Thus the spatial
line element of Bianchi I for the vacuum becomes:

dl2 = t2p1
(
dx1

)2
+ t2p2

(
dx2

)2
+ t2p3

(
dx3

)2
(171)

where p1, p2, p3 are called Kasner exponents that satisfy:

• λα
α = 1 ⇒ p1 + p2 + p3 = 1

• λα
βλ

β
α = 1 ⇒ (p1)

2 + (p2)
2 + (p3)

2 = 1

Except for the cases (0, 0, 1) and (−1
3 , 2

3 , 2
3 ), the Kasner exponents are never equal and

one is always negative while the other two being positive. In fact if we choose a particular
ordering for Kasner exponents, say, p1 < p2 < p3, then the range of Kasner exponents are:

−1
3 ≤ p1 ≤ 0, 0 ≤ p2 ≤ 2

3, 2
3 ≤ p3 ≤ 1 (172)

Thus we have solved the vacuum case of Bianchi I universe and realize that (i) volumes
grow linearly in time, (ii) the linear distances grow along two directions while decrease
along the third (unlike the FRWL solution), and (iii) the metric obtained has only one
true singularity at t = 0 with the only exception of {p1, p2, p3} = (0, 0, 1) case where using
the transformations t sinh(x3) = ζ and t cosh(x3) = τ , the metric reduces to a Galilean
form having a fictitious singularity in a flat spacetime. We have used the Lagrangian for-
mulation here to get these results and will establish the equivalence with the Hamiltonian
formulation of Bianchi I universe in Chapter 5.1.

4.3.2 Mixmaster Dynamics in Bianchi IX Universe

Finally we consider the behaviour of the solutions for the Bianchi IX model which is of
interest to us. Referring back to eq. (162), for the case of Bianchi IX universe, we have
(n1,n2,n3) = (C11,C22,C33) = (1, 1, 1). Thus the Einstein field equations become:

2αττ =
(
b2 − c2

)2
− a4

2βττ =
(
a2 − c2

)2
− b4

2γττ =
(
a2 − b2

)2
− c4

1
2 (α+ β + γ)ττ = ατβτ + ατγτ + βτγτ

(173)
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where we recall the definitions of {α,β, γ} = {ln(a), ln(b), ln(c)} while {a, b, c} are defined
in the ansatz for the metric in eq. (160).

We realize that if we neglect the RHS of the first three equations in eq. (173), we
recover the Bianchi I universe (plug (n1,n2,n3) = (C11,C22,C33) = (0, 0, 0) for Bianchi
I in eq. (162) to see this) whose solution is the Kasner solution (derived in Subsection
4.3.1). In this case the fourth equation no longer remains an independent equation. So
the way we proceed now is to consider the Kasner approximation of the eq. (173) within
Bianchi IX universe and study the dynamics and stability of such solutions within the
context of Bianchi IX universe.

In the Kasner approximation, we begin with considering the ordering p1 < p2 < p3
with p1 as being negative for the Kasner exponents that appeared in the Kasner solution
(eq. (171)). We identify p1 = pℓ, p2 = pm and p3 = pn where the spatial vectors ℓ,m
& n are defined in eq. (160). Since flat FRWL universe is an isotropic case of Bianchi
I, here pℓ corresponds to the scale factor of FRWL solution a(t). Moreover, we derived
in Subsection 4.3.1 that t = 0 is the true singularity of Bianchi I universe, we have the
following behaviour of one of the directions in the vicinity of the singularity:

p1 < 0 → p1 = − |p1| ,
{
α ∼ − |p1| ln t
a ∼ 1

t|p1|
increases for t → 0 (174)

while for other two directions:

p2 > 0 → p2 = |p2| ,β ∼ |p2| ln t
p3 > 0 → p3 = |p3| , γ ∼ |p3| ln t decreases for t → 0 (175)

Then we have a ∼ tp1 , b ∼ tp2 , c ∼ tp3 ⇒ abc = Λt (Λ = constant) (since
p1 + p2 + p3 = 1). Since dt = abc dτ = Λtdτ , we have dτ = d ln(t)

Λ . The initial time
is when t → +∞ and the singularity is at t = 0. Then in terms of τ , we have the initial
time at τ → +∞ and the singularity is approached when τ → −∞. Thus:

ατ = Λp1, βτ = Λp2, γτ = Λp3 (176)

which clearly satisfies the Kasner approximation of the four Bianchi IX equations (173)
(i.e., RHS ≈ 0 in the first three equations). These can be taken as the initial conditions
(τ → +∞).

Thus the Kasner approximation in eq. (173) cannot persist forever because the RHS
always contains one increasing quantity (eqs. (174)) near the singularity. In order to
study its effects, we focus on eq. (173) where we only consider the increasing terms in
the RHS to further simplify the Einstein field equations as (recall from the definition of α
that a = eα):

αττ = −1
2a

4 = −1
2e

4α

βττ = +
1
2a

4 =
1
2e

4α

γττ = +
1
2a

4 =
1
2e

4α

which can be integrated using initial conditions in eq. (176) as follows:

a2 =
2 |p1| Λ

cosh (2 |p1| Λτ )
b2 = b2

0 exp [2Λ (p2 − |p1|) τ ] cosh (2 |p1| Λτ )

c2 = c2
0 exp [2Λ (p3 − |p1|) τ ] cosh (2 |p1| Λτ )

(177)
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where b0 and c0 are integration constants.
Towards the singularity t → 0 (τ → −∞), we get [23,24]:

a ∼ exp [−Λp1τ ]

b ∼ exp [Λ (p2 + 2p1) τ ]

c ∼ exp [Λ (p3 + 2p1) τ ]

t ∼ exp [Λ (1 + 2p1) τ ]

(178)

Thus we have a new Kasner epoch where we express {a, b, c} in terms of the new Kasner
exponents {p′

1, p′
2, p′

3} as: a ∼ tp
′
1 , b ∼ tp

′
2 , c ∼ tp

′
3 , such that abc = Λ′t (compare with the

old Kasner epoch below eq. (175)) where:

p′
1 = |p1|

1−2|p1| , p′
2 = −2|p1|−p2

1−2|p1|
p′

3 = p3−2|p1|
1−2|p1| , Λ′ = (1 − 2 |p1|)Λ

(179)

Thus we see the effect of perturbation over the Kasner regime that a Kasner epoch is
replaced by another one so that the negative power of t is transferred from the ℓ⃗ to the
m⃗ direction. So if the original solution had p1 < 0 then in the new solution, p′

2 < 0 while
p′

1 > 0. The exponents of the new Kasner epoch in terms of the old ones are expressed in
eq. (179). Accordingly the previously increasing perturbation in one direction dampens
and eventually vanishes while other perturbations in other directions increase. This leads
to replacement of one Kasner epoch by another in the Bianchi IX universe. These changes
in the Kasner epochs from one straight line motion to the next straight line motion can
be visualized as a representative point moving on a straight line (one Kasner epoch) and
then bouncing off the potential walls in the Bianchi IX universe and then setting off
onto another straight line motion (another Kasner epoch) until the next collision with
the potential walls happens. Thus we conclude that the Kasner solutions in Bianchi IX
universe are unstable. This is the so-called Mixmaster behaviour. We will encounter this
again from a different perspective of ADM (Hamiltonian) analysis of Bianchi IX universe
in Chapter 5.2 where the graphical picture of a particle bouncing off the potential walls
will be made more precise.
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5 ADM Formalism of Homogeneous Cosmologies

We study in this chapter the homogeneous cosmologies, like we did in Chapter 4, but in
the ADM formalism. In Section 5.1, we start with the vacuum case of Bianchi I universe,
much like what we derived in Chapter 4.3.1, and recover the results obtained therein. In
Section 5.2, we do the ADM analysis of the vacuum case of Bianchi IX universe where
we study its dynamics in details using the 3 + 1−variables. We illustrate the Mixmaster
dynamics that we already showed in Chapter 4.3.2 and provide a graphical picture of the
mechanism. Mixmaster dynamics lead to infinite number of shifts from one Kasner epoch
to another before the particle reaches the big-bang singularity. Then to further practice
the ADM formalism, we provide two more examples in this chapter: (i) in Section 5.3,
we introduce a free & massless classical scalar field that is coupled to the Bianchi IX
universe, and (ii) in Section 5.4, we extend the previous system to the case of a classical
scalar field with a potential term. Through these two examples, we further show that how
the Mixmaster dynamics of Bianchi IX universe can be averted in the presence of a scalar
field. This phenomenon of having only a finite number of bounces (finite number of shifts
from one Kasner epoch to another) before the particle reaches the big-bang singularity is
known as quiescence. We wish to remind the readers that we are only considering classical
objects throughout this work.

5.1 Bianchi I Universe

We consider the ADM Hamiltonian in eq. (96) and the corresponding Hamiltonian con-
straint (eq. (97)) & the diffeomorphism constraints (eq. (98)), then apply them in the
context of Bianchi I universe. We recall from eqs. (129, 134) that Bianchi I has flat
spatially homogeneous hypersurfaces. Moreover, in Bianchi I universe, coordinate basis is
the invariant basis and triads are given by ea

α = δa
α. Accordingly the 3−curvature is zero.

Therefore for Bianchi I, the ADM Hamiltonian (eqs. (96, 97, 98)) reduces to:

HADM = H[N ] + D
[
N j
]
= NH +N jDj (180)

where H[N ] is the Hamiltonian constraint given by:

H[N ] ≡
∫

Σt

d3xN

[
− 1

√
γ

(
π2

2 − πijπij

)]
(181)

and D
[
N i
]

is the diffeomorphism constraint given by:

D[N⃗ ] ≡
∫

Σt

d3xN i
[
−2Djπij

]
(182)

We impose the homogeneous ansatz by making use of the explicit forms of triads
ea

α = δa
α and realizing that in Bianchi I universe, we have the non-coordinate basis coincide

with the coordinate basis, to get (see eq. (145)):

γij → hαβ(t)

πij → παβ(t)
(183)

where the spatial homogeneity is reflected in either of the bases.
Then the spatial homogeneity of 3−conjugate momenta in Bianchi I leads to:

DBI[N⃗ ] = 0 (184)
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as παβ(t) depends only on time in the invariant basis.
The Hamiltonian constraint becomes:

HBI[N ] =

(∫
Σt

d3xN

)( 1√
h

(
παβπαβ − π2

2

))
(185)

where the spatial components are put together in the integrand of
(∫

Σt
d3xN

)
which we

can simply call n. Thus we have the total ADM Hamiltonian for Bianchi I universe as the
Hamiltonian constraint itself (n being the Lagrange multiplier):

HBianchi I = HBI[N ] =
n√
h

(
παβπαβ − π2

2

)
(186)

where the constraint relations become HBianchi I = HBI[n] ≈ 0 as the diffeomorphism
constraints are trivially satisfied because of being identically zero everywhere.

Of course, the Hamiltonian formalism should lead to the same result as obtained in
Section 4.3.1. We will show that it indeed is true. We start with calculating the equations
of motion:

ḣαβ = {hαβ,HBianchi I}

π̇αβ =
{
παβ,HBianchi I

} (187)

where we use the fact that hαβ and παβ are independent variables but παβ = hαδhβγπ
δγ

& π = παβhαβ are not independent from hαβ. We recall the definition of Poisson brackets
from eq. (104) which we reproduce here suited to our variables:

{f(x),h(y)}|(h,π) =
∫
d3z

[
δf(x)

δhαβ(z)

δh(y)

δπαβ(z)
− δf(x)

δπαβ(z)

δh(y)

δhαβ(z)

]
(188)

Then calculating the brackets and using ∂hδγ

∂hαβ
= δα

δ δ
β
γ and ∂πδγ

∂παβ = δδ
αδ

γ
β , we get:

ḣαβ =
2n√
h

(
παβ − 1

2hαβπ

)
π̇αβ = − 2n√

h

(
πα

γ π
γβ − 1

2π
αβπ

) (189)

where there is an additional term in π̇αβ corresponding to the variation of 1√
h

present
in HBianchi I in eq. (186). But that variation term has the coefficient

(
παβπαβ − π2

2

)
,

which we take as zero due to the constraint relation HBianchi I ≈ 0. Thus this equation of
motion is weakly equal which is not a problem because we are always doing our analyses
on some hypersurface & not in between them (see eq. (99) & the text below it). Here
n ≡

(∫
d3xN

)
contains the entities dependent on spatial coordinates in its integrand which

gets integrated out. Thus imposing the homogeneous ansatz for the metric removes all
spatial dependencies thereby leaving us with only the time dependencies. Accordingly the
constraint equations when expressed in terms of the homogeneous metric ansatz become
global constraints.

We can combine these two equations to get:

∂0
(
παδhδβ

)
= π̇αδhδβ + παδḣδβ = 0. (190)

Hence παδhδβ = πα
β = constant. Then the first equation in eq. (189) becomes of the

form: √
hḣα

β = constant (191)
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which is of the same form as eq. (164). The rest of the argument is the same as followed
after eq. (164) in Section 4.3.1. Thus we have shown for this case the equivalence between
the Lagrangian & the Hamiltonian formulations.

5.2 Bianchi IX Universe

We refer the readers to Section 4.1 where in eq. (135) we summarize the expressions that
hold for Bianchi IX universe. The important observation to be made is that the non-
coordinate basis for Bianchi IX is the same as the coordinate basis used for a 3−sphere
embedded in R4 with a constraint on the radius (which we can set to unity without loss
of generality), namely the hyperspherical coordinates xµ (µ = 1, 2, 3, 4) given by [1]:

x1 = cos r
x2 = sin r cos θ
x3 = sin r sin θ cosϕ
x4 = sin r sin θ sinϕ

(192)

satisfying
(
x1)2 + (x2)2 + (x3)2 + (x4)2 = 1 where r, θ ∈ [0,π] and ϕ ∈ [0, 2π).

The algebra is non-trivial (see eq. (135)), unlike Bianchi I where Cγ
αβ = 0, and is given

by (for Killing vector fields):
[ξα, ξβ ] = ϵαβγξ

γ (193)
We again start with the full ADM Hamiltonian (eqs. (96, 97, 98)) which we reproduce

here for convenience:

HADM = H[N ] + D
[
N j
]
= NH +N jDj (194)

where H[N ] is the Hamiltonian constraint given by:

H[N ] ≡
∫

Σt

d3xN

−√
γ(3)R︸ ︷︷ ︸

Term I

− 1
√
γ

(
π2

2 − πijπij

)
︸ ︷︷ ︸

Term II

 (195)

and D
[
N i
]

is the diffeomorphism constraint given by:

D[N⃗ ] ≡
∫

Σt

d3xN i
[
−2Djπij

]
(196)

Then we impose the homogeneous ansatz for the metric (eq. (145)) in invariant basis
where we make use of the explicit forms of triads given for Bianchi IX universe (eqs.
(152)-(155)) and recall that πij is a tensor density to get:

γij = hαβ(t)e
α
i e

β
j ⇒ γ = h sin2(θ)

πij = sin(θ)παβ(t)ei
αe

j
β

(197)

We first focus on the Hamiltonian constraint. Recall the orthogonality conditions of
the triads eα

ae
b
α = δb

a and eα
ae

a
β = δα

β . Term II is relatively straightforward where we use:

− 1
√
γ

π2

2 = − 1
√
γ

(
πijγij

)2
2 = − 1

2
√
h sin(θ)

(
παβhαβ

)2
sin2(θ) = −sin(θ)

2
√
h

(
παβhαβ

)2

1
√
γ
πijπij =

sin(θ)√
h
παβπαβ

(198)
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to get for term II:

Term II =
∫

Σt

d3xN

[
− 1

√
γ

(
π2

2 − πijπij

)]

=

(∫
Σt

d3xN sin(θ)
)[

− 1
2
√
h

(
παβhαβ

)2
+

1√
h
παβπαβ

]
= n

(
− 1

2
√
h

(
παβhαβ

)2
+

1√
h
παβπαβ

) (199)

where n ≡
(∫

Σt
d3xN sin(θ)

)
contains all spatial dependence in the integrand which gets

integrated out, leaving us with time dependencies only.
Next we simplify term I for which we need to use the expression for 3−Ricci tensor for

homogeneous universes in invariant basis provided in eq. (151). We contract the indices
α and β in eq. (151) to get:

(3)Rα
α =

1
2h

[
2CαδCαδ +CδαCαδ +CαδCδα −Cδ

δ (C
α
α +Cα

α ) + δα
α

((
Cδ

δ

)2
− 2CδγCδγ

)]
(200)

Then we use δα
α = 3 and simplify this expression to get:

⇒ (3)Rα
α =

1
2h

[
4CαδCαδ −

(
Cδ

δ

)2
−
(
Cδ

δ

)2
+ 3

(
Cδ

δ

)2
− 6CαδCαδ

]
=
[
(Cα

α )
2 − 2CαβCαβ

] (201)

Then we rewrite Cα
α = Cαβhαβ and CαβCαβ = CαβCδγhαδhβγ as well as recall that

for Bianchi IX universe, we have Cαβ = δαβ (see eq. (135)). Thus we have:

(Cα
α )

2 = (Tr(h))2 CαβCαβ = Tr
(
h2
)

(202)

Thus term I becomes:

Term I =
∫

Σt

d3xN
(
−√

γ(3)R
)

=

(∫
Σt

d3xN sin(θ)
)[ 1√

h
Tr
(
h2
)

− 1
2
√
h
(Tr(h))2

]
=

n√
h

(
Tr
(
h2
)

− 1
2 (Tr(h))2

) (203)

where n ≡
(∫

Σt
d3xN sin(θ)

)
contains all spatial dependence in the integrand which gets

integrated out, leaving us with time dependencies only.
Thus we have for the Hamiltonian constraint in Bianchi IX universe the following (with

n being the Lagrange multiplier):

HBIX[n] =
n√
h

(
Tr
(
h2
)

− 1
2 (Tr(h))2 − 1

2
(
παβhαβ

)2
+ παβπαβ

)
≈ 0 (204)

where n ≡
(∫

Σt
d3xN sin(θ)

)
contains all the spatial dependence in the integrand which

gets integrated out, leaving us with time dependencies only.
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For the diffeomorphism constraint, we similarly use the explicit form for the triads (eqs.
(152)-(155)) and define for the spatially dependent integrand in ni ≡

(∫
Σt
d3xN i sin(θ)

)
= nαei

α

to get:
DBIX [nα] = nαDα = nα

(
2ϵγαβπ

βδhδγ

)
≈ 0 (205)

Thus we have the total ADM Hamiltonian for Bianchi IX universe as follows:

HBianchi IX = HBIX[n] + DBIX [nα]

=
n√
h

[
Tr
(
h2
)

− 1
2 (Tr(h))2 − 1

2
(
παβhαβ

)2
+ παβπαβ

]
+ nα

(
2ϵγαβπ

βδhδγ

)
(206)

where the constraint relations become HBIX[n] ≈ 0 and DBIX [nα] ≈ 0 (non-trivial here
unlike the Bianchi I universe).

As a reminder, we are throughout using the invariant basis, whose importance can be
appreciated by now hopefully in the context of homogeneous cosmologies. Now we proceed
to solve the diffeomorphism constraints for the metric and its conjugate momenta. We
use the form in eq. (205) :

2nδϵτδβδ
τγπβαhαγ = 2nδhα1δ

11ϵ1δβπ
βα + 2nδhα2δ

22ϵ2δβπ
βα + 2nδhα3δ

33ϵ3δβπ
βα

= 2n3h1απ
α2ϵ132 + 2n2h1απ

α3ϵ123 + 2n1h2απ
α3ϵ213

+ 2n3h2απ
α1ϵ231 + 2n2h3απ

α1ϵ321 + 2n1h3απ
α2ϵ312

= −2n1
(
h2απ

α3 − h3απ
α2
)

− 2n2
(
h3απ

α1 − h1απ
α3
)

− 2n3
(
h1απ

α2 − h2απ
α1
)

Thus the diffeomorphism constraints in eq. (205) give us the following:

⇒ −2
[(
πατhτβ − πβτhτα

)]
≈ 0 (207)

Then we observe that the LHS contains the matrix commutator as follows:

[π,h]αβ =
(
πατhτβ − πβτhτα

)
= − [h,π]αβ (208)

and the diffeomorphism constraints give us for the Bianchi IX universe:

[π,h]αβ ≈ 0 (209)

For diffeomorphism constraints to be second class constraints8, we impose a particular
form of gauge fixing. To motivate the choice of gauge fixing to be applied, we calculate
the Poisson brackets using the definition provided in eq. (188). To be clear, for example,
[π,h]12 =

(
π1τhτ2 − π2τhτ1

)
and we recall that hαβ = hβα as well as παβ = πβα in general.

Then we have: {
[π,h]23,h12

}
= −h13 ≈ 0,

{
[π,h]13,h12

}
= −h23 ≈ 0{

[π,h]12,h23
}
= h13 ≈ 0,

{
[π,h]13,h23

}
= −h12 ≈ 0{

[π,h]12,h13
}
= −h23 ≈ 0,

{
[π,h]23,h13

}
= h12 ≈ 0

(210)

8See footnote 3 in Chapter 3.3 for the definitions of first class and second class constraints.
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while the remaining three are: {
[π,h]12,h12

}
= h11 − h22{

[π,h]23,h23
}
= h22 − h33{

[π,h]13,h13
}
= h11 − h33

(211)

This strongly suggests that the natural choice to impose for gauge fixing is a diago-
nal 3−metric for hαβ. Since the 3−metric commutes with the conjugate momenta (eq.
(209)), accordingly the conjugate momenta παβ is diagonal as well. The variables used to
denote the diagonal representation of the metric and its conjugate momenta are known as
Ashtekar-Henderson-Sloan (AHS) variables [25, 26]:

hαβ = diag (Q1,Q2,Q3) , παβ = diag
(
P1
Q1

, P2
Q2

, P3
Q3

)
(212)

where eq. (211) suggests that Q1 ̸= Q2, Q2 ̸= Q3 and Q3 ̸= Q1 for the diffeomorphism
constraints to be a true set of second class constraints. Furthermore the choice of παβ in
terms of AHS variables also suggests that the set {Q1,Q2,Q3} ̸= 0. Positive definitiveness
of 3−metric implies {Q1,Q2,Q3} > 0. Thus we have finally solved the diffeomorphism
constraints by imposing an appropriate choice of gauge fixing. We have defined symplectic

potential S below eq. (488) which in terms of AHS variables becomes S =
3∑

i=1

PiQ̇i

Qi
.

Once we have solved the diffeomorphism constraints and obtained the form of 3−metric
and its conjugate momenta, we proceed to express the Hamiltonian constraint (eq. (204))
in terms of these 3−metric and its conjugate momenta. We reproduce eq. (204) here for
our convenience where we now take n′ ≡ n√

h
as the new Lagrange multiplier (since n is

arbitrary and can always be chosen to scale like h):

HBIX[n
′] = n′

Tr
(
h2
)

︸ ︷︷ ︸
Term A

−1
2 (Tr(h))2︸ ︷︷ ︸

Term B

−1
2
(
παβhαβ

)2

︸ ︷︷ ︸
Term C

+ παβπαβ︸ ︷︷ ︸
Term D

 (213)

For terms A and B, we use:

Tr(h) = Tr


 Q1 0 0

0 Q2 0
0 0 Q3


 = Q1 +Q2 +Q3

Tr
(
h2
)
= Tr


 Q1 0 0

0 Q2 0
0 0 Q3

 .

 Q1 0 0
0 Q2 0
0 0 Q3


 = (Q1)

2 + (Q2)
2 + (Q3)

2

(214)

For term C, we simply have:(
παβhαβ

)2
=
(
π11h11 + π22h22 + π33h33

)2
= (P1 + P2 + P3)

2 (215)

For term D, we have:

παβπαβ = παβπ2σhατhβσ = (P1)
2 + (P2)

2 + (P3)
2 (216)
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where only the diagonal components of παβ and hαβ contribute (see eq. (212)). Plugging
eqs. (214, 215, 216) into eq. (213), we finally get for Bianchi IX, the following Hamiltonian
constraint subjected to the choice of gauge (eq. (212)) imposed:

HBIX[n
′] =n′

[{
(Q1)

2 + (Q2)
2 + (Q3)

2
}
+
{
(P1)

2 + (P2)
2 + (P3)

2
}

−1
2 (Q1 +Q2 +Q3)

2 − 1
2 (P1 + P2 + P3)

2
] (217)

This forms the basis of further progress in the rest of this section.

5.2.1 Jacobi Variables

We now switch to Jacobi variables {P1,P2,P3,Q1,Q2,Q3} → {x, y, kx, ky,D,α} where
{kx, ky} are conjugate variables of {x, y}. Here x and y are called Misner variables and
they are measures of anisotropies (accordingly x = y = 0 gives a homogeneous as well as
isotropic cosmology). This change of variables to Jacobi coordinates are:

P1 = − kx√
2 + ky√

6 +D, P2 = kx√
2 + ky√

6 +D, P3 = −
√

2
3ky +D

Q1 = αe
− x√

2
+ y√

6 , Q2 = αe
x√
2
+ y√

6 , Q3 = αe−
√

2
3 y

(218)

We further impose:
α = v

2
3 D =

vτ

2 (219)

where v is the 3−volume on the hypersurface and τ is known as the York time. τ is
the conjugate variable to v. The Misner variables {x, y} are also called shape degrees of
freedom while the global factor of 3−volume v is called the scale degree of freedom.

With these change of variables, we have for the 3−metric as well as the symplectic
potential S (defined in the paragraph below eq. (212)) the following results:

S =
3∑

i=1

PiQ̇i

Qi
= kxẋ+ kyẏ+

3Dα̇
α

= kxẋ+ kyẏ+ τ v̇

hαβ = diag (Q1,Q2,Q3) = v
2
3 diag

(
e

− x√
2
+ y√

6 , e
x√
2
+ y√

6 , e−
√

2
3 y
) (220)

where we used v = α
3
2 and τ = 2D

v .
Next we shift to the Hamiltonian constraint and express in terms of these new variables.

We refer to eq. (217), which we reproduce here for convenience:

HBIX[n
′] = n′

{ 3∑
i=1

(Qi)
2
}
+

{ 3∑
i=1

(Pi)
2
}

− 1
2

( 3∑
i=1

Qi

)2

− 1
2

( 3∑
i=1

Pi

)2 (221)
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We get the following on substitution for separate terms:( 3∑
i=1

Pi

)2

= 9D2 =
9
4v

2τ2

3∑
i=1

(Pi)
2 = k2

x + k2
y + 3D2 = k2

x + k2
y +

3
4v

2τ2

3∑
i=1

(Qi)
2 = α2

[
e

− 2x√
2
+ 2y√

6 + e
2x√

2
+ 2y√

6 + e
− 4√

6
y
]

(α = v
2
3 )

( 3∑
i=1

Qi

)2

= v
4
3

[
e

−2x√
2
+ 2y√

6 + e
2x√

2
+ 2y√

6 + e
− 4√

6
y
+ 2

(
e2y/

√
6 + e

x√
2

− y√
6 + e

− x√
2

−y√
6

)]
(222)

We can always choose the Lagrange multiplier n in eq. (204) to scale like
√
h without

loss of generality, and therefore we can set n′ = n√
h
= 1. Thus we get for the Hamiltonian

constraint as:
HBIX = k2

x + k2
y − 3

8v
2τ2 + v

4
3U (x, y) ≈ 0 (223)

where U (x, y) ≡
[

1
2e

− 2
√

3√
6

x+ 2y√
6 + 1

2e
2

√
3x√
6

+ 2y√
6 + 1

2e
−4√

6
y − e

2y√
6 − e

√
3x√
6

− y√
6 − e

−
√

3x√
6

− y√
6

]
is called

the shape potential whose coefficient is the 3−volume v 4
3 .

We can rewrite the shape potential in a succinct way as:

U(x, y) = f(−
√

3x+ y) + f(
√

3x+ y) + f(−2y) (224)

where:
f(z) ≡ 1

2e
2z/

√
6 − e−z/

√
6 . (225)

It is convenient to do another change of variables and express eq. (223) in terms of
the new variables to discuss the dynamics. The change of variables are:

v = v(0)e
−

√
3

2 x0 , τ = − 2√
3v

−1p0

x =
√

2x1, kx = 1√
2p1

y =
√

2x2, ky = 1√
2p2

(226)

where the conjugate variables are:

{x0, p0} = {x1, p1} = {x2, p2} = 1 (227)

Thus the Hamiltonian constraint becomes:

HBIX−Φ =
1
2
(
−p2

0 + p2
1 + p2

2

)
+W (x0,x1,x2) ≈ 0 (228)

where W (x0,x1,x2) = v
4
3
(0)e

− 2√
3

x0
U(x1,x2) is the Bianchi IX potential. This justifies

switching to the new variables in eq. (226) that the Hamiltonian constraint simplifies to
eq. (228) which can be interpreted as the motion in a Minkowski space perturbed by a
potential W . In the context of Bianchi cosmologies, like we discussed in Chapter 4.3.2,
this is same as having Bianchi I solution as a subset of Bianchi IX universe for the regimes
where the RHS of eq. (173) can be neglected.
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Figure 5: Polar coordinates to simplify Bianchi IX shape potential

5.2.2 Shape Potential

We start with the expression of shape potential in terms of Misner variables {x, y} from
eq. (224) where f(z) is defined in eq. (225). Then we express the Misner variables in
terms of x1 = x/

√
2 and x2 = y/

√
2 as in eq. (226) to get:

⇒ U
(
x1,x2

)
= f

(
−

√
6x1 +

√
2x2

)
+ f

(√
6x1 +

√
2x2

)
+ f

(
−2

√
2x2

)
(229)

Now we plug the explicit form of the function f(z) at these three places on the RHS
to get:

⇒ U
(
x1,x2

)
=

1
2

[
e

−2x1+ 2√
3

x2
+ e

2x1+ 2√
3

x2
+ e

− 4√
3

x2
]

−
(
e

x1− x2
√

3 + e
−x1− x2

√
3 + e

2√
3

x2
)

(230)
Then we make use of polar representation for the variables {x1,x2} as represented in

Fig. (5). Thus we have:
x1 = r cos(ϕ) x2 = r sin(ϕ) (231)

where r ≡
√
(x1)2 + (x2)2.

Finally with the substitution in eq. (231) in eq. (230), we get:

⇒ U(r,ϕ) =
6∑

i=1
(−1)icie

√
(x1)2+(x2)2χi(ϕ0) (232)

where the set ci = {1
2 , 1, 1

2 , 1, 1
2 , 1} and the six functions χi(ϕ) are given by:

χ1(ϕ) =
−4 sin ϕ√

3 , χ2(ϕ) =
2 sin ϕ√

3 , χ3(ϕ) = 2 cosϕ+ 2 sin ϕ√
3 ,

χ4(ϕ) = − cosϕ− sin ϕ√
3 , χ5(ϕ) = −2 cosϕ+ 2 sin ϕ√

3 , χ6(ϕ) = cosϕ− sin ϕ√
3

(233)

These functions are plotted in Fig. (6). There are few observations to be made from
their graphs:

(a) All six functions are bounded.

(b) For any given value of ϕ, at least one out of six functions χi(ϕ) is positive.

These facts are used in this Chapter 5 and the next Chapter 6 to prove or disprove
(depending on the system in consideration) the phenomenon of quiescence.
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Figure 6: Six functions constituing the shape function U(x1,x2)

5.2.3 Singularities in Bianchi IX Universe

We realize that due to the presence of v 4
3 in eq. (223), the overall potential is dynamically

changing. In order to study this dynamics, we now proceed to calculating equations of
motion for v and τ . This will tell us about the locations of big-bang singularities where
we expect v → 0 because at least one of the three spatial dimensions collapses at the
singularity, leading to vanishing of 3−volume on the hypersurface. Note that since we are
considering the vacuum case of Bianchi IX universe, the vanishing of the 3−volume on
each hypersurface of the ADM formalism is the only signature we have for the big-bang
singularity. The equations of motion for 3−volume and York time are (recall they are
conjugate variables):

v̇ =
∂HBIX
∂τ

= −3
4τv

2

τ̇ = −∂HBIX
∂v

=
3
4τ

2v+
4
3v

1
3U(x, y) ≈ 5

4τ
2v+

4
3
(
k2

x + k2
y

)
v−1

(234)

where in the second equality of the second line, we used the weak equality HBIX ≈ 0 in
eq. (223) to replace the shape potential in terms of other variables.

As expected from its name, therefore, the York time τ is monotonically increasing as
v > 0 always. Similarly we can obtain the behaviour of v by noting that d

dt (v
−1) = − v̇

v2 = 3
4τ

and d2

dt2 (v−1) = 3
4 τ̇ which allows us to plot v as a function of the coordinate time t in Fig.

(7). Thus we have two singularities that are reached in infinite coordinate time t. It has
been shown that even though an infinite coordinate time t → ±∞ is taken to reach the
singularities in the past and in the future, an observer travelling towards the singularity
requires only a finite proper time [1,27]. Thus these two big-bang singularities (in the past
and in the future) of Bianchi IX universe are essential and genuine singularities.

A Brief Digression: Singularity in Bianchi I Universe

We digress for the moment to discuss the presence of big-bang singularity in Bianchi I
universe. We already showed the presence of a true big-bang singularity in the Lagrangian
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Figure 7: Behaviour of volume with time of a Bianchi IX universe showing two
big-bang singularities (one in the past and another in the future)

formulation in Section 4.3.1 and now discuss the ADM formulation of it. We know that
the shape potential is zero in Bianchi I and we get the following Hamiltonian constraint
for Bianchi I universe (using eq. (223)):

HBI = k2
x + k2

y − 3
8v

2τ2 ≈ 0 (235)

Accordingly we are again looking for big-bang singularity whose signature is v → 0.
So we calculate the equations of motion for 3−volume and York time τ (recall they are
conjugate variables) as follows:

v̇ =
∂HBIX
∂τ

= −3
4τv

2

τ̇ = −∂HBIX
∂v

=
3
4τ

2v

(236)

which can be integrated to get v(t) = v(0)e
− 3

2 D(0)t and τ (t) = τ(0)e
3
2 D(0)t. Here v(0) and

τ(0) are two integration constants and D(0) = 2v(0)τ(0). We realize that v → 0 happens
only once, either in the past or in the future, depending on the sign chosen for D(0). For
example, if we choose the negative sign for D(0), then the universe contracts till 3−volume
goes to 0 as t → −∞. But we realize that this time t is the coordinate time and again it
can be shown [1, 27] that the proper time of an observer travelling towards the big-bang
singularity is finite and thus singularity can be reached in a finite amount of proper time,
making it an essential and genuine singularity. For t → ∞, the universe will continue to
expand forever. This is shown in Fig. (8)

5.2.4 Infinite Bounces: Mixmaster Dynamics

We can now start analyzing the dynamics of Bianchi IX universe. The first observation
to make is the presence of the shape potential. We plot the 3D version of shape potential
that we obtained in eq. (224) in Fig. (9) while the 2D plot is provided in Fig. (10) [28].
The colour coding is that blue represents low values while red represents large values of
the shape potential. These plots tell a story that Bianchi IX universe can be imagined as a
Bianchi I universe but with the presence of a triangular billiard table shaped potential. In
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Figure 8: Behaviour of volume with time of a Bianchi I universe showing a big-
bang singularity in the past (for D(0) < 0)

other words, we can basically imagine “Bianchi IX = Bianchi I + Shape Potential U(x, y)”.
This also makes the study of Bianchi I universe crucial if we wish to study Bianchi IX.
Thus from the viewpoint of a representative particle traversing the Bianchi IX universe,
it keeps moving freely along a straight line (the so-called Kasner epochs as the equations
of motion resemble that of a Bianchi I universe because U (x, y) ≈ 0 when we are far away
from the potential walls) till it hits one of the three walls of the potential as shown in
Fig. (9). Due to the presence of v4/3 in the potential term in eq. (223), the Bianchi IX
potential term is dynamic in nature and the bounces off the potential walls are inelastic,
causing the momentum of the particle

√
k2

x + k2
y to decrease with time after each bounce

(see [1, 27] for more details). When expressed in terms of new variables in eq. (226), the
momentum

√
p2

1 + p2
2 decreases after each collision. Each bounce of the particle off the

potential walls then changes the direction of the particle and it sets on a new straight line
motion till it again hits the potential wall. The transition that happens from bouncing off
the potential wall is known as Taub transition.

Now what does this tell us about the dynamics of the potential wall? Suppose we go
towards the big-bang singularity in the future where v → 0. We know from eq. (223)
that HBIX ≈ 0. During a Kasner epoch, away from the potential walls, the kinetic energy
K = k2

x + k2
y needs to be conserved. But upon collisions with the potential walls where

the bounces are inelastic, the momentum
(
k2

x + k2
y

)
(accordingly

(
p2

1 + p2
2
)
) decreases with

time after each bounce. But since HBIX ≈ 0, we can deduce that K must hit the potential
wall U(x, y) at points farther and farther away from the origin as the coordinate time t
passes. Thus the physical picture of Bianchi IX universe is that it corresponds to a trian-
gular shaped billiards table where motion in between are the Kasner epochs (straight line
motions) followed by Taub transitions (inelastically bouncing off the potential walls) with
the potential walls moving apart with time (thereby increasing the size of the triangular
shaped billiards table). Hence with the passage of time, the particle can explore larger
regions as can be seen from the numerical simulation done in Fig. (11) [28].

The next natural question to ask is that since the potential walls are receding, can
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Figure 9: 3D plot of shape potential U(x, y) [28]

Figure 10: 2D plot of shape potential U (x, y) (minimum is at the origin
U(x = 0, y = 0) = −3

2) [28]
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Figure 11: Numerical simulations of a pure Bianchi IX model showing the Mix-
master behaviour as explained in the text [28]

it happen that they recede fast enough9 to be never caught up by the particle? If this
happens, then there will be one last bounce off the potential wall after which it will set
on a straight line (Kasner epoch) motion for eternity before hitting the singularity. As we
show now here in this subsection that for the case of pure Bianchi IX universe, this can
never happen.

The idea is as follows. We stick to the motion of a particle far away from the potential
walls (Kasner epoch). Then we show that every such Kasner epoch inevitably ends up
with a collision of the potential walls of the shape potential, thereby bouncing off it and
setting off on to another Kasner epoch. Therefore, no matter how far in the future or
back in the past we consider a Kasner epoch, every Kasner epoch ends with a collision
and hence, the potential term in eq. (223) necessarily catches up with the kinetic terms
in there. Accordingly there is no one permanent Kasner epoch that lasts forever till the
particle hits the big-bang singularity but in fact the particle bounces off the potential walls
for an infinite number of times before the singularity is reached. We now implement this
idea and make it precise.

We start with calculating the equations of motion during a Kasner epoch where the
particle is far away from the potential walls (W ≈ 0). We use the Hamiltonian constraint
in eq. (235) to get for ẋµ = ∂

∂pµ
HBI−Φ as well as ṗµ = − ∂

∂xµ HBI−Φ:

ẋµ = ηµνpν ṗµ = 0 (237)

where µ = {0, 1, 2} and ηµν = diag (−1,+1,+1). Integrating them gives the Kasner
solutions as:

xµ(t) = ηµνpνt+ xµ
0 pµ(t) = p0

µ ∀t (238)
where xµ

0 & p0
µ are integration constants or the initial conditions.

Using the final result for the shape potential U(x1,x2) from Subsection 5.2.2 (eqs.
(232, 233)), we have for W in eq. (248):

W (x0,x1,x2) = v4/3
0 e

− 2√
3

x0
U(x1,x2)

= v4/3
0 e

− 2√
3

x0 6∑
i=1

(−1)icie
√

(x1)2+(x2)2χi(ϕ0)

= v4/3
0

6∑
i=1

(−1)icie
− 2√

3
x0+

√
(x1)2+(x2)2χi(ϕ0)

(239)

9That is to say, the potential will decay with coordinate time t to the point of vanishing when t becomes
infinitely large.
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where we choose ϕ0 = arctan
(

p0
2

p0
1

)
as the direction of the Kasner solution obtained in eq.

(238) and ci =
{

1
2 , 1, 1

2 , 1, 1
2 , 1
}

. The explicit expressions for χi are provided in Subsection
5.2.2 in eq. (233).

Then we plug in the expressions for
{
x0,x1,x2} from the Kasner solutions in eq. (238)

into the last line of eq. (239) and use the Kasner Hamiltonian constraint (eq. (235)) being
weakly equal to zero, namely p0 ≈ ±

√
(p1)

2 + (p2)
2, to get10 W → constant ∑6

i=1 ζi

where ζi are the exponential functions. Focussing on one of the ζi, we have:

ζi = exp
[−2√

3

√
p2

1 + p2
2t+

√
(p1)

2 + (p2)
2χi (ϕ0) t

]
= exp

[√
p2

1 + p2
2

(
χi (ϕ0) − 2√

3

)
t

] (240)

But we know from Subsection 5.2.2 and in particular Fig. (6) that for any value of ϕ,
we have at least one out of the six functions χi(ϕ) plotted there such that

(
χi (ϕ0) − 2√

3

)
is positive. Accordingly the potential term in eq. (223) which is of the form v4/3U(x1,x2)
is always exponentially increasing with time t during a Kasner epoch and hence necessarily
catches up with the particle (kinetic terms in eq. (223)) causing that Kasner epoch to end
by setting off the particle to another Kasner epoch till next collision with the potential
walls happen.

Thus we have proved for the vacuum case of Bianchi IX universe that the particle will
always be able to catch up with the potential walls and there will be infinite number of
bounces before the particle hits the singularity in a finite proper time. Therefore in a
pure Bianchi IX model, every Kasner epoch (the time the particle travels freely) will end
with a collision with the potential walls and thus the singularity is reached after infinite
bounces. This is what is known as the Mixmaster behaviour ( [20]) and this is a perfect
scrambler of information as all information of the initial conditions get erased due to
infinite inelastic bounces as the particle approaches the singularity. Also the precise point
where the singularity is reached by the particle remains undetermined and we do not have
a defined limit at the singularity. This is similar to the case of taking the limit of x → 0 in
the function sin

(
1
x

)
. Hence neither any information of the initial condition is preserved

nor the definite limit at the singularity is known where the particle reaches, making this a
perfect scrambler of information. In the vacuum case of Bianchi IX universe, quiescence
can never be attained.

Now we proceed to two more examples in Sections 5.3 & 5.4 where we do the ADM
analysis of the Bianchi IX universe coupled to a free & massless scalar field as well as
a scalar field with a potential term, respectively. To give the spoiler, the situation is
drastically different there. As proved in Section 5.3.1, the potential walls can be shown
to recede much faster for the particle to be able to catch up to it after a point of time,
thereby causing only a finite number of bounces before the particle reaches the singularity.
Thus after a certain finite number of bounces off the potential walls, eventually there
will be a Kasner epoch that will last forever, until the particle reaches the singularity.
This mechanism allows for the scrambling of information to cease after the last bounce
and the information of the initial conditions are actually preserved at the singularity.

10Here a negative p0 = −
√

p2
1 + p2

2 implies a shrinking solution as we realize from the transformations
in eq. (226) that we need x0 → +∞ for v → 0. The corresponding Hamiltonian constraint in eq. (228) for
the final Kasner epoch is H = 1

2
(
−p2

0 + p2
1 + p2

2
)
. Thus the equations of motion for x0 & p0 are: ẋ0 = −p0

& ṗ0 = 0, thereby implying the solutions: p0 = c (constant) & x0 = −ct + ξ0. Thus for x0 to be positive
at large time t → +∞, c < 0 and therefore p0 = c < 0.
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Moreover, there exists a direction on the Misner plane that admits a well-defined limit at
the singularity where the particle reaches. Thus the Mixmaster behaviour can be avoided
by coupling to a classical scalar field and this has allowed to continue the classical solutions
through the singularity as reported in the literature [28,29].

5.3 Free & Massless Scalar Field Coupled to Bianchi IX Universe

We now consider Bianchi IX universe in the presence of a classical scalar field that is free
and massless. Since we have already done a detailed calculation for the ADM action in
Chapter 3.2 & Bianchi IX universe in Section 5.2, we redo the same calculations in the
presence of a free & massless scalar field to get for the ADM action (πΦ is the conjugate
variable corresponding to the scalar field Φ):

SADM+Φ =
∫ t2

t1
dt

∫
Σt

d3x
(
πij γ̇ij+πΦΦ̇ − HADM+Φ

)
(241)

where the symplectic potential is given by:

SADM+Φ ≡
∫

Σt

d3x
(
πij γ̇ij+πΦΦ̇

)
(242)

and the total Hamiltonian HADM+Φ =
∫
d3xHADM+Φ = HADM+Φ[N ] + DADM+Φ[N

i] is
given by:

HADM+Φ[N ] ≡
∫

Σt

d3xN

[
−√

γ(3)R− 1
√
γ

(
π2

2 − πijπij−1
2π

2
Φ

)
+

1
2

√
γDiΦDiΦ

]

DADM+Φ[N⃗ ] ≡
∫

Σt

d3xN i
[
−2Djπij+πΦDiΦ

] (243)

where terms marked in green are the new terms appearing due to the presence of a scalar
field. Note that these equations hold true in general when a free & massless scalar field is
coupled with gravity. We will specialize to homogeneous cosmologies, in particular Bianchi
IX universe, below.

Assumption: We impose a homogeneous scalar field which means that the scalar field
has only temporal dependence but no spatial dependence. Then they simplify to (we will
denote the entities as SΦ, SΦ, HΦ[N ] = NHΦ and DΦ[Ni] = NiD

i
Φ for this assumption):

SΦ =
∫

Σt

d3x
(
πij γ̇ij+πΦΦ̇

)
HΦ[N ] =

∫
Σt

d3xN

[
−√

γ(3)R− 1
√
γ

(
π2

2 − πijπij−1
2π

2
Φ

)]

DΦ[N⃗ ] =
∫

Σt

d3xN i
[
−2Djπij

]
(244)

Now we specialize to homogeneous cosmologies to impose the Bianchi IX homoge-
neous ansatz for the metric just like we did in Section 5.2. We realize that since the
diffeomorphism constraints in eq. (244) are unaffected even in presence of a free & mass-
less homogeneous scalar field, the ansatz that we imposed after solving the diffeomorphism
constraint (eq. (209)) remains the same and we still resort to the same AHS variables we
did in eq. (212). Then keeping the variables for Φ and its conjugate πΦ as they are and
imposing the change of variables to Jacobi variables (eq. (218)), we get for Bianchi IX
universe coupled to a free & massless homogeneous scalar field the following Hamiltonian
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constraint (where we have again rescaled the Lagrange multiplier n to scale with
√
h and

chose n′ = n√
h

to be unity without loss of generality):

HBIX−Φ = k2
x + k2

y+
π2

Φ
2 − 3

8v
2τ2 + v4/3U(x, y) . (245)

Thus we have “HBIX−Φ = HBIX+Free & Massless Homogeneous Scalar Field”.
Now we enquire about the Mixmaster dynamics & the phenomenon of quiescence

corresponding to this Hamiltonian constraint, just like we did for the vacuum case of
Bianchi IX universe in Subsection 5.2.4.

5.3.1 Quiescence in Bianchi IX-Scalar Field System

Just like the change of variables in eq. (226), it is convenient to do another change
of variables here and express eq. (245) in terms of the new variables. The change of
variables & its justification are the same as mentioned in eq. (226) with the addition of
two conjugate variables {x3, p3} corresponding to the introduction of scalar fields:

v = v(0)e
−

√
3

2 x0 , τ = − 2√
3v

−1p0

x =
√

2x1, kx = 1√
2p1

y =
√

2x2, ky = 1√
2p2

Φ = x3, πΦ = p3

(246)

where the conjugate variables are:

{x0, p0} = {x1, p1} = {x2, p2} = {x3, p3} = 1 (247)

Thus the Hamiltonian constraint becomes:

HBIX−Φ =
1
2
(
−p2

0 + p2
1 + p2

2 + p2
3

)
+W (x0,x1,x2) ≈ 0 (248)

where W (x0,x1,x2) = v
4
3
(0)e

− 2√
3

x0
U(x1,x2) is the Bianchi IX potential (see Subsection

5.2.2 for a simplified expression). During a Kasner epoch, this potential term can be
neglected and we are left with a Hamiltonian constraint that resembles the motion of a
free particle in Minkowski spacetime. Using eq. (220), the metric of the Bianchi IX model
becomes in this set of variables as follows:

hαβ = v(0)e
− 1√

3
x0

diag
(
e

−x1+ 1√
3

x2
, ex1+ 1√

3
x2

, e− 2√
3

x2
)

∝ diag
(
e

(
1√
3

p0−p1+
1√
3

p2

)
t
, e
(

1√
3

p0+p1+
1√
3

p2

)
t
, e
(

1√
3

p0− 2√
3

p2

)
t
) (249)

We follow the same idea and the strategy here that we employed while exploring
quiescence in pure Bianchi IX universe in Subsection 5.2.4. We proceed to calculate
the equations of motion during Kasner epochs where W ≈ 0. Thus the Hamiltonian
constraint in eq. (248) becomes HBI−Φ when W ≈ 0. Calculating ẋµ = ∂

∂pµ
HB−Φ as well

as ṗµ = − ∂
∂xµ HBI−Φ component wise, we get:

ẋµ = ηµνpν ṗµ = 0 (250)
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where µ = {0, 1, 2, 3} and ηµν = diag (−1,+1,+1,+1). Integrating them gives the
Kasner solutions as:

xµ(t) = ηµνpνt+ xµ
0 pµ(t) = p0

µ ∀t (251)

where xµ
0 & p0

µ are integration constants or the initial conditions.
Now we finally proceed towards proving quiescence. Using the final simplified result

of the shape potential U(x1,x2) from Subsection 5.2.2 (eqs. (232, 233)), we have for W
in eq. (248):

W (x0,x1,x2) = v4/3
0 e

− 2√
3

x0
U(x1,x2)

= v4/3
0 e

− 2√
3

x0 6∑
i=1

(−1)icie
√

(x1)2+(x2)2χi(ϕ0)

= v4/3
0

6∑
i=1

(−1)icie
− 2√

3
x0+

√
(x1)2+(x2)2χi(ϕ0)

(252)

where we choose ϕ0 = arctan
(

p0
2

p0
1

)
as the direction of the Kasner solution obtained in eq.

(251) and ci =
{

1
2 , 1, 1

2 , 1, 1
2 , 1
}

. The explicit expressions for χi are provided in Subsection
5.2.2 in eq. (233).

Then we plug in the expressions for
{
x0,x1,x2} from the Kasner solutions in eq. (251)

into the last line of eq. (252) and use the Kasner Hamiltonian constraint p0 ≈ ±
√
(p1)

2 + (p2)
2 + (p3)

2

to get11 W → constant ∑6
i=1 ζi where ζi are the exponential functions. Focussing on one

of the ζi, we have:

ζi = exp
[−2√

3

√
p2

1 + p2
2 + p2

3t+
√
(p1)

2 + (p2)
2χi (ϕ0) t

]

= exp
[√

p2
1 + p2

2t

(
χi (ϕ0) − 2√

3

√
1 + p2

3
p2

1 + p2
2

)] (253)

Now when the potential walls are approached, the Kasner solutions (eq. (251)) lose
its validity of approximation and are no longer true. But since we are dealing with free
& massless homogeneous scalar field, we know that there is no interaction between the
potential walls and the scalar field, thereby ensuring that the conjugate momenta to the
field πΦ = p3 is conserved throughout the motion. But the same is not true for p1 and p2.
As we showed in eq. (245), the potential term contains a pre-factor of v4/3 and therefore is
growing monotonically smaller with time as v → 0 because the future big-bang singularity
of Bianchi IX universe is approached (see Fig. (7)). Thus kx & ky (accordingly p1 & p2)
diminish after each collision with the potential walls because the collisions are inelastic.
Hence the entity

√
p2

1 + p2
2 reduces with time as singularity is approached just like the

3−volume (which goes to 0 at the singularity). Therefore
√

1 + p2
1

p2
2+p2

3
becomes smaller

and smaller with time. Also from Fig. (6), we know that all the six functions χi (ϕ0) are
11As argued in footnote 10 in Section 5.2.4, we chose the negative sign for p0 here as well. The argument

is the same. Here a negative p0 = −
√

p2
1 + p2

2 + p2
3 implies a shrinking solution as we realize from the

transformations in eq. (246) that we need x0 → +∞ for v → 0. The corresponding Hamiltonian constraint
in eq. (248) for the final Kasner epoch is H = 1

2
(
−p2

0 + p2
1 + p2

2 + p2
3
)
. Thus the equations of motion for

x0 & p0 are: ẋ0 = −p0 & ṗ0 = 0, thereby implying the solutions: p0 = c (constant) & x0 = −ct + ξ0.
Thus for x0 to be positive at large time t → +∞, c < 0 and therefore p0 = c < 0.
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bounded. Thus eventually
(
χi (ϕ0) − 2√

3

√
1 + p2

3
p2

1+p2
2

)
in eq. (253) becomes negative after

a certain point of time for each of the ζi. Hence there will be one last Kasner epoch where
the particle will set off on a straight line motion for eternity before hitting singularity as
the potential walls will recede exponentially fast (and exponentially decay with coordinate
time t) for the particle to be never able to catch up to the them. So there will be only a
finite number of bounces off the potential walls before the particle reaches singularity in
infinite coordinate time (but finite proper time [1, 27]). Thus quiescence is established.

5.4 Generalization to Scalar Field with a Potential Term

We now generalize the system in Section 5.3 to the case of Bianchi IX universe coupled
to a classical scalar field with a potential term V = V (Φ). With this additional term, we
can again redo the calculations like we did in Chapter 3.2 and again in this Chapter 5.3
to get for the ADM action (πΦ is the conjugate variable corresponding to the scalar field
Φ):

SADM+Φ =
∫ t2

t1
dt

∫
Σt

d3x
(
πij γ̇ij+πΦΦ̇ − HADM+Φ

)
(254)

where the symplectic potential is given by:

SADM+Φ ≡
∫

Σt

d3x
(
πij γ̇ij+πΦΦ̇

)
(255)

and the total Hamiltonian HADM+Φ =
∫
d3xHADM+Φ = HADM+Φ[N ] + DADM+Φ[N

i] is
given by:

HADM+Φ[N ] ≡
∫

Σt

d3xN

[
−√

γ(3)R− 1
√
γ

(
π2

2 − πijπij−1
2π

2
Φ +

√
γV (Φ)

)
+

1
2

√
γDiΦDiΦ

]

DADM+Φ[N⃗ ] ≡
∫

Σt

d3xN i
[
−2Djπij+πΦDiΦ

]
(256)

where terms marked in green are the additional terms apart from the pure Bianchi IX
expressions. Note that these equations hold true in general when a scalar field in a potential
is coupled with gravity. We will specialize to homogeneous cosmologies, in particular
Bianchi IX universe, below.

Assumption: Just like Section 5.3, we again impose a (spatially) homogeneous scalar
field. Then they simplify to (we will denote the entities as SΦ, SΦ, HΦ[N ] = NHΦ and
DΦ[Ni] = NiD

i
Φ for this assumption):

SΦ =
∫

Σt

d3x
(
πij γ̇ij+πΦΦ̇

)
HΦ[N ] =

∫
Σt

d3xN

[
−√

γ(3)R− 1
√
γ

(
π2

2 − πijπij−1
2π

2
Φ

)
+

√
γV (Φ)

]

DΦ[N⃗ ] =
∫

Σt

d3xN i
[
−2Djπij

]
(257)

Now we specialize to homogeneous cosmologies to impose the Bianchi IX homogeneous
ansatz for the metric just like we did in Sections 5.2 & 5.3. We realize that since the diffeo-
morphism constraints in eq. (257) are again unaffected even in presence of a homogeneous
scalar field in a potential, the ansatz that we imposed after solving the diffeomorphism
constraint (eq. (209)) remains the same and we still resort to the same AHS variables we
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did in eq. (212). Then again we keep the variables for Φ and its conjugate πΦ as they are
and impose the change of variables to Jacobi variables (eq. (218)). We show explicitly for
the additional potential term that we have here where we use eq. (197).∫

Σt

d3xN
√
γV (Φ) =

(∫
Σt

d3xN sin(θ)
)√

hV (Φ)

=
n√
h
hV (Φ)

= n′Q1Q2Q3V (Φ)

= n′α3V (Φ)

= n′v2V (Φ)

(258)

where we introduced n′ = n/
√
h in the third line which can be set to unity (see the

paragraph above eq. (223), used the AHS variables in the fourth line to substitute for the
determinant of 3−metric hαβ from eq. (212) and finally shifted to Jacobi variables in the
last two lines using eq. (218).

We have already showed for the remaining terms to reach eq. (245). Thus we get
for Bianchi IX universe coupled to a homogeneous scalar field with a potential term the
following Hamiltonian constraint (where we have again set the Lagrange multiplier n′ to
unity):

HBIX−Φ = k2
x + k2

y+
π2

Φ
2 − 3

8v
2τ2 + v4/3U (x, y)+v2V (Φ) . (259)

Thus we have “HBIX−Φ = HBIX+Homogeneous Scalar Field with a Potential”.
Now we again explore the phenomenon of quiescence (i.e., averting the Mixmaster

dynamics) in this system, just like we did in Subsections 5.2.4 & 5.3.1. As shown in
Section 5.4.1, not every form of potential V can lead to quiescence and demanding the
condition for quiescence puts constraints on the type of potentials allowed.

5.4.1 Restriction on the Potential to Fulfil Quiescence

The physical idea is that the potential V should decay fast with coordinate time t so that
the quiescence is achieved. We now make this statement mathematically precise. We start
by change of variables as given in eq. (246) of the Hamiltonian constraint in eq. (259).
We get something very similar to eq. (248) with the addition of a potential term. The
Hamiltonian constraint looks like:

HBIX−Φ =
1
2
(
−p2

0 + p2
1 + p2

2 + p2
3

)
+W

(
x0,x1,x2,x3

)
≈ 0 (260)

where W
(
x0,x1,x2,x3) is the new potential term dependent on x3 (= Φ) as well. Its

expression is given by:

W
(
x0,x1,x2,x3

)
= v

4
3
(0)e

√
− 2

3 x0
U
(
x1,x2

)
︸ ︷︷ ︸

Term a

+ v2
(0)e

−
√

3x0
V (x3)︸ ︷︷ ︸

Term b

(261)

We first briefly discuss term a . The expression appearing here, namely U (x1,x2), can
further be simplified as done in Subsection 5.2.2 in terms of polar coordinates to get eq.
(232). We have already studied in detail in Section 5.3.1 where we established quiescence
corresponding to the shape potential U . There we got an expression for this in eq. (252)
and the final condition was obtained in eq. (253). Eq. (253) implies that if:
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χi (ϕ0) <
2√
3

√
1 + p2

3
p2

1 + p2
2

[Condition 1 for quiescence.] (262)

then the potential term will decay exponentially fast with coordinate time t → +∞ in eq.
(253). Here the six χi functions are provided in eq. (233).

Now we focus on term b which is the main topic of this subsection. Suppose we are
in a Kasner regime where eqs. (250, 251) hold. Then at large time t, we have x0 ∼ −p0t

and the Hamiltonian constraint tells us that p0 = ±
√
p2

1 + p2
2 + p2

3. We know from the
discussions surrounding quiescence in Sections 5.2.4 (footnote 10) & 5.3.1 that p0 needs
to be negative. Also xi ∼ pit for i = {1, 2, 3}. We wish for the potential to decay with
time and this gives us the condition for the type of potential that can allow quiescence to
occur:

lim
t→∞

e−
√

3
√

p2
1+p2

2+p2
3tV (p3t) = 0 [Condition 2 for quiescence.] (263)

Thus for the case of Bianchi IX universe coupled with a homogeneous scalar field in a
potential, we have conditions 1 and 2 to be satisfied by the potential terms (namely, the
Bianchi potential & the scalar potential terms) occurring in the Hamiltonian constraint
eq. (260), namely eq. (261). Note that condition 1 is the same as that for the case of
Bianchi IX universe coupled with a free & massless homogeneous scalar field which we
showed in Section 5.3.1.

Let us give examples for both a bad choice as well as a good choice for the potential
V (x3). An example for a bad choice is V (x3) = ec(x3)

1+ϵ

where {c, ϵ} > 0. Then the term
in eq. (263) looks like:

e−
√

3x0
V
(
x3
) large t−−−−→ e−

√
3
√

p2
1+p2

2+p2
3tec(p3t)1+ϵ

(264)

Thus for large t, the time dependence on time will overpower the time decaying factor in
the first exponential, thereby making this a monotonically increasing function. Quiescence
can never be achieved with this potential term.

Now we present an example for the potential term which satisfies eq. (263). One
of the plausible candidates for inflationary model, namely Starobinsky potential which is
within the current cosmological constraints, satisfies the phenomenon of quiescence. This
has already been noticed in the literature that Starobinsky potential leads to quiescent
solutions [30]. The Starobinsky potential is given as follows:

V
(
x3
)
=

(
1 − ce−

√
2
3 x3
)2

(265)

where c > 0 is a constant. Thus at large time t, this behaves as
(

1 − ce−
√

2
3 p3t

)2
which

goes to a constant value when t → ∞. Thus plugging this form of V in eq. (263) shows
that Starobinsky potential allows for quiescence to happen.
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6 Extension to Einstein/Bianchi IX-Maxwell-Scalar Field
System

We extend the ADM analysis to the case of classical electromagnetic field coupled to
gravity. As is true for the rest of the lecture notes, topics covered here are already known
[31, 32]. Although the methodology to obtain the results presented in Sections 6.2 & 6.3
have been known in the literature, to the best of our knowledge, this has never been
reported explicitly in complete details like we do here in these two sections. Therefore
these two sections can be considered as a new component in this work, albeit not original.

In Section 6.1, we perform a 3 + 1-decomposition of Maxwell’s equations of motion
and in Subsection 6.1.1, we present the full Einstein-Maxwell equations of motion in the
3 + 1-formalism without specializing to any particular cosmological solution. In Section
6.2, we perform an ADM analysis of the Einstein-Maxwell system and get the ADM action
whose variation leads to equations of motion which are already derived in Subsection 6.1.1.
We specialize to Bianchi IX cosmology in Subsection 6.2.1. In Section 6.3, we couple a free
& massless homogeneous scalar field (as done in Chapter 5.3) to this Bianchi IX-Maxwell
system. Based on the diffeomorphism and Hamiltonian constraints obtained therein, we
proceed to solve the diffeomorphism constraints in Subsection 6.3.1, just like the way we
did in Chapter 5.2 (eq. (209)). In Subsection 6.3.2, we then simplify the Hamiltonian
constraint based on the 3-metric and its conjugate momenta obtained therein. Once we
have the Hamiltonian constraint, we proceed to calculate the complete set of equations
of motion for the Bianchi IX-Maxwell-scalar field system in Subsection 6.3.4, thereby
concluding this manuscript about the ADM formulation of general relativity.

6.1 3 + 1-Decomposition of Maxwell’s Equations

For this section, we rely extensively on the resources [31,32]. We start with the Maxwell’s
equations which we decompose in 3 + 1-form:

∇µF
µν = −4πjν

∇µF
∗µν = 0

(266)

where jν is the 4-current, Fµν ≡ ∇µAν −∇νAµ = ∂µAν −∂νAµ (identically) and F ∗µν ≡ −1
2ϵ

µνδσFδσ.
As per our convention, we define for the Levi-Civita tensor ϵ0123 = −1/

√
−g & ϵ0123 = +

√
−g.

The first Maxwell’s equation also gives the continuity equation:

∇µj
µ = 0 (267)

The plan of this section is to first decompose the Faraday tensor and then proceed
to decompose the Maxwell’s equations. Recall that Einstein field equations have two free
indices and therefore we had to take projections in mathematically 3 possible ways: (i)
both projections along nµ, (ii) both along Σt as well as (iii) mixed projections along nµ and
Σt. This is done in Appendix D. As clear from eq. (266), there is one free index, hence we
can take one projection only. This leads to mathematically 2 possible ways of projecting
in 3 + 1-form, namely (a) projection along nµ and (b) projection along Σt. We present
both the cases here. Once this is done, we show the 3+ 1-decomposition of the continuity
equation and derive the stress-energy-momentum tensor for the electromagnetic field that
appears on the RHS of the Einstein field equations. With this derived, we finally present
the full Einstein-Maxwell equations of motion in 3 + 1-variables in Subsection 6.1.1.

63



SciPost Physics Lecture Notes Submission

3 + 1-Decomposition of Faraday Tensor

We give the procedure to decompose any arbitrary rank−2 tensor, say Tµν as follows:

Tµν = (3)Tµν + nµ(3)T⊥ν + (3)Tµ⊥nν + T⊥⊥nµnν (268)

where
(3)Tµν ≡ γµ

αγ
ν
βT

αβ

(3)T⊥ν ≡ −γµ
αγ

ν
βT

αβ

(3)Tµ⊥ ≡ −nαγ
µ
βT

αβ

T⊥⊥ ≡ nµnνT
µν .

(269)

We apply this procedure to the Faraday tensor where Tµν = Fµν . Due to the anti-
symmetry properties of Fµν = −F νµ, we have F⊥⊥ = 0 as contraction is happening
between symmetric and anti-symmetric indices (see eq. (269)). Thus we have:

Fµν = (3)Fµν + nµ(3)F⊥ν + (3)Fµ⊥nν (270)

where we define electric and magnetic fields as measured by an observer with 4-velocity nµ

(also known as the Eulerian observer) as:

Eµ ≡ −nνF
νµ ≡ (3)F⊥µ

Bµ ≡ −nνF
∗νµ ≡ (3)F ∗⊥µ

(271)

Note that the electric and magnetic fields are tangential to the spacelike hypersurface Σt

(since contraction with nµ vanishes for both) and thus are 3-vector fields. Accordingly
their indices can be raised or lowered using the 3-metric, for example Eµ = γµνE

ν . We
could have also used Latin indices instead of Greek without loss of generality.

Thus we have for the Faraday tensor the following 3 + 1-decomposition:

Fµν = (3)Fµν + nµEν −Eµnν (272)

We can further simplify this by expressing (3)Fµν in terms of the magnetic field defined
in eq. (271). By plugging the definition of F ∗νµ in the definition of Bµ, we get:

Bµ ≡ −nνF
∗νµ

= +
1
2nνϵ

νµαβFαβ

= +
1
2nνϵ

νµαβ
(
(3)Fαβ + nαEβ −Eαnβ

)
= +

1
2nνϵ

νµαβ (3)Fαβ

(273)

where we used eq. (272) and nµnνϵ
µναβ = 0 due to completely anti-symmetric properties

of the Levi-Civita tensor. We define the 3-Levi-Civita tensor living on the hypersurface
Σt:

(3)ϵµαβ ≡ nνϵ
νµαβ (274)

where as per the convention set for 4-Levi-Civita tensor and making use of eq. (62) where
nµ = (−N , 0, 0, 0), we get:

(3)ϵ123 = n0ϵ
0123 = −N

( −1√
−g

)
= N

1
N

√
γ
=

1
√
γ

(275)
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Observe that √
γ(3)ϵ123 = 1 and thus there is a resemblance between the general 3-Levi-

Civita tensor and the Levi-Civita tensor in a Euclidean (flat) space, namely √
γ(3)ϵabc = ϵabc

Flat.
Thus we have from eq. (273):

(3)Fαβ = (3)ϵαβµBµ (276)

Accordingly the final expression for the 3 + 1-decomposition of Faraday tensor in eq.
(272) using eq. (276) becomes as follows:

Fµν = (3)ϵµνσBσ + nµEν −Eµnν (277)

and its dual is given by:

F ∗µν ≡ −1
2ϵ

µνδσFδσ = −(3)ϵµνσEσ + nµBν −Bµnν (278)

We observe that the duality E⃗ → B⃗ & B⃗ → −E⃗ that exists in Minkowski spacetime also
exists here. This is a useful knowledge to derive equations of motion for B⃗ if the equations
of motion for E⃗ are known.

We finally take 3 + 1-decomposition of the Maxwell’s equations in eq. (266) by first
projecting them along nµ and then along Σt. We will get a total of 4 equations that are
equivalent to the ones in eq. (266).

Projection along nµ

We project the first Maxwell equation along nµ:

nν∇µF
µν = 4πρ (279)

where we define the charge density as the temporal component of the 4-current as measured
by an Eulerian observer (an observer with 4-velocity nµ):

ρ ≡ −nνj
ν (280)

Then we have for the LHS:

LHS = ∇µ (nνF
µν) − Fµν∇anb = ∇µE

µ︸ ︷︷ ︸
Term I

−Fµν∇µnν︸ ︷︷ ︸
Term II

(281)

where we used the definition of Eµ from eq. (271).
We use the identity for 4-divergence in eq. (372) from Appendix A to get for term I:

∇µE
µ =

1√
−g

∂α (
√

−gEα) =
1

N
√
γ
∂µ (N

√
γEµ)

= Eµ∂µ ln(N) +
1

√
γ
∂µ (

√
γEµ)

(282)

But Eµ is a 3-vector, thus projecting it onto Σt should given the same vector, i.e. Eµ = γµ
νE

ν .
Also we have the relation between 3-covariant derivative and 4-covariant derivative in eq.
(385) that gives γµ

ν ∇µ = Dν . Moreover, since Eµ is a 3-vector, we have the time com-
ponent E0 = 0, which reduces the term 1√

γ∂µ
(√
γEµ

)
to DiE

i. So we have for term
I12

∇µE
µ = DµE

µ +Eµa
µ (283)

12Eq. (283) is true for any 3-vector.
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where we used the definition of the acceleration of the foliation aµ ≡ nν∇νn
µ = Dµ (ln(N))

from eq. (63) whose proof is provided in Appendix C.
Alternate Proof: We use the relation in eq. (385), idempotent property of 3-metric

(γj
aγ

a
i = γj

i = δj
i + njni) and E⃗ is a 3-vector (nµE

µ = 0), to get:

DµE
µ = γσ

µγ
µ
ν ∇σE

ν

= γσ
ν ∇σE

ν = (δσ
ν + nσnν)∇σE

ν

= ∇νE
ν + nσnν∇σE

ν

= ∇νE
ν + nσ∇σ (nνE

ν) − nσEν∇σnν

= ∇νE
ν −Eµa

µ

(284)

where we used eq. (47) in the last step. We never used any property of the electric field.
Thus this proof shows that this relation is true for any arbitrary 3-vector.

Now we focus on term II in eq. (281) where we plug the expression for Fµν from eq.
(277) to get:

Fµν∇µnν =
(
(3)ϵµνσBσ + nµEν −Eµnν

)
∇µnν (285)

but aµ = nν∇νnµ from eq. (47) and nµ∇νnµ = 1
2∇ν (nµnµ) = 0 as nµnµ = −1. Thus we

have for term II:
Fµν∇µnν = Eµaµ = Eµa

µ (286)
which exactly cancels one of the terms in eq. (283).

Thus we plug eqs. (283, 286) into the LHS of eq. (279) to finally get:

DµE
µ = 4πρ (287)

where ρ is defined in eq. (280). We could have used Latin indices instead of Greek too
without loss of any generality on the LHS as the LHS contains 3-objects only.

To project the second Maxwell equation in eq. (266) along nµ, we can repeat the
above procedure and use the expression for F ∗µν from eq. (278) or simply use the duality
E⃗ → B⃗ & B⃗ → −E⃗ and realize that there are no magnetic charges. Needless to say, both
procedure gives the same result as follows:

DµB
µ = 0 (288)

where again we could have used Latin indices without loss of generality as this equation
contains 3-objects only.

Projection onto Σt

We start with the first Maxwell’s equation in eq. (266) and take its projection onto the
spacelike hypersurface Σt:

γα
ν ∇µF

µν = −4π(3)jα (289)
where we define the spatial 3-current vector flowing over Σt as:

(3)jα ≡ γα
β j

β (290)

We plug eq. (272) for Fµν in eq. (289) to get for the LHS (using γα
βn

β = 0):

LHS = γα
ν ∇µF

µν = γα
ν ∇µ

(
(3)Fµν + nµEν −Eµnν

)
= γα

ν ∇µ
(3)Fµν + γα

ν n
µ∇µE

ν + γα
ν E

ν∇µn
µ − γα

ν E
µ∇µn

ν

= γα
ν ∇µ

(3)Fµν + γα
ν n

µ∇µE
ν −EαK +EµKα

µ

(291)
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where we identified extrinsic curvature scalar as ∇µn
µ = −K from eq. (48) and extrinsic

curvature scalar as Kα
µ = −γα

ν ∇µn
ν from eq. (46).

We rely on the corollary deduced from eq. (64) where we noticed that if 3-metric
is contracted with a 3-object whose derivative is being taken, then we can commute the
3-metric with the derivative operation. Making use of (i) this, (ii) (3)Fµνnµ = 0, and (iii)
the idempotent property of 3-metric, the relation between derivatives in eq. (385) gives
us:

Dµ
(3)Fµν = γα

µγ
µ
βγ

ν
σ∇α

(3)F βσ = γα
β γ

ν
σ∇α

(3)F βσ

=
(
δα

β + nαnβ

)
γν

σ∇α
(3)F βσ

= γν
σ∇α

(3)Fασ − (3)F βν∇α (nαnβ)

= γν
σ∇α

(3)Fασ − (3)F βν∇α (nα)nβ − (3)F βν∇α (nβ)n
α

= γν
σ∇α

(3)Fασ − (3)F βν∇α (nβ)n
α

= γν
σ∇α

(3)Fασ − (3)F βνaβ

(292)

where we used integration by parts in the third line and ignored the boundary terms.
We use this relation to replace γα

ν ∇µ
(3)Fµν in eq. (291) to get for the LHS:

⇒ LHS = Dµ
(3)Fµα + (3)F βαaβ + γα

ν n
µ∇µE

ν −EαK +EµKα
µ (293)

We use the definition of Lie derivative for the case of torsion-free (eq. (11)) and the
definition of extrinsic curvature tensor Kα

µ = −γα
ν ∇µn

ν from eq. (46) to get:

γα
β LnE

β = γα
β

(
nµ∇µE

β −Eµ∇µn
β
)

= γα
ν n

µ∇µE
ν +Kα

µE
µ

(294)

We use this relation to replace γα
ν n

µ∇µE
ν in eq. (293) to get (Kα

µE
µ cancels out):

⇒ LHS = Dµ
(3)Fµα + (3)F βαaβ + γα

β LnE
β −EαK (295)

We finally simplify Dµ
(3)Fµα by using eq. (276) and realizing that ϵαβσ

Flat =
√
γ(3)ϵαβσ

(see text below eq. (275)) which is a constant tensor. We use the 3-divergence formula
similar to eq. (371) to get:

Dµ
(3)Fµα =

1
√
γ
∂µ

(√
γ(3)Fµα

)
=

1
√
γ
∂µ

(
(3)ϵµασ

FlatBσ

)
=

(3)ϵµασ
Flat√
γ

∂µBσ

= +(3)ϵµασ∂µBσ = −(3)ϵαµσ∂µBσ

(296)

We plug this into LHS and utilize the RHS from eq. (289) to get the first Maxwell’s
equation onto Σt in component form as:

γα
β LnE

β − (3)ϵαµσ∂µBσ + (3)ϵαµσBµaσ −EαK = −4π(3)jα (297)

Since we are dealing with 3-D spatial hypersurfaces Σt, we can introduce a vector
notation and re-express eq. (297) in terms of vector notation. We begin with using the
definition of vector cross-product to get:

(D×B)α = (3)ϵαµσ∂µBσ

(B × a)α = (3)ϵαµσBµaσ

(298)
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Accordingly we have (using aσ = Dσ lnN from eq. (63)):

N (D×B)α −N (B × a)α = N (D×B)α −N (B ×D lnN)α

= N (D×B)α − (B ×DN)α

= N (D×B)α + (DN ×B)α

= (D× (NB))α

(299)

We also simplify the Lie derivative term where we use the expressions for nµ & nµ

from eq. (41) to get:

γα
β LnE

β = γα
β

(
nσ∂σE

β −Eσ∂σn
β
)

=
1
N
∂0E

α +
N j

N
∂jE

α − Ej

E
∂jN

α

=
1
N
∂0E

α +
1
N

LN⃗E
α

(300)

Thus we get in vector form the first Maxwell’s equation onto Σt by plugging eqs. (298,
299, 300) in eq. (297) (we could also use Latin indices without loss of generality as all
terms involve 3-objects):

∂tE
α + LN⃗E

α = (D× (NB))α +NKEα − 4πN (3)jα (301)

where t is the coordinate time.
We can redo this exercise to project the second Maxwell’s equation in eq. (266) onto

Σt or simply use the duality E⃗ → B⃗ & B⃗ → −E⃗ and recognize that there are no magnetic
charges to get:

∂tB
α + LN⃗B

α = − (D× (NE))α +NKBα (302)

3 + 1-Decomposition of Continuity Equation

The continuity equation reads (eq. (267)):

∇µj
µ = 0 (303)

where we have already projected jµ in eqs. (280, 290) to have:

jµ = ρnα + (3)jα (304)

We plug eq. (304) into eq. (303) and identify the extrinsic curvature scalar as
∇µn

µ = −K from eq. (48) to get:

nα∇αρ− ρK + ∇α
(3)jα = 0 (305)

Now we use the identity we derived in eq. (283) for any 3-vector and apply it to (3)jα

to get for the continuity equation in 3 + 1-variables:

Lnρ+Dα
(3)jα + (3)jαaα − ρK = 0 (306)

where we identified the Lie derivative as Lnρ = nα∇αρ =
1
N

[
∂tρ+N j∂jρ

]
.
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Stress-Energy-Momentum Tensor of the Electromagnetic Field

The Faraday tensor is anti-symmetric in its indices but the stress-energy-moment tensor
Tµν that appears on the RHS of the Einstein field equations is symmetric. Thus for the
electromagnetic field, the Tµν is defined as:

Tµν =
1

4π

[
FµαF

α
ν − 1

4gµνFαβF
αβ
]

(307)

which is symmetric and traceless Tµ
µ = 0.

Using eq. (277) for the Faraday tensor, we get the following two results:

FµαF
α
ν = −(EµEν +BµBν) +B2γµν +E2nαnβ + 2EσBδ(3)ϵσδ(µnν)

FµνF
µν = −2(E2 −B2)

(308)

where E2 ≡ EµEµ and B2 = BµBµ. We plug it back in eq. (307) to get (after using
gµν = γµν − nµnν):

Tµν =
1

4π

[
−(EµEν +BµBν) +

1
2γµν(E

2 +B2) +
1
2nµnν(E

2 +B2) + 2EσBδ(3)ϵσδ(µnν)

]
(309)

where parentheses around the indices imply symmetrization procedure (square brack-
ets imply anti-symmetrization procedure). For example, for any matrix M , we have
M(αβ) =

1
2 (Mαβ +Mβγ) and M[αβ] =

1
2 (Mαβ −Mβγ). In general, we have:

M(αβγ...) =
1
n!

∑
p∈ permutations

Mp(αβγ...)

M[αβγ...] =
1
n!

∑
p∈ permutations

(−1)npMp(αβγ...)

We now decompose this tensor Tµν in eq. (309) using the general prescription provided
in eqs. (268, 269). We also make use of eq. (69) which we reproduce here for convenience:

E ≡ Tµνn
µnν (Energy Density)

pα ≡ −Tµνn
µγν

α (Momentum Density)
Sαβ ≡ Tµνγ

µ
αγ

ν
β (Stress Tensor)

(310)

where we have replaced the notation for energy density E → E in order to not confuse it
for the electric field. By plugging eq. (309) into eq. (310), we get the expressions:

E =
1

8π
(
E2 +B2

)
pα =

1
4π

(3)ϵαµνE
µBν

Sαβ =
1

8π
[
γαβ(E

2 +B2) − 2(EαEβ +BαBβ)
] (311)

The expression of pα identifies itself as the Poynting vector. It is the momentum density
as measured by an Eulerian observer. Using the expressions in eq. (311) in eq. (309), we
have:

Tµν = Enµnν + nµpν + pµnν + Sµν (312)
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Also using eq. (70), namely T = S− E where T and S are traces Tµ
µ & Sµ

µ respectively,
and T = 0 corresponding to eq. (307), we have:

S = E (313)

for the electromagnetic field. This is a well known result in Maxwellian electrodynamics
[33].

6.1.1 Einstein-Maxwell Equations of Motion in 3 + 1-Form

We have already decomposed the full Einstein field equations in Chapter 3.1 (eqs. (71, 72,
73)) whose details can be found in Appendix D. Then we use eqs. (311, 313) to obtain:

• Both Projections along nmu:

(3)R−KijK
ij +K2 = 16πE = 2

(
E2 +B2

)
(314)

• Both Projections along Σt:

DβK
β
α −DαK = 8πpα = 2(3)ϵαµνE

µBν (315)

• Mixed Projection along nµ and Σt:

−∂tKαβ − LN⃗Kαβ +N
(
(3)Rαβ − 2KαλK

λ
β +KKαβ

)
+DαDβN

= 8πN
[
Sαβ − 1

2γαβ(S − E)
]

= 8πNSαβ

= N
[
γαβ(E

2 +B2) − 2(EαEβ +BαBβ)
]

(316)

where we used the manipulation for the Lie derivative in eq. (300).

Summary: Maxwell’s equations in covariant form are given in eq. (266). Faraday
tensor & its dual in 3+ 1-variables are expressed in eqs. (277) & (278) respectively, where
3-Levi-Civita tensor is defined in eq. (274). The projections of Maxwell’s equations along
the normal nµ are given in eqs. (287) & (288). The projections of Maxwell’s equations
along Σt are given in eq. (301) (or eq. (297) in component form) & eq. (302). Thus eqs.
(287, 288, 301, 302) are the 3+ 1-decomposition of the covariant Maxwell’s equations (eq.
(266)). The stress-energy-momentum tensor corresponding to the electromagnetic field
is given in eq. (312) where eqs. (311) & (313) are used. Using this on the RHS of the
Einstein field equations, we have eqs. (314, 315, 316) as the full 3 + 1-decomposition of
the Einstein-Maxwell system.

Now we go one step back and calculate the ADM action of the Einstein-Maxwell system
whose variations (as done in Appendix F) lead us back to these equations of motion (eqs.
(314, 315, 316)). Having done that, we then specialize to the case of Bianchi IX-Maxwell
system and do its ADM analysis just like we did for the case of scalar field in Chapters
5.3 & 5.4.
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6.2 ADM Formulation of Einstein-Maxwell System

We present the ADM analysis of the Einstein-Maxwell system in general without any
assumption of homogeneous cosmologies. Then in Section 6.2.1, we specialize to the case of
Bianchi IX cosmology, thereby getting the ADM Hamiltonian for the Bianchi IX-Maxwell
system which we will use in Section 6.3 to derive the equations of motion.

The Einstein-Maxwell system for the vacuum case without the cosmological constant
is defined by the following action:

SEinstein-Maxwell =
∫
d4x

√
−g

[
(4)R− 1

4FµνF
µν
]

(317)

Thus we see that the action can be written as “Action = Einstein-Hilbert + Maxwell”. We
have already dealt with the Einstein-Hilbert action and done its ADM analysis in details
in Chapter 3.2. We now focus on the electromagnetic Lagrangian density.

Maxwell System

We start with the electromagnetic Lagrangian density:

LEM = −1
4

√
−ggµαgνβFµνFαβ (318)

But we have in eq. (60) the 3 + 1-decomposition of the 4-metric which we use to expand
the summation in eq. (318) along with eq. (61) to get:

⇒ LEM = − 1
4N

√
γ
[
4N iȦjFij + 4Ȧi∂iA0 + −2ȦiȦi

−2
(
∂iA0

)
(∂iA0) − 4N i∂jA0Fij +N2FijFij − 2F i

jFikN
jNk

] (319)

Having this expanded expression for the electromagnetic Lagrangian density in terms of
3 + 1-variables, in order to calculate its Hamiltonian, we need to calculate the conjugate
momenta Πi corresponding to to the vector potential Ai. We realize that only the first
line in eq. (319) survives:

Πi =
∂LEM
∂Ȧi

= − 1
4N

√
γ
[
4NjF

j
i + 4∂iA0 − 4Ȧi

]
= − 1

N

√
γ
[
Fk0 +N jFjk

]
γki

(320)

where the presence of √
γ tells that Πi is a tensor density with rank W = 1 (see eq. (3)).

The Legendre transform of the electromagnetic Lagrangian density in eq. (318) gives
the Hamiltonian density of the electromagnetic field:

HEM = ΠiȦi − LEM

= N

(
1

2√
γ

ΠiΠi +
1
4

√
γFijF

ij

)
+N iΠjFij + ΠiDiA0

(321)

We integrate by parts the last term ΠiDiA0 to get −A0DiΠi and ignore the boundary
terms. Thus the ADM Hamiltonian of the electromagnetic field becomes:

HEM =
∫

Σt

d3x

[
N

(
1

2√
γ

ΠiΠi +
1
4

√
γFijF

ij

)
+N i

(
ΠjFij

)
−A0

(
DiΠi

)]
(322)
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while the ADM action is given by using eq. (321):

SEM =
∫ t2

t1
dt

∫
Σt

d3x
(

ΠiȦi − HEM
)

(323)

where the symplectic potential is:

SEM =
∫

Σt

d3x
(

ΠiȦi

)
(324)

Using eq. (322), we get the following Hamiltonian constraint, diffeomorphism con-
straint as well as Gauss constraint:

HEM[N ] = NHEM =
∫

Σt

d3x

[
N

(
1

2√
γ

ΠiΠi +
1
4

√
γFijF

ij

)]

DEM[N i] = N iD(EM)i =
∫

Σt

d3x
[
N i
(

ΠjFij

)]
G[A0] = A0G =

∫
Σt

d3x
[
−A0

(
DiΠi

)]
(325)

where the total Hamiltonian in eq. (322) becomes:

HEM = HEM[N ] + DEM[N i] + G[A0] = NHEM +N iD(EM)i +A0G (326)

As shown explicitly in Appendix F, we can vary the ADM action in eq. (323) with
respect to N , N i and A0 to get the five constraint relations (thereby implying that N , N i

& A0 are Lagrange multipliers):

HEM ≈ 0 D(EM)i ≈ 0 G ≈ 0 (327)

Einstein-Maxwell System

We now go back to eq. (317) where we just did the ADM analysis for the electromagnetic
part. The ADM analysis of the pure gravity part is already done in Chapter 3.2 where
we use the results from eqs. (96, 97, 98) as well as eq. (488) to get for the combined
Einstein-Maxwell system the following ADM action:

SEinstein-Maxwell =
∫ t2

t1
dt

∫
Σt

d3x
(
πij γ̇ij + ΠiȦi − HEinstein-Maxwell

)
(328)

where the Hamiltonian density for the Einstein-Maxwell system is:

HEinstein-Maxwell =N

[
−√

γ(3)R− 1
√
γ

(
π2

2 − πijπij

)
+

1
2√

γ
ΠiΠi +

1
4

√
γFijF

ij

]
+N i

(
−2Djπij + ΠjFij

)
−A0

(
DiΠi

) (329)

and symplectic potential is:

S =
∫

Σt

d3x
(
πij γ̇ij + ΠiȦi

)
(330)

72



SciPost Physics Lecture Notes Submission

The Hamiltonian can then be written as:

HEinstein-Maxwell =
∫

Σt

d3xHEinstein-Maxwell =
(

H[N ] + D[N i] + G[A0]
)

Einstein-Maxwell

(331)
to get for the Hamiltonian, diffeomorphism & Gauss constraints as follows:

H[N ] = NH =
∫

Σt

d3x

[
N

(
−√

γ(3)R− 1
√
γ

(
π2

2 − πijπij

)
+

1
2√

γ
ΠiΠi +

1
4

√
γFijF

ij

)]

D[N i] = N iDi =
∫

Σt

d3x
[
N i
(
−2Djπij + ΠjFij

)]
G[A0] = A0G =

∫
Σt

d3x
[
−A0

(
DiΠi

)]
(332)

where N , N i & A0 are the Lagrange multipliers causing the variation of action (eq. (328))
with respect to them lead to five constraint relations:

H ≈ 0 Di ≈ 0 G ≈ 0 (333)

Thus we have found the ADM action of the Einstein-Maxwell system (eq. (328)) which
leads to the equations of motion provided in eqs. (314, 315, 316) where we have to use
the definitions of electric and magnetic fields from eq. (271). The readers will notice that
every boxed equation of the Einstein-Maxwell system is of the form “Einstein + Maxwell”.

6.2.1 ADM Formulation of Bianchi IX-Maxwell System

Now we specialize to the case of Bianchi IX cosmology where we need to impose the
homogeneous ansatz on the Hamiltonian, diffeomorphism & Gauss constraints in eq. (332),
just like we did in Chapter 5.2. We impose the following ansatz in invariant basis on top
of what we imposed in Chapter 5.2 in eq. (197) (recall Πi is a tensor density just like πij):

γij = hαβ(t)e
α
i e

β
j ⇒ γ = h sin2(θ)

πij = sin(θ)παβ(t)ei
αe

j
β

Πi = sin(θ)Πα(t)ei
α

Ai = Aα(t)e
α
i

(334)

We have already imposed this homogeneous ansatz in Chapter 5.2 for the pure gravity
parts in eq. (332) and we need to impose on the electromagnetic components here. So we
focus on the Hamiltonian, diffeomorphism & Gauss constraints provided in eq. (325).

Detailed calculations of imposing the homogeneous ansatz in eq. (334) on the elec-
tromagnetic components provided in eq. (325) are given in Appendix G. We present the
results here (eqs. (519, 523, 526)):

HEM[N ] = NHEM =
n√
h

[1
2ΠαΠα +

h

4h
µαhνσAβAτ ϵ

β
ασϵ

τ
µν

]
DEM[N i] = N iD(EM)i = nδΠαAβϵ

β
δα

G[A0] = A0G = 0 (identically)

(335)

Thus we see that the Gauss constraint is identically zero and while solving the con-
straint equations, we again simply need to take care of the diffeomorphism constraints
only. In a general classical Yang-Mills gauge field, the Gauss constraint is not identically
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zero and we need to take some combination of the diffeomorphism & Gauss constraints
to solve for the 3-metric (by choosing a suitable gauge that will make the combination a
second class constraint) and its conjugate momenta.

We have already derived the Hamiltonian and diffeomorphism constraints for the pure
Bianchi IX universe in Chapter 5.2 (eq. (206)) which we use here and get for the eq. (332)
in homogeneous ansatz eq. (334) for the Bianchi IX-Maxwell system:

HBianchi IX-Maxwell =
(

H[N ] + D[N i] + G[A0]
)

Bianchi IX-Maxwell
(336)

where the Hamiltonian, diffeomorphism & Gauss constraints are:

HBIX-EM[N ] = NH

=
n√
h

[
Tr
(
h2
)

− 1
2 (Tr(h))2 − 1

2
(
παβhαβ

)2
+ παβπαβ

+
1
2ΠαΠα +

h

4h
µαhνσAβAτ ϵ

β
ασϵ

τ
µν

]
≈ 0

DBIX-EM[N i] = N iD(BIX-EM)i

= nδ
[
2ϵγδβπ

βαhαγ + ΠαAβϵ
β
δα

]
≈ 0

GBIX-EM[A0] = A0GBIX-EM

= 0 (identically)

(337)

Here we keep in mind eq. (514) where we saw that in the invariant basis, the Levi-
Civita tensor (ϵµνσ) which acts as a structure constant (Cτ

µν) for Bianchi IX universe
can be raised/lowered using a Kronecker delta function (δστ ) and not the 3-metric hαβ.
Appendix G contains the detailed calculations.

6.3 Bianchi IX-3D Maxwell-Scalar Field System

In order to calculate the equations of motion corresponding to the Hamiltonian constraint
in eq. (337) plus the free & massless homogeneous scalar field, we need to first solve the
diffeomorphism constraints like we did in Chapter 5.2 (eq. (209)). We don’t need to worry
about the Gauss constraint as it is identically zero for a Bianchi IX-Maxwell-scalar field
system.

6.3.1 Solving the Diffeomorphism Constraints

Coupling a free & massless homogeneous scalar field does not change the diffeomorphism
constraints as we proved in eq. (244). The electromagnetic field does, so we consider the
diffeomorphism constraints in eq. (337). We already know the contribution for the pure
Bianchi IX case from eqs. (207)-(209). For the electromagnetic case, we have:

nδΠαAβϵτδαδ
τβ = n3Π1A2ϵ231δ

22 + n3Π2A1ϵ132δ
11 + n2Π1A3ϵ321δ

33

+ n2Π3A1ϵ123δ
11 + n1Π2A3ϵ312δ

33 + n1Π3A2ϵ213δ
22

= n1
(

Π2A3 − Π3A2
)
+ n2

(
Π3A1 − Π1A3

)
+ n3

(
Π1A2 − Π2A1

)
Thus we have for the overall diffeomorphism constraints in eq. (337) (Bianchi IX +

electromagnetic field) the following:

2
(
hατπ

τβ − hβτπ
τα
)
+
(

ΠαAβ − ΠβAα

)
≈ 0 (338)
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We identify the matrix commutation just like in eq. (208) and if we define:

Wα
β ≡ −1

2
(
AβΠα −AαΠβ

)
(339)

then eq. (338) can be written as follows:

[h,π]αβ ≈ Wα
β (340)

Just like in Chapter 5.2, we need to make this set of constraints a second class con-
straint13. To motivate the choice of gauge fixing, we evaluate the Poisson brackets using
the definition provided in eq. (188). We again get the same as eqs. (210, 211). Thus we
again choose as an ansatz for the 3-metric hαβ as:

hαβ = diag (Q1,Q2,Q3) (341)
where again, eq. (211) suggests that Q1 ̸= Q2, Q2 ̸= Q3 and Q3 ̸= Q1 for the diffeomor-
phism constraints to be a true set of second class constraints. But unlike eq. (209), here
the conjugate metric παβ does not commute with the 3-metric hδσ as clear from eq. (340).
Thus in this case the conjugate momenta is not in the diagonal form unlike eq. (212). We
need to solve for the off-diagonal terms of παβ.

We choose α = 1,β = 2 in eq. (340) to solve for the strong equality case and use
the ansatz in eq. (341) along with the symmetric property of the conjugate momenta
(παβ = +πβα) to get: (

h1τπ
τ2 − h2τπ

τ1
)
= −1

2
(
A2Π1 −A1Π2

)
⇒
(
h11π

12 − h22π
21
)
= −1

2
(
A2Π1 −A1Π2

)
⇒
(
Q1π

12 −Q2π
21
)
= −1

2
(
A2Π1 −A1Π2

) (342)

Thus {α,β} = {1, 2} in eq. (340) using the ansatz in eq.(341) leads to:

⇒ π12 = π21 = −1
2

(
A2Π1 −A1Π2)
(Q1 −Q2)

(343)

Similarly for the choices of {α,β} = {1, 3} and {α,β} = {2, 3} respectively, we get:

π13 = π31 = −1
2

(
A3Π1 −A1Π3)
(Q1 −Q3)

π23 = π32 = −1
2

(
A3Π2 −A2Π3)
(Q2 −Q3)

(344)

The cases {α,β} = {2, 1}, {α,β} = {3, 1} & {α,β} = {3, 2} lead to the same expres-
sions above and are not independent. For the diagonal terms {π11,π22,π33}, we use the
AHS variables just like in eq. (212).

Thus we have solved the diffeomorphism constraints to get for the 3-metric and its
conjugate momenta the following:

hαβ =

 Q1 0 0
0 Q2 0
0 0 Q3



πδσ =


P1
Q1

π12 π13

π21 = π12 P2
Q2

π23

π31 = π13 π32 = π23 P3
Q3


(345)

13See footnote 3 in Chapter 3.3 for the definitions of first class and second class constraints
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where {π12,π13,π23} are provided in eqs. (343, 344).

6.3.2 Simplifying the Hamiltonian Constraint

Recall that we are coupling a free & massless homogeneous classical scalar field (the
case that we solved in Chapter 5.3) to the Bianchi IX-Maxwell system. The complete
Hamiltonian constraint of the Bianchi IX-Maxwell-scalar field system is:

H = Tr
(
h2
)

− 1
2 (Tr(h))2 +

1
2 (πΦ)

2 − 1
2
(
παβhαβ

)2

+ παβπαβ︸ ︷︷ ︸
x

+
1
2ΠαΠα︸ ︷︷ ︸

y

+
h

4h
µαhνσAβAτ ϵ

β
ασϵ

τ
µν︸ ︷︷ ︸

z

(346)

where we made use of eqs. (244, 337) because “Bianchi IX-Maxwell-Scalar = Bianchi IX
+ Maxwell + Scalar field”. Also we set the Lagrange multiplier n to scale like

√
h so that

n′ = n√
h
= 1 without loss of generality.

The first three terms are already evaluated in eq. (214) as the ansatz for the 3-metric
here in eq. (341) is the same as in eq. (212). Similarly for the term

(
−1

2

(
παβhαβ

)2
)

in

eq. (346), we have the same result as in eq. (215) because the off-diagonal terms in παβ

in eq. (345) do not contribute. Thus we are left with terms x , y and z .
Terms x , y & z become:

Term x = παβπαβ = παβπτσhατhβσ

= h11h11π
11π11 + h22h22π

22π22 + h33h33π
33π33

+ 2h11h22π
12π12 + 2h11h33π

13π13 + 2h22h33π
23π23

=
(
P 2

1 + P 2
2 + P 2

3

)2
+ 2

(
Q1Q2(π

12)2 +Q1Q3(π
13)2 +Q2Q3(π

23)2
)

Term y =
1
2ΠαΠα =

1
2ΠαΠβhαβ

=
1
2
[
(P 1)2h11 + (P 2)2h22 + (P 3)2h33

]
=

1
2
[
(P 1)2Q1 + (P 2)2Q2 + (P 3)2Q3

]
Term z =

h

4h
µαhνσAβAτ ϵγασδ

γβϵωµνδωτ

=
h

4 2
[
h11h22A3A3ϵ312ϵ312 + h11h33A2A2ϵ213ϵ213 + h22h33A1A1ϵ123ϵ123

]
=

1
2Q1Q2Q3

[ 1
Q1Q2

(A3)
2 +

1
Q1Q3

(A2)
2 +

1
Q2Q3

(A1)
2
]

=
1
2
[
Q3(A3)

2 +Q2(A2)
2 +Q1(A1)

2
]

(347)

Therefore plugging eqs. (214, 215, 347) into eq. (346) as well as using the definitions
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for {π12,π13,π23} from eqs. (343, 344), we get for the Hamiltonian constraint:

H =
(
Q2

1 +Q2
2 +Q2

3

)
+
(
P 2

1 + P 2
2 + P 2

3

)
− 1

2 (Q1 +Q2 +Q3)
2 − 1

2 (P1 + P2 + P3)
2 +

π2
Φ
2

+Q1Q2

(
A2Π1 −A1Π2)2
2 (Q1 −Q2)

2 +Q1Q3

(
A3Π1 −A1Π3)2
2 (Q1 −Q3)

2 +Q2Q3

(
A3Π2 −A2Π3)2
2 (Q2 −Q3)

2

+
Q1
2

(
(A1)

2 +
(

Π1
)2
)
+
Q2
2

(
(A2)

2 +
(

Π2
)2
)
+
Q3
2

(
(A3)

2 +
(

Π3
)2
)

(348)
where the first line represents the Bianchi IX + scalar field system while the second &
third lines contain the Maxwell’s contributions.

6.3.3 Switching to Jacobi Variables

We now switch to Jacobi variables like we did in eqs. (218, 219) which we reproduce here
for convenience:

P1 = − kx√
2 + ky√

6 +D, P2 = kx√
2 + ky√

6 +D, P3 = −
√

2
3ky +D

Q1 = αe
− x√

2
+ y√

6 , Q2 = αe
x√
2
+ y√

6 , Q3 = αe−
√

2
3 y

(349)

and
α = v

2
3 D =

vτ

2 (350)

We have already done this transformation for the first line in eq. (245), so we just
need to consider the transformations of the Maxwell’s terms in eq. (348).

We start with the second line of eq. (348) containing terms of the form (AβΠα −AαΠβ):

S33 ≡ 2Q1Q2
(Q1 −Q2)2 =

2α2e2y/
√

6

α2
(
e−

√
2x+2y/

√
6 + e+

√
2x+2y/

√
6 − 2e2y/

√
6
)

=
2(

e−x/
√

2 − ex/
√

2
)2 =

1
2 csch2

(
x√
2

)

S22 ≡ 2Q1Q3
(Q1 −Q3)2 =

1
2 csch2

(
x−

√
3y

2
√

2

)

S11 ≡ 2Q2Q3
(Q2 −Q3)2 =

1
2 csch2

(
x+

√
3y

2
√

2

)
(351)

We further define:
G1 ≡1

2
(
A3Π2 −A2Π3

)
G2 ≡1

2
(
A1Π3 −A3Π1

)
G3 ≡1

2
(
A2Π1 −A1Π2

) (352)

Thus we get for the second line of eq. (348) the following in Jacobi variables:

Second Line = Sµν(x, y)Gµ (A, Π)Gν (A, Π) (353)

where Sµν = diag(S11,S22,S33) and {S11,S22,S33,G1,G2,G3} are defined in eqs. (351,
352).
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Now we focus on the third line of eq. (348) containing terms of the form
(
(Aα)2 + (Πα)2):

Third Line = v2/3Tµν(x, y)
[
ΠµΠν +AαAβδ

αµδβν
]

(354)

where Tµν ≡ 1
2diag

(
e−x/

√
2+y/

√
6, ex/

√
2+y/

√
6, e−

√
2/3y

)
Thus as a summary, the Hamiltonian constraint for Bianchi IX-Maxwell-scalar field

system after solving the diffeomorphism constraints in Section 6.3.1 is as follows:

H =k2
x + k2

y +
π2

Φ
2 − 3

8v
2τ2 + v4/3U(x, y)

+ Sµν(x, y)Gµ (A, Π)Gν (A, Π) + v2/3Tµν(x, y)
[
ΠµΠν +AαAβδ

αµδβν
] (355)

where we reproduce the shape potential U(x, y) from eqs. (224, 225) here:

U(x, y) ≡ f(−
√

3x+ y) + f(
√

3x+ y) + f(−2y) (356)

having f(z) ≡ 1
2e

2z/
√

6 − e−z/
√

6 . Also:

Sµν ≡1
2diag

(
csch2

(
x+

√
3y

2
√

2

)
, csch2

(
x−

√
3y

2
√

2

)
, csch2

(
x√
2

))

Gµ ≡1
2
(
A3Π2 −A2Π3,A1Π3 −A3Π1,A2Π1 −A1Π2

)
Tµν ≡1

2diag
(
e

− x√
2
+ y√

6 , e
x√
2
+ y√

6 , e−
√

2
3 y
) (357)

where for brevity, we denote the components as Sµν = diag(S11,S22,S33), Gµ = (G1,G2,G3)
and Tµν = diag(T11,T22,T33). The electromagnetic contributions are called the S-potential
& the T -potential, in addition to the (shape) U -potential of the pure Bianchi IX universe.
We plot the the matrix elements of Sµν & Tµν in Fig. (12) and Fig. (13), respectively.

Here the list of conjugate variables is:

{x, kx} = {y, ky} = {v, τ} = 1
{Φ,πΦ} = 1

{Aα, Πβ} = δβ
α

(358)

6.3.4 Equations of Motions

We evaluate the complete set of equations of motion for the dynamical variables of the
Bianchi IX-Maxwell-scalar field system, namely the ones contained in eq. (358).

The Hamilton’s equations of motion (with respect to the coordinate time t) corre-
sponding to the Hamiltonian constraint in eq. (357) and the conjugate variables in eq.
(358) are:

ẋ = +
∂H

∂kx
, k̇x = −∂H

∂x
, ẏ = +

∂H

∂ky
, k̇y = −∂H

∂y
, v̇ = +

∂H

∂τ
,

τ̇ = −∂H

∂v
, Φ̇ = +

∂H

∂πΦ
, π̇Φ = −∂H

∂Φ
, Ȧα = +

∂H

∂Πα
, Π̇β = − ∂H

∂Aβ

(359)
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(a) S11(x, y)

(b) S22(x, y)

(c) S33(x)

Figure 12: S-Potential for the Bianchi IX-Maxwell system
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(a) T11(x, y)

(b) T22(x, y)

(c) T33(y)

Figure 13: T -Potential for the Bianchi IX-Maxwell system
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We now proceed to show their explicit expressions:

ẋ =2kx

k̇x = − v4/3∂U(x, y)
∂x

−
[
(G1)2∂S11

∂x
+ (G2)2∂S22

∂x
+ (G3)2∂S33

∂x

]
− v2/3

[(
(A1)

2 + (Π1)2
) ∂T11
∂x

+
(
(A2)

2 + (Π2)2
) ∂T22
∂x

] (360)

ẏ =2ky

k̇y = − v4/3∂U(x, y)
∂y

−
[
(G1)2∂S11

∂y
+ (G2)2∂S22

∂y

]
− v2/3

[(
(A1)

2 + (Π1)2
) ∂T11
∂y

+
(
(A2)

2 + (Π2)2
) ∂T22
∂y

+
(
(A3)

2 + (Π3)2
) ∂T33
∂y

]
(361)

v̇ =
−3
4 v2τ

τ̇ =
3
4vτ

2 − 4
3v

1/3U(x, y)

− 2
3v1/3

[(
(A1)

2 + (Π1)2
)
T11 +

(
(A2)

2 + (Π2)2
)
T22 +

(
(A3)

2 + (Π3)2
)
T33
] (362)

Φ̇ = πΦ

π̇Φ = 0
(363)

Ȧ1 = 2v
2
3T11(x, y)Π1 − 1

2S22
(
A1Π3 −A3Π1

)
A3 +

1
2S33

(
A2Π1 −A1Π2

)
A2

Π̇1 = −2v
2
3T11(x, y)A1 − 1

2S22
(
A1Π3 −A3Π1

)
Π3 +

1
2S33

(
A2Π1 −A1Π2

)
Π2

(364)

Ȧ2 = 2v
2
3T22(x, y)Π2 − 1

2S33
(
A2Π1 −A1Π2

)
A1 +

1
2S11

(
A3Π2 −A2Π3

)
A3

Π̇2 = −2v
2
3T22(x, y)A2 − 1

2S33
(
A2Π1 −A1Π2

)
Π1 +

1
2S11

(
A3Π2 −A2Π3

)
Π3

(365)

Ȧ3 = 2v
2
3T33(x, y)Π3 − 1

2S11
(
A3Π2 −A2Π3

)
A2 +

1
2S22

(
A1Π3 −A3Π1

)
A1

Π̇3 = −2v
2
3T33(x, y)A3 − 1

2S11
(
A3Π2 −A2Π3

)
Π2 +

1
2S22

(
A1Π3 −A3Π1

)
Π1

(366)

where we use eqs. (356, 357) for explicit forms of components.
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7 Conclusion & Outlook

We introduced the Hamiltonian formulation of general relativity and homogeneous cos-
mologies through this work where we tried to be detailed and self-contained in our ap-
proach. We presented a variety of examples and did their ADM analysis such as a scalar
field coupled to Bianchi IX universe, electromagnetic field field coupled to gravity, & so
on. The idea was to acquaint the readers with the canonical formalism and provide them a
hands-on practice of implementing it. But in order to keep this introductory and detailed,
we had to overlook some topics such as ADM mass & ADM momentum.

The concepts we developed in Chapter 5 such as Mixmaster dynamics and quiescence
play a significant role at the research frontier while trying to resolve big-bang singularities
in various cosmological models. We already know about the inevitability of singular so-
lutions in general relativity which is captured by the famous Penrose-Hawking singularity
theorems [34–37]. As Stephen Hawking put it,“A singularity is a place where the classical
concepts of space and time break down as do all the known laws of physics...” [38]. But it
has been shown in the literature [28,29] that for the systems considered in Sections 5.3 &
5.4, the classical degrees of freedom can be evolved uniquely through a timelike singularity,
namely the big-bang. Clearly this contradicts the common understanding of gravitational
singularities, which so far have been considered as regions where the known laws of clas-
sical field theory cease to be valid. The methodology and concepts introduced in this
work play a significant role towards resolving singularities such as these. The arguments
detailed in [28, 29] do not provide a general statement, but showing counter-examples is
a beginning towards what we hope could be, in the future, a general theorem on the
continuation through singularities (similar in spirit to the Hawking-Penrose theorems on
the inevitability of singularities). There is a large amount of work that remains to be
done as future research projects and the concepts introduced here will continue to play a
fundamental role towards this goal.

Just as in Chapter 6 where we generalized to the case of Einstein-Maxwell system, the
next natural generalization is to consider a general Yang-Mills classical gauge field. This
means adding an extra Lagrangian density term to the action, just like what we did in eq.
(317):

LYang-Mills = −1
4

√
−gFµν(i)F (j)

µν δ(i)(j) (367)

where {(i), (j)} denote an internal index that runs over {1, 2, . . . ,n} with n being the
dimension of the Lie algebra of the Yang-Mills gauge field [39]. The generalized Faraday
tensor is defined as:

F (a)
µν = ∂µA(a)

ν − ∂νA(a)
µ + gf

(a)
(b)(c)A

(b)
µ A(c)

ν (368)
where A(a)

µ is the gauge field, g is the coupling constant and f
(a)
(b)(c) are the structure

constants of the Lie algebra. Then just like what we did with the electromagnetic field
in Chapter 6, we need to find the corresponding Hamiltonian of the Yang-Mills field in
3+ 1−variables and show the full Hamiltonian of the Einstein−Yang-Mills system to be of
the form “Einstein + Yang-Mills”. Then again we need to impose the homogeneous ansatz
on the Hamiltonian so-obtained and in doing so, we will observe that, on top of the gauge
field having more than one component, this case introduces also cubic and quartic terms
in the Lagrangian, which will correspond to cubic and quartic terms in the Hamiltonian.
Moreover, in this case, even after imposing the homogeneous ansatz, the non-linearity
of Yang-Mills theory implies that the Gauss constraint won’t be identically zero (unlike
the electromagnetic case). Thus there will be several complications when compared to
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the Maxwell case and solving all the constraints of the theory will be significantly more
challenging.

The next interesting case (or generalization) is that even though we exclusively fo-
cused on the homogeneity assumption, our universe is obviously non-homogeneous on
small scales. Having a Hamiltonian approach for inhomogeneous cosmologies will go a
long way in understanding the (classical) micro-structures of the cosmos. This generaliza-
tion is expected to present significant additional challenges, with respect to all the cases
mentioned previously.

Finally, we would like to remind that this entire work is grounded in classical Physics.
The Hamiltonian formulation of any classical field theory is a pre-cursor to its quantization
as is evident from the canonical approach to quantum field theory [40]. Accordingly,
the Hamiltonian approach to classical gravity is seen as an imperative step in the grand
attempt to quantize gravity. Various approaches towards this goal, such as Wheeler-
DeWitt quantization & loop quantum gravity, are grounded in the concepts introduced
in this work [13]. Then a natural extension of the models considered here which still lies
within the limits of homogeneous cosmologies, is that of fermionic fields. Spinors do not
couple directly to the metric variables, but rather to the frame fields (“vielbeins”), which
take into account the orientation of spatial slices. Providing a canonical formalism for
such a system will inevitably lead to some interesting consequences especially with the
realization that a spinor is fundamentally a quantum object.
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A Basic Definitions & Formulae in General Relativity

We consider a spacetime manifold {M, gµν} where gµν is the corresponding metric defined
on the manifold which is symmetric in both its indices. Then we define Christoffel symbols
as:

Γµ
αν =

1
2g

µσ (∂αgνσ + ∂νgσα − ∂σgαν) (369)

where we have Γλ
µν = Γλ

νµ. The covariant derivative is defined accordingly for a tensor of
arbitrary rank (k, l) as:

∇σT
µ1µ2···µk

ν1v2···νl
=∂σT

µ1µ2···µk
ν1v2···νl

+ Γµ1
σλT

λµ2···µk
ν1v2···νl

+ Γµ2
σλT

µ1λ···µk
ν1v2···νl

+ · · ·
− Γλ

σν1T
µ1µ2···µk

λν2···νl
− Γλ

σν2T
µ1µ2···µk

ν1λ···νl
− · · ·

(370)

where shorthand notation for covariant derivative is ∇µV
ν ≡ V ν

;µ and simple partial deriva-
tive is ∂µV

ν ≡ V ν
,µ. By definition, covariant derivative of the metric is 0, ∇αgµν = 0. The

4−divergence of a vector V µ is given by:

∇µV
µ =

1√
−g

∂α (
√

−gV α) (371)

Also the 4−Laplacian of a scalar function f is given by:

∇µ∇µf =
1√
−g

∂

∂xµ

(
√

−g ∂f
∂xµ

)
(372)

The Riemann curvature tensor is defined as:

Rρ
σµν = ∂µΓρ

vσ − ∂νΓρ
µσ + Γρ

µλΓλ
νσ − Γρ

νλΓλ
µσ (373)

whose physical meaning can be captured by the action of [∇µ, ∇ν ] on a tensor X of
arbitrary rank (k, l) as:

[∇ρ, ∇σ]X
µ1···µk

ν1···νl

= − T λ
ρσ∇λX

µ1···µk
ν1···νl

+Rµ1
λρσX

λµ2···µk
ν1···νl

+Rµ2
λρσX

µ1λ···µk
1 ν1···νl

+ · · ·

−Rλ
ν1ρσX

µ1···ν2···νl
λ1···µk

−Rλ
ν2ρσX

µ1···µk
ν1λ···νl

− · · ·

(374)

where T is the torsion tensor defined as a map from two vector fields X and Y to a third
vector field:

T (X,Y ) = ∇XY − ∇Y X − [X,Y ] (375)
Defining Rρσµν = gρλR

λ
σµν , we have the following properties of the Riemann cur-

vature tensor: (i) Rρσµν = −Rσρµν , (ii) Rρσµν = −Rρσνµ, (iii) Rρσµν = Rµνρσ, (iv)
Rρσµν + Rρµνσ + Rρνσµ = 0 ⇔ Rρ[σµν] = 0, (v) R[ρσµν] = 0, and (vi) ∇[λRρσ]µν = 0
(Bianchi identity) ⇔ [[∇λ, ∇ρ] , ∇σ] + [[∇ρ, ∇σ] , ∇λ] + [[∇σ, ∇λ] , ∇ρ] = 0. Clearly, there
are 1

12n
2 (n2 − 1

)
independent components of the Riemann curvature tensor where, for

example, n = 4 in 3 + 1−dimensions give 20 independent components.
The Ricci tensor is defined as:

Rµν = Rλ
µλν (376)

which has the property Rµν = Rνµ. It can be shown that this can be written as:

Rµν =
1√
|g|
∂λ

[√
|g|Λλ

µν

]
− Λρ

µλΛλ
ρν − ∂µ∂ν ln

(√
|g|
)

(377)
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The Ricci scalar is defined as:

R = Rµ
µ = gµνRµν (378)

The Weyl tensor is defined as the Riemann curvature tensor minus its contractions as
follows:

Cρσµν =Rρσµν − 2
(n− 2)

(
gρ[µRν]σ − gσ[µRν]ρ

)
+

2
(n− 1)(n− 2)gρ[µgν]σR

(379)

where n is the full spacetime dimensions. It has the properties: (i) Cρσµν = C[ρσ][µν], (ii)
Cρσµν = Cµνρσ, and (iii) Cρ[σµν] = 0.

The Einstein tensor, which we will also encounter in Chapter 2.2, is defined as:

Gµν = Rµν − 1
2Rgµν (380)

which satisfies the symmetric property Gµν = Gνµ as well as ∇µGµν = 0 (which fol-
lows from the Bianchi identity mentioned above) which will be of immense importance
concerning the conservation of energy-momentum tensor as explained in Chapter 2.2.

Finally, we define a geodesic which is the generalization of the notion of a straight
line in Euclidean plane to a general curved manifold. Any parametrized curve xµ(λ) is a
geodesic if it obeys:

d2xµ

dλ2 + Γµ
ρσ

dxρ

dλ

dxσ

dλ
= 0 (381)

which is also known as the geodesic equation.
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B Derivation of Gauss, Codazzi, Mainardi Relations

The Gauss, Codazzi, Mainardi relations form the basis of 3 + 1−formalism of general
relativity. We assume the spacetime manifold (M, gµν) to be globally hyperbolic which
admits foliation by a family of spacelike hypersurfaces Σt (t ∈ R is the time parametrization
of each hypersurface) as follows:

M =
⋃
t

Σt

(
Σt

⋂
Σt′ = ∅

)
(382)

Let nµ be the normal vector to the spacelike hypersurface Σt. Then the 3−metric
induced on each of the hypersurface (γµν) is given by:

γµν = gµν + nµnν ⇔ γµν = gµν + nµnν (383)

and
γα

β = δα
β + nαnβ (384)

Accordingly, the covariant derivative induced by γµν is denoted by Dµ that satisfies
Dαγµν = 0 (or Daγij = 0), just like in full 3 + 1−dimensions we have ∇αgµν = 0.
The relation between 3−covariant derivative and 3 + 1−covariant derivative is:

DρT
α1...αp

β1...βq = γα1
µ1 · · · γαp

µpγ
v1

β1 · · · γvq
βqγ

σ
ρ∇σT

µ1...µp
v1...vq (385)

Intrinsic curvature is the Riemann curvature of each hypersurface induced by the
3−metric γµν , denoted by (3)R, just like the 4−metric induces the Riemann curvature
of the spacetime manifold M, denoted by (4)R. Intrinsic curvature of a hypersurface is
independent of other hypersurfaces. But we are also interested in knowing that how the
curvature itself changes as one proceeds from one hypersurface to the next. This is what
is known as extrinsic curvature K. The defining relation for the extrinsic curvature tensor
can be taken in terms of Lie derivative along the normal vector nµ as follows:

Kµν = −1
2Lnγµν (386)

which can be shown to be equivalent to (as done in Chapter 2.3):

Kµν = −γα
µγ

β
ν ∇αnβ (387)

Similar to Ricci scalar R in 3 + 1−D, we have extrinsic curvature scalar defined by
K = γµνKµν . Thus, {γµν ,Dµ, (3)Rµ

ναβ ,Kµν} are 3−objects (as their respective contrac-
tions with the normal vector nµ are zero), living on Σt and accordingly the Greek indices
can be replaced with Latin ones as only the spatial components are relevant.

The relations we are about to prove decomposes the 3 + 1−objects (such as tensor
(4)Rµ

ναβ , scalar (4)R, etc.) living on full spacetime manifold M in terms of 3−objects
(summarized above) residing on the spacelike hypersurface Σt.

Gauss Identities

Gauss Relation

Just like in 3 + 1−D, we have in 3D the following identity valid for any arbitrary vector
V µ living on the hypersurface Σt (such that nµV

µ = 0):

[Dα,Dβ ] V
γ = (3)Rγ

µαβV
µ (388)
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Then we use eq. (385) to simplify the LHS as follows:

DαDβV
γ = Dα (DβV

γ) = γµ
αγ

ν
βγ

γ
ρ∇µ (DνV

ρ)

= γµ
αγ

v
βγ

γ
ρ∇µ

(
γσ

νγ
ρ

λ∇σV
λ
) (389)

Using the idempotent relation γα
β γ

β
τ = γα

τ and the definition of the extrinsic curvature
tensor, we get:

⇒ DαDβV
γ = γµ

αγ
ν
βγ

γ
ρ (n

σ∇µnνγ
ρ
λ∇σV

λ + γσ
ν ∇µn

ρ nλ∇σV
λ︸ ︷︷ ︸

−V λ∇σnλ

+γσ
ν γ

ρ
λ∇µ∇σV

λ)

= γµ
αγ

ν
βγ

γ
λ∇µnνn

σ∇σV
λ − γµ

αγ
σ
βγ

γ
ρV

λ∇µn
ρ∇σnλ + γµ

αγ
σ
βγ

γ
λ∇µ∇σV

λ

= −Kαβγ
γ
λn

σ∇σV
λ −Kγ

αKβλV
λ + γµ

αγ
σβγγ

λ∇σV
λ

(390)

Then we α ↔ β to get DβDαV
γ and subtract from DαDβV

γ to get:

[Dα,Dβ ] V
γ =

(
KαµK

γ
β −KβµK

γ
α

)
V µ + γρ

αγ
σβγγ

λ

(
∇ρ∇σV

λ − ∇σ∇ρV
λ
)

︸ ︷︷ ︸
(4)Rλ

µρσV µ

(391)

Rearranging and using V µ = γµ
σV

σ (since V µ is a 3−vector), we get:

γµ
αγ

ν
βγ

γ
ργ

σ
λ
(4)Rρ

σµνV
λ = (3)Rγ

λαβV
λ +

(
Kγ

αKλβ −Kγ
βKαλ

)
V λ (392)

But V µ is an arbitrary 3−vector. We finally get the Gauss relation:

γµ
αγ

ν
βγ

γ
ργ

σ
δ
(4)Rρ

σµν = (3)Rγ
δαβ +Kγ

αKδβ −Kγ
βKαδ (393)

Contracted Gauss Relation

We simply contract the indices γ and α in the Gauss relation (eq. (393)) and use the
idempotent relation of 3−metric, namely γα

β γ
β
τ = γα

τ = δα
τ + nαnτ , to get the contracted

Gauss relation:

γµ
αγ

ν
β
(4)Rµν + γαµn

νγρ
βn

σ(4)Rµ
νρσ = (3)Rαβ +KKαβ −KαµK

µ
β (394)

Scalar Gauss Relation − Generalization of Theorema Egregium

We take the trace of the contracted Gauss relation (eq. (394)) with respect to the
3−metric γαβ and use the idempotent property of the 3−metric, Kµ

µ = Ki
i = K and

KµνK
µν = KijK

ij to get:

γαβ
(
γµ

αγ
ν
β
(4)Rµν + γαµn

νγρ
βn

σ(4)Rµ
νρσ

)
= γαβ

(
(3)Rαβ +KKαβ −KαµK

µ
β

)
(395)

⇒ (4)R+ γρ
µn

νnσ(4)Rµ
νρσ = (3)R+K2 −KijK

ij (396)

Then using γρ
µ = δρ

µ + nρnµ and (4)Rµ
νρσn

ρnµn
νnσ = 0 as contractions are done between

symmetric and anti-symmetric pair of indices, we finally get the scalar Gauss relation:

(4)R+ 2(4)Rµνn
µnν = (3)R+K2 −KijK

ij (397)

This is a generalization of the famous Theorema Egregium which was originally pro-
posed for 2−D surfaces embedded in Euclidean space R3 whose curvature is 0. Accord-
ingly the LHS vanishes. Moreover the metric gµν of R3 is Riemannian and not Lorentzian,
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so γα
τ = δα

τ − nαnτ instead of what we used above, namely γα
τ = δα

τ + nαnτ . Thus
K2 −KijK

ij will have signs reversed and we get the original Theorema Egregium:

(2)R−K2 +KijK
ij = 0 (398)

We can further simplify this for the special case of 2−D where Kij can be diagonalized in
an orthonormal basis with respect to 2−metric γij (remember gµν is Euclidean), so that
Kij = diag(κ1,κ2) where κ1 and κ2 are principal curvatures of the 2−D hypersurface Σ.
Obviously, Kij = diag(κ1,κ2). Thus K = κ1 + κ2 and KijK

ij = (κ1)2 + (κ2)2. The
original Theorema Egregium simplifies to:

(2)R = 2κ1κ2 (Special Case of 2D). (399)

Codazzi-Mainardi Identities

Codazzi-Mainardi Relation

We have for the normal vector nµ:

[∇α, ∇β ]n
µ = (4)Rµ

ναβn
ν (400)

We project this relation onto the hypersurface Σt which simply means contracting each
of the free indices with the 3−metric:

γρ
αγ

τ
βγ

µ
γ [∇ρ, ∇τ ]n

γ = γρ
αγ

τ
βγ

µ
σ
(4)Rσγρτnγ (401)

Then using the identity for the extrinsic curvature tensor proved in Chapter 2.3, namely
Kµν = −∇µnν − nµaν where aµ ≡ nν∇νnµ, we replace ∇νn

γ to get for the first term on
the LHS:

γµ
αγ

ν
βγ

γ
ρ ∇µ∇νn

ρ = γµ
αγ

ν
βγ

γ
ρ ∇µ (−Kρ

ν − aρnν)

= −γµ
αγ

ν
βγ

γ
ρ (∇µK

ρ
ν + ∇µa

ρnν + aρ∇µnν)
(402)

Then we use the relation between 3− and 4−covariant derivatives (eq. (385)), namely
DµT

ν
β = γα

µγ
ν
λγ

ρ
β∇αT

λ
ρ , as well as γν

βnν = 0 (since nµ is a timelike vector, so there is no
projection on a spacelike hypersurface Σt), γν

βa
β = aν (since aν is a spacelike vector, so

projection onto Σt will give the same vector) and the definition of the extrinsic curvature
tensor (eq. 387), to get:

γµ
αγ

ν
βγ

γ
ρ ∇µ∇νn

ρ = −DαK
γβ + aγKαβ (403)

With this result obtained, we permute α ↔ β (and not µ ↔ ν as these are contracted
indices) and then subtract from this result to get the RHS of eq. (401) (keeping in mind
Kµν = +Kνµ):

γγ
ρn

σγµ
αγ

ν
β
(4)Rρ

σµν = DβK
γ
α −DαK

γ
β (404)

This is the Codazzi-Mainardi relation. The point to be noted about this relation is that
on the LHS, we have contracted nσ with (4)Rρ

σµν . Had we contracted nρ with (4)Rρ
σµν or nµ

with (4)Rρ
σµν , we would not have obtained an independent relation due to the symmetries

of the Riemann curvature tensor and the RHS would at most be different by a minus sign.
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Contracted Codazzi Relation

In the Codazzi-Mainardi relation (eq. 404), we contract the indices α and γ to get:

γµ
ρn

σγν
β
(4)Rρ

σµν = DβK −DµK
µ
β (405)

Then using γµ
ρ = δµ

ρ + nµnρ, we simplify the LHS as follows:

γµ
ρn

σγν
β
(4)Rρ

σµν =
(
δµ

ρ + nµnρ

)
nσγν

β
(4)Rρ

σµν = nσγν
β
(4)Rσν + γν

β
(4)Rρ

σµνnρn
σnµ︸ ︷︷ ︸

=0

(406)

where the last term is zero because symmetric-antisymmetric indices {ρ,σ} are contracted.
Thus we get the contracted Codazzi relation:

γµ
αn

ν (4)Rµν = DαK −DµK
µ
α (407)
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C Proofs of Some Results in 3 + 1−Formalism

In this appendix, we prove the following results:

aµ = Dµ ln(N) Lmγ
µ
ν = 0

∇µnν = −Kµν − nµDν ln(N) ∇µm
ν = −NKν

µ − nµD
νN + nν∇µN

Lmγ
µν = +2NKµν Lmγµν = −2NKµν

LmKµν = Nγα
µγ

β
ν ∇nKαβ − 2NKµρK

ρ
ν Kµν =

1
2N [DµNν +DνNµ − γ̇µν ]

(408)

We start from the definition of the acceleration of a foliation eq. (47) and use nµ = Ω∇µt
where t ∈ R is a scalar field and Ω = − 1√

−g00
= −N (see the paragraph above eq. (41))

to get:
aµ = nσ∇σnµ = −nσ∇σ (N∇µt)

⇒aµ = −nσ (∇σN) (∇µt) − nσN∇σ∇µt
(409)

But we realize that ∇ is torsion free and therefore when applied to any scalar field, such
as t here, we always have [∇σ, ∇µ] t = 0. We also use ∇µt = −nµ

N and nσnσ = −1 to get:

aµ =
1
N
nµn

σ∇σN + nσN∇µ

(
nσ

N

)
= nµn

σ∇σ ln(N) + nσ∇µnσ︸ ︷︷ ︸
1
2 ∇µ(nσnσ)=0

+nσNnσ

(−1
N2

)
∇µN

= nµn
σ∇σ ln(N) − nσn

σ∇µ lnN + nσ∇µnσ

=
(
nσnµ + δσ

µ

)
︸ ︷︷ ︸

=γσ
µ

∇σ ln(N) = γσ
µ∇σ lnN = Dµ ln(N)

⇒ aµ = Dµ ln(N)

(410)

After proving this, we use it in the alternative expression obtained for extrinsic cur-
vature tensor in Chapter 2.3 (below eq. (47)), namely Kµν = −∇µnν − nµaν to get the
next result:

∇µnν = −Kµν − nµDν ln(N) (411)

Next we realize that from the definition of normal evolution vector mmu in eq. (56)
that mµ = Nnµ and this gives the next result:

∇µm
ν = ∇µ (Nn

ν) = nν∇µN +N ∇µn
ν︸ ︷︷ ︸

use the above result

⇒ ∇µm
ν = −NKν

µ − nµD
νN + nν∇µN

(412)

Next we proceed to calculate the Lie derivatives. If we have a 3−object living on Σt,
then it is invariant under the projection onto Σt, namely:

Tα1...αr
β1...βs = γα1

µ1 . . . γ
αr
µr
γν1

β1
. . . γνs

βs
Tµ1...µr

ν1...νs (413)

Accordingly, as seen in Chapter 2.1, the Lie derivative is a map from tensor field of rank
(r, s) to another tensor field of rank (r, s). For any 3−object on Σt, the Lie derivative
then acts as an endomorphism of the space of tangent vectors living on Σt and thus we
get:

Lmγ
µ
ν = 0 (414)
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With this obtained, we can generalize eq. (413) for the case of Lie derivatives of
3−objects as follows:

(LmT )
α1...αr

β1...βs = γα1
µ1 . . . γ

αr
µr
γν1

β1
. . . γνs

βs
(LmT )

µ1...µr
ν1...νs (415)

We realize that ∇ is torsion free, so we can use the special case of Lie derivatives as
in eq. (11) to get:

Lmγµν = mα∇αγµν + γαν∇µm
α + γµα∇νm

α (416)

But we have already obtained ∇µm
ν above which we plug it here to get (using γµν = gµν +nµnν ,

∇αgµν = 0 and γµνn
ν = 0):

⇒ Lmγµν = mα∇α (gµν + nµnν) + γαν

(
−NKα

µ − nµD
αN + nα∇µN

)
+ γµα (−NKα

ν − nνD
αN + nα∇νN)

(417)

⇒ Lmγµν = Nnα∇α (nµnν) − nµDνN − nνDµN − 2NKµν

= Nnα (∇αnµ)nν +Nnα (∇αnν)nµ − nµDνN − nνDµN − 2NKµν
(418)

But we identify nα∇αnµ = aµ and use the result from above aµ = Dµ ln(N) to further
simplify this to:

⇒ Lmγµν = −2NKµν (419)

As a redundant check, since mµ = Nnµ, we get that Kµν = −1
2Lnγµν which matches with

the result obtained in Chapter 2.3 (see below eq. (47)).
Then we use the idempotent identity γikγkj = γi

j and Lmγ
i
j = 0 to get:

Lm

(
γikγkj

)
= 0

⇒
(
Lmγ

ik
)
γkj + γik (Lmγkj) = 0

⇒
(
Lmγ

ik
)
γkj = −γik (−2NKkj)

(420)

We multiply on both sides by γmj and contract on the index j where we make use of
the fact that γmjγkj = γm

k = δm
k + nmnk but nm,nk do not have spatial components

(nkγ
kj = 0). We get:

⇒γmjγkj

(
Lmγ

ik
)
= 2γmjγikNKkj

⇒ Lmγ
µν = +2NKµν

(421)

Next we evaluate the the Lie derivative of extrinsic curvature tensor where we will
again use the fact that ∇ is torsion free and thus be able to use eq. (11) to get:

LmKαβ = N (∇nKαβ +Kαρ∇βn
ρ +Kρβ∇αn

ρ) (422)

Recognizing that Kµν is a tangent vector to Σt (i.e. a 3−object), so we can use eq.
(415) to get:

⇒ LmKµν = γα
µγ

β
ν LmKαβ

= Nγα
µγ

β
ν (∇nKαβ +Kαρ∇βn

ρ +Kρβ∇αn
ρ)

(423)

Then we use the alternative expression obtained for extrinsic curvature tensor in Chapter
2.3 (below eq. (47)), namely Kµν = −∇µnν − nµaν , to replace ∇µn

ν and use γβ
ν nβ = 0

to get:

⇒ LmKµν = Nγα
µγ

β
ν ∇nKαβ +NKµργ

β
ν

(
−Kρ

β − nβa
ρ
)
+NKνργ

α
µ (−Kρ

α − nαa
ρ)

= Nγα
µγ

β
ν ∇nKαβ −NKµρK

ρ
ν −NKνρK

ρ
µ

(424)
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But KµρK
ρ
ν = γραKµρKνα = Kα

µKνα = Kρ
µKνρ. Thus we finally get:

⇒ LmKµν = Nγα
µγ

β
ν ∇nKαβ − 2NKµρK

ρ
ν (425)

Finally we prove the only remaining result. We start from Lmγij = −2NKij and
realize mα = Nnα where nα =

(
1
N , −N i

N

)
(as obtained in eq. (62) in Chapter 3.1) which

enables us to split the derivative with respect to m into
(
∂t −Nk∂k

)
and we get for the

LHS:
Lmγij = ∂tγij −

(
γkjDiN

k + γikDjN
k +NkDkγij

)
(426)

But Dkγij = 0 and we finally get for the LHS:

LHS = γ̇ij −DiNj −DjNi = RHS = −2NKij

⇒ Kµν =
1

2N [DµNν +DνNµ − γ̇µν ]
(427)
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D Projection of Einstein Field Equations in 3+ 1−Variables

We derive all the results presented in Chapter 3.1. We know the full Einstein field equations
without the cosmological constant term to be (4)Rµν − 1

2gµν
(4)R = 8πTµν . Accordingly we

need to take projection of the LHS, namely the 4−curvature as well as the RHS, namely the
4−stress-energy-momentum tensor in terms of 3−variables. We will take the projection of
the LHS & the RHS separately and then combine them to project the full Einstein field
equations.

Projection of 4−Curvature

We start with the definition of the 4−Riemann tensor when applied to normal vector nµ,
namely:

(4)Rρ
σµνn

σ = [∇µ, ∇ν ]n
ρ (428)

Then we project twice on Σt and once along nµ to get:

γραγ
µ
βn

ν
(
(4)Rρ

σµνn
σ
)
= γραγ

µ
βn

ν [∇µ, ∇ν ]n
ρ (429)

Then we focus on the RHS to get:

RHS = γραγ
µ
βn

ν (∇µ∇νn
ρ − ∇ν∇µn

ρ) (430)

Then we use eq. (63) to replace ∇νn
ρ and ∇µn

ρ as well as nµnµ = −1, γν
αγ

µ
βn

σ∇σKµν = γν
αγ

µ
β ∇nKµν

(since Kµν is a 3−object) and nµ∇νn
µ = 1

2∇ν (nµnµ) = 0 to get:
⇒ RHS =γν

αγ
µ
β ∇nKµν −γραγ

µ
βn

ν∇µK
ρ
ν︸ ︷︷ ︸

Term A

+γραγ
µ
βn

ν (∇νnµ)D
ρ ln(N)︸ ︷︷ ︸

Term B

+γραγ
µ
β (∇µD

ρ ln(N))︸ ︷︷ ︸
Term C

(431)

Then term A can be simplified as:
−γραγ

µ
βn

ν∇µK
ρ
ν = −γραγ

µ
β ∇µ (n

νKρ
ν )︸ ︷︷ ︸

=0

+γραγ
µ
βK

ρ
ν ∇µn

ν

= γραγ
µ
βK

ρ
σγ

σ
ν ∇µn

ν = −γραK
ρ
σK

σ
β

= −KασK
σ
β

(432)

where we used the definition of Kµν from eq. (46).
Term B simplifies to (using eq. (63) to replace ∇νnµ, nν

ν = −1 and Kµνn
ν = 0):

γραγ
µ
βn

ν (∇νnµ)D
ρ ln(N) = −γραγ

µ
βn

νnν (Dµ ln(N)) (Dρ ln(N))

=
1
N2 (DαN) (DβN)

(433)

Term C becomes (using eq. (385) so that γµ
β ∇µ (Dρ ln(N)) = Dβ (D

ρ ln(N)) as well
as γραD

ρ = Dα) to get:
γραγ

µ
β (∇µD

ρ ln(N)) = DβDα ln(N) = DαDβ ln(N)

= Dα

( 1
N
DβN

)
=

1
N
DαDβN − 1

N2 (DαN) (DβN)

(434)

where we used in the first line the fact that for any scalar function f , we have [∇α, ∇β ] f = 0
where f = ln(N) here. The second term on the last line exactly cancels term B above.
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Thus combining terms A, B, C and plugging them back in eq. (431), we get the desired
result:

γραγ
µ
β
(4)Rρ

σµνn
σnν = −KαλK

λ
β + γµ

αγ
ν
β∇nKµν +

1
N
DαDβN (435)

Now to obtain the result for 4−Ricci tensor, we make use of the contracted Gauss
relation (eq. (394)) which we reproduce here for convenience:

γµ
αγ

ν
β
(4)Rµν + γαµn

νγρ
βn

σ(4)Rµ
νρσ = (3)Rαβ +KKαβ −KαµK

µ
β (436)

Comparing with eq. (435), we see that there are two common terms and subtracting
these two equations lead to the desired result for 4−Ricci tensor:

γα
µγ

β
ν
(4)Rαβ = (3)Rµν +KKµν − γα

µγ
β

ν∇nKαβ − 1
N
DµDνN (437)

Finally, to get the result for 4−Ricci scalar, we contract eq. (437) with γµν and replace
Greek indices with Latin indices in terms containing 3−objects to get:

γµν (4)Rµν = (3)R+K2 − γij∇nKij︸ ︷︷ ︸
=∇nK

− 1
N
γijDiDjN

= (3)R+K2 − ∇nK − 1
N
γijDiDjN

(438)

where we used the corollary deduced from eq. (64) in Chapter 3.1. Then we use γµν = gµν +nµnν

to split the LHS and get:

(4)R+ (4)Rµνn
µnν = (3)R+K2 − ∇nK − 1

N
γijDiDjN (439)

Now we compare this equation with the scalar Gauss relation (eq. (397) derived in
Appendix B) which we reproduce here for convenience:

(4)R+ (4)Rµνn
µnν = (3)R+K2 −KijK

ij (440)

We use this equation to replace (4)Rµνn
µnν in eq. (439) to finally get the desired result

for 4−Ricci scalar:

(4)R = (3)R+K2 +KijKij − 2∇nK − 2
N
DiDiN (441)

Projection of 4−Stress-Energy-Momentum Tensor

There are three possible types of projection possible for Tµν , all of them defined in eq.
(69). The relation between T and S is also derived in eq. (70). One extra relation to show
is between stress scalar S and the stress-energy-momentum tensor Tµν . We have (using
γµ

ν = δµ
ν + nµnν):

Sαβ ≡ Tµνγ
µ
αγ

ν
β

= Tαβ +Enαnβ + nρ (Tαρnβ + Tρβnα)
(442)

Then the corresponding trace of Sαβ becomes:

S ≡ Sαβγ
αβ

= (Tαβ +Enαnβ + nρ (Tαρnβ + Tρβnα)) γ
αβ

⇒ S = Tµνγ
µν

(443)

95



SciPost Physics Lecture Notes Submission

Thus, taking trace of 4−stress-energy-momentum tensor Tµν with respect to 4−metric
gives 4−stress-energy-momentum scalar T while taking its trace with respect to 3−metric
gives 3−stress scalar S.

Projection of Einstein Field Equations

The Einstein field equations with Λ = 0 are given by:

(4)Rµν − 1
2gµν

(4)R = 8πTµν (444)

where Tµν = Tνµ. We can recast this equation in terms of trace of Tµν by contracting this
equation with gµν to get (using gµνgµν = 4 and Tµνg

µν = T ):
(4)R = −8πT (445)

We substitute this relation back into eq. (444) to get:

(4)Rαβ = 8π
(
Tαβ − 1

2gαβT

)
(446)

The RHS is basically the traceless part of the stress-energy-momentum tensor.
Now we start projecting the Einstein field equations in 3 ways possible (as discussed

in Chapter 3.1).

Total Projection onto Σt

We start with eq. (446) and project it twice (since there are two indices) onto Σt by using
the 3−metric. Then the LHS is given by:

LHS = γµ
αγ

ν
β
(4)Rµν (447)

But this is exactly the quantity that we evaluated in eq. (437). We further use eq. (63),
in particular LmKµν = Nγα

µγ
β
ν ∇nKαβ − 2NKµρK

ρ
ν , to get:

⇒ LHS = (4)Rαβ − 2KαλK
λ
β +KKαβ − 1

N
[LmKαβ +DαDβN ] (448)

Next we consider the RHS:

RHS = γµ
αγ

ν
β

[
8π
(
Tαβ − 1

2gαβT

)]
(449)

But using the definitions from eq. (69) and T = S −E, we get:

⇒ RHS = 8π
(
Sαβ − 1

2gαβ(S −E)

)
(450)

Thus the total projection of Einstein field equations along spacelike hypersurface Σt is
given by:

(3)Rαβ − 2KαλK
λ
β +KKαβ − 1

N
[LmKαβ +DαDβN ]

= 8π
[
Sαβ − 1

2γαβ(S −E)

] (451)

Note that all tensors involved in this equation are tangent to Σt as expected. Further-
more this equation can be re-arranged to provide for an equation of evolution of Kij along
the normal to the hypersurface Σt as follows:

LmKij = −DiDjN +N
[
Rij − 2KilK

l
j +KKij

]
+ 4πN [γij(S −E) − 2Sij ]

(452)
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Total Projection Along nµ

This time we start from eq. (444) and project it twice along nµ (so as to obtain an equation
orthogonal to Σt) as follows (using nµnνgµν = nµnµ = −1):

nµnν (4)Rµν − 1
2n

µnνgµν
(4)R = 8πnµnνTµν

nµnν (4)Rµν +
1
2
(4)R = 8πE

(453)

We realize that the LHS is the same as the the LHS of scalar Gauss relation (eq. (397))
which we use to eliminate (4)Rµν and (4)R to finally get:

(3)R−KijK
ij +K2 = 16πE (454)

This is also known as the Hamiltonian constraint.

Mixed Projection along Σt and nµ

We again start from eq. (444) and project once along Σt using the 3−metric as well as
along the normal using nµ as follows:

nµγν
α
(4)Rµν = 8π nµγν

αTµν︸ ︷︷ ︸
=−pα

⇒ nµγν
α
(4)Rµν = −8πpα

(455)

where we made use of the fact that gµνn
νγµ

α = nµγ
µ
α = 0.

Now we compare this with the contracted Codazzi relation (eq. (407)) which is repro-
duced here for convenience:

γµ
αn

ν (4)Rµν = DαK −DµK
µ
α (456)

and use this to eliminate nµγν
α
(4)Rµν to finally get:

DβK
β
α −DαK = 8πpα (457)

This is also known as the momentum constraint or the diffeomorphism constraint.

97



SciPost Physics Lecture Notes Submission

E Alternate Derivation of the ADM Action

We begin with the Einstein-Hilbert action for pure gravity without the cosmological con-
stant:

SH =
1

16π

∫
(4)R

√
−gd4x =

∫
d4xLH (458)

Then we make use of scalar Gauss relation (eq.(397)) which is reproduced here for
convenience:

(4)R = (3)R+K2 −KijK
ij − 2(4)Rµνn

µnν (459)

But we make use of the defining relation for the curvature tensor in terms of commu-
tators and contract with nµ and nν :

(4)Rµνn
µnν = nν [∇µ, ∇ν ]n

µ (460)

Thus we have:
(4)R = (3)R+K2 −KijK

ij − 2nν [∇µ, ∇ν ]n
µ (461)

But now we have the following relation:

nν [∇µ, ∇ν ]n
µ = ∇α (nµ∇µn

α − nα∇µn
µ) − (∇αn

µ)∇µn
α + (∇αn

α)2 (462)

Proof: Ignoring any boundary term arising due to integration by parts, we have for
the RHS :

RHS = (∇αn
µ) (∇µn

α) + nµ (∇α∇µn
α)

− (∇αn
α) (∇µn

µ) − nα (∇α∇µn
µ)

− (∇αn
µ) (∇µn

α) + (∇αn
α)2

(463)

⇒ RHS = nµ (∇α∇µn
α) − nα (∇α∇µn

µ)

⇒ RHS = nµ (∇α∇µn
α) − nµ (∇µ∇αn

α) = LHS
(464)

where we applied integration by parts twice on the second term that led us to the next
line in eq. (464) (ignoring boundary terms).

Now we plug eq. (462) in eq. (461), make use of ∇µn
µ = −K (below eq. (48)), rewrite

(∇αn
µ)∇µn

α = (∇αnµ)∇µnα, use the definition of Kµν in terms of acceleration aµ (see
below eq. (46)) and realize Kµνn

ν = aµn
µ = 0 to get:

⇒ (4)R = (3)R+K2 −KijK
ij − 2

[
∇α (nµ∇µn

α − nα∇µn
µ) −KαµKαµ +K2

]
(465)

If we ignore the total divergence, then we get:

⇒ (4)R = (3)R−K2 +KijK
ij (466)

We plug this back into the action to finally get the Einstein-Hilbert action for pure
gravity in 3 + 1−variables (ignoring the pre-factor 1

16π without loss of generality):

SH =
∫ t2

t1
dt

∫
Σt

d3xN
√
γ
(
(3)R−K2 +KijKij

)
(467)

This exactly matches with eq. (81) and thus concludes our alternate derivation of this
result.

98



SciPost Physics Lecture Notes Submission

F Variation of the ADM Action

We start with the ADM action, either in the form provided in eq. (81) or eq. (101), and
extremize it with respect to {N ,Nj ,πij , γij} which we equate to zero to get the corre-
sponding equations of motion. As we show below, the equations of motion corresponding
to N and Nj are the constraint equations which simply imply that N and N⃗ serve the role
of Lagrange multipliers (& thus are not dynamical variables) while the ones corresponding
πij and γij are the actual evolution equations governing time evolution of tensor fields
(namely γij and πij on spacelike hypersurfaces Σt).

In order to calculate the equations of motion, we need to impose the boundary condi-
tions (where ∂Σt denotes the boundary of the hypersurface Σt):

δN |∂Σt = δN i|∂Σt = δγij |∂Σt = 0 (468)

However there are no restrictions on the conjugate momenta πij which are treated as
independent variables. The set {γij ,πij ,N , ˙⃗N} are also taken as an independent set of
variables.

We now vary the ADM action with respect to {N , N⃗ ,πij , γij}.

Variation with respect to Lapse Function N

We start with the ADM action provided in eq. (81) which is reproduced here for conve-
nience:

SADM =
∫ t2

t1
dt

∫
Σt

d3xN
√
γ
(
(3)R−K2 +KijKij

)
(469)

For the sake of convenience, let’s define S ≡ N
√
γ
(
(3)R−K2 +KijKij

)
. We realize

that (3)R does not depend on N and γ is taken independent of N . Thus we have:

δS

δN
=

√
γ
(
(3)R−K2 +KijKij

)
+N

√
γ

(
−2K∂K

∂N
+ 2Kij ∂Kij

∂N

)
(470)

We make use of the relation in eq. (63), namely Kij = 1
2N [DiNj +DiNj − γ̇ij ] and

realize that N is independent from its spatial derivatives, just like we have in classical
field theory where we take ϕ and ϕ,i as independent, to get:

∂Kij

∂N
= − 1

2N2 [DiNj +DiNj − γ̇ij ] = − 1
N
Kij

∂K

∂N
=

∂

∂N

(
γijKij

)
= γij ∂Kij

∂N
= − 1

N
K

(471)

Thus we have:

⇒ δS

δN
=

√
γ
(
(3)R−K2 +KijKij

)
+N

√
γ

( 2
N
K2 − 2

N
KijKij

)
=

√
γ
(
(3)R+K2 −KijKij

)
!
= 0

(472)

We compare with eq. (72) to realize that the Hamiltonian constraint in the vacuum
case vanishes:

E = 0 (473)

Now we will show that E = 0 ⇔ H = 0. For this, we need to use eqs. (88, 89) to get
for

(
(3)R+K2 −KijKij

)
:
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(3)R+K2 −KijKij =
(3)R+

π2

4γ − 1
4γ
(
πγij − 2πij

)
(πγij − 2πij)

= (3)R+
π2

4γ − 1
4γ
(
3π2 − 2π2 − 2π2 + 4πijπij

)
= (3)R+

1
γ

(
π2

2 − πijπij

) (474)

which is basically the integrand of the Hamiltonian constraint in eq. (97). Thus we
have established a constraint relation:

δSADM

δN
!
= 0 ⇔ E = 0 ⇔ H = 0 (475)

Variation with respect to Shift Functions Nj

In order to find the variation with respect to Nj , we parametrize the action using some
arbitrary parameter λ and evaluate:

dS
dλ

∣∣∣∣
λ=0

=
d

dλ

∣∣∣∣
λ=0

[
(3)R−K2 +KijKij

]
N

√
γ (476)

We realize that (3)R is independent of λ and only depends on the 3−metric. Thus we
get:

⇒ dS
dλ

∣∣∣∣
λ=0

= 2N√
γ
(
−Kγij +Kij

) dKij

dλ

∣∣∣∣
λ=0

(477)

But from eq. (85) we identify √
γ
(
Kγij −Kij

)
= πij to get:

⇒ dS
dλ

∣∣∣∣
λ=0

= − 2Nπij dKij

dλ

∣∣∣∣
λ=0

(478)

Next we use the relation in eq. (63), namely Kij = 1
2N [DiNj +DiNj − γ̇ij ] and use

the symmetric properties of Kij = +Kji to get:

dKij

dλ

∣∣∣∣
λ=0

=
1

2N 2Di

( dNj

dλ

∣∣∣∣
λ=0

)
(479)

Plugging back, we have:

⇒ dS
dλ

∣∣∣∣
λ=0

= −2πijDi

( dNj

dλ

∣∣∣∣
λ=0

)
(480)

But using integration by parts, we have:

πijDi

( dNj

dλ

∣∣∣∣
λ=0

)
= Di

(
πij dNj

dλ

∣∣∣∣
λ=0

)
−Di

(
πij
) dNj

dλ

∣∣∣∣
λ=0

(481)

where the first term on the RHS is a pure divergence and we ignore it. Thus we are left
with:

⇒ dS
dλ

∣∣∣∣
λ=0

= +2Di

(
πij
)
δNj (482)

where we defined δNj ≡ dNj

dλ

∣∣∣
λ=0

. We have imposed δNj |∂Σt = 0.
Thus we get:

δS

δNj
= 2Diπ

ij !
= 0 (483)
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Comparing with eq. (98), we get:

Dj = 0 (484)

We now show that Dj = 0 ⇔ pα = 0 where pα is defined in eq. (69). Consider the
projection of Einstein field equation in eq. (73) reproduced here for convenience:

DiK
i
j −DjK = 8πpj (485)

Then we make use of eq. (85) to get (recall Diγab = 0)

Diπ
ij = Di

(√
γ
(
Kγij −Kij

))
=

√
γ
(
DjK −DiK

ij
)

(486)

Thus Diπ
ij = 0 implies the LHS of eq. (485) being zero, which in turn implies pj = 0.

Hence we have established the three constraint relations:

δSADM

δNj

!
= 0 ⇔ pj = 0 ⇔ Dj = 0 (487)

Variation with respect to Conjugate Momenta πij

We start with the ADM action eq. (81) and use eq. (94) to get:

SADM =
∫ t2

t1
dt

∫
Σt

d3x
(
πij γ̇ij − HADM

)
=
∫ t2

t1
dt

∫
Σt

d3x

[
πij γ̇ij −

(
2πijDiNj −N

√
γ(3)R+

N
√
γ

(
πijπ

ij − π2

2

))] (488)

Here S ≡
∫

Σt
d3x

(
πij γ̇ij

)
is known as the symplectic potential.

We recall that {γij ,N ,Nj ,πij} are all independent from one another. Also (3)R just
depends on the 3−metric. Moreover:

∂π2

∂πij
= 2π ∂π

∂πij

= 2π∂π
abγab

∂πij

= 2πγab
∂πab

∂πij

= 2πγabδ
a
i δ

b
j

= 2πγij

(489)

Again if we define for our convenience
S ≡ πij γ̇ij −

(
2πijDiNj −N

√
γ(3)R+

N
√
γ

(
πijπ

ij − π2

2

))
, then we have:

δS
δπij

= δπij

[
γ̇ij − 2DiNj − N

√
γ
(2πij − πγij)

]
!
= 0 (490)

This finally gives us the equation of motion for the 3−metric:

γ̇ij =
δH

δπij
= DiNj +DjNi − N

√
γ
(2πij − πγij) (491)

As a redundant check, from eq. (88), we identify (2πij − πγij) = − 2√
γKij and we get

back the result from eq. (63), namely Kij =
1

2N [DiNj +DiNj − γ̇ij ].
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Variation with respect to 3−Metric γij

We start with:
SADM =

∫ t2

t1
dt

∫
Σt

d3x
(
πij γ̇ij − HH

)
(492)

Then using integration by parts on the first term on the RHS and ignoring boundary
terms, we get:

δSADM
δγij

= −
∫ t2

t1
dt

[∫
Σt

δγij

(
π̇ij +

δHH

δγij

)
d3x

]
!
= 0 (493)

Here we will use eq. (94) for evaluating δγij HH .
We recall that πab

γij
= 0 but δπab

δγij
̸= 0 as πab = πrsγraγsb, thus, for example, δπabπab

δγij
= 2πi

aπ
aj .

Here we will make use of relations obtained in Chapter 2.2 but in the context of 3−D
on a hypersurface Σt. We will use, for example, the Jacobi’s formula δγ = γγabδγab.

So now we focus on δHH
δγij

in eq. (493), which is explicitly written as (using eq. (94)):

δγij HH = δγij

2πijDiNj︸ ︷︷ ︸
Term A

−N√
γ(3)R︸ ︷︷ ︸

Term B

+
N
√
γ

(
πijπ

ij − π2

2

)
︸ ︷︷ ︸

Term C

 (494)

Term C is the simplest to evaluate where we make use of the aforementioned Jacobi’s
formula to get:

δγij

[
N
√
γ

(
πijπ

ij − π2

2

)]
= δγij

[
N
√
γ

](
πijπ

ij − π2

2

)
+

N
√
γ
δγij

[(
πijπ

ij − π2

2

)]

=
N
√
γ

[
−1

2

(
πcdπ

cd − π2

2

)
γab + 2πa

cπ
bc − ππab

] (495)

Term B is relatively straightforward as well if we call from Chapter 2.2 the variations
of 4−Ricci scalar and apply the same formula for 3−D case here along with using the
Jacobi’s identity again (recall that N and γij are independent variables):

δγij

[
−N√

γ(3)R
]
= −Nδγij (

√
γ) (3)R−N

√
γδγij

(
(3)R

)
= N

√
γ

(
(3)Rab − 1

2γ
ab(3)R

)
−N

√
γγabδ(3)Rab

(496)

But using the variation of 4−Ricci tensor for 3−D case from Chapter 2.2 (eq. (25)),
we see that √

γγabδ(3)Rab = ∂a

[√
γ
(
γijδ(3)Γa

ij − gajδ(3)Γj
ij

)]
= ∂a

[√
γδZa

]
. But using the

3−divergence formula similar to 4−divergence from Appendix A, we getDaδZ
a = 1√

γ∂a(
√
γδZa).

So we have for term B:

δγij

[
−N√

γ(3)R
]
= N

√
γ

(
(3)Rab − 1

2γ
ab(3)R

)
−N

√
γDa(δZ

a) (497)

We apply integration by parts on the last term on the RHS and ignore the boundary terms
to get (recall that Daγ = 0):

δγij

[
−N√

γ(3)R
]
= N

√
γ

(
(3)Rab − 1

2γ
ab(3)R

)
+

√
γδZaDa(N) (498)
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Now we simplify the expression for δZρ using the expression for the variation of Christoffel
symbol from Chapter 2.2 for our 3−D case:

δZρ = γµνδ(3)Γρ
µν − γρνδ(3)Γµ

µν

=
(
γµνδγρλ − γρνδγµλ

)
(3)Γλµν +

(
γµνγρλ − γρνγµλ

)
δ(3)Γλµν

(499)

But using the variation for δ(3)Γλµν from Chapter 2.2:(
γµνγρλ − γρνγµλ

)
δ(3)Γλµν =

1
2
[(
γµνγρλ − γρνγµλ

)
(δγλν,µ + δγµλ,ν − δγµν,λ)

]
= γµνγρλδγλµ,ν − γµνγρλδγµν,λ

Thus on plugging this back and simplifying, we have the following result after switching
to 3−covariant derivatives:

δZa = γµνγρλ (∇µδγλν − ∇λδγµν) (500)

Now we use this result to simplify the second term on the RHS of term B in eq. (498)
as follows:

δV aDaN = γabγcd (Daδγbc −Dcδγab)DdN

= Da

[(
γabDcN − γbcDaN

)
δγbc

]
−
(
DaDbN − γabDcD

cN
)
δγab

(501)

where we again integrate by parts and use the boundary condition δγab|∂Σt = 0 to finally
get for term B:

δγij

[
−N√

γ(3)R
]
= N

√
γ

(
(3)Rab − 1

2γ
ab(3)R

)
− √

γ
(
DaDbN − γabDcD

cN
)

(502)

Finally for term A, we need to expand DiNj by using the formula for 4−covariant
derivative in Appendix A for 3−D case to get:

DiNj =
∂Nj

∂xi
− (3)Γa

ijNa (503)

and then use the variation of 3−Christoffel symbols with respect to the 3−metric from
Chapter 2.2. After ignoring the boundary terms, we get for term A:

δγij

[
2πijDiNj

]
=
(
2πabDaN

c − πbcDaN
a
)

(504)

Now we make use of the constraint relation eq. (487) which implies Diπ
ij = 0 as well

as the symmetrization on indices i and j (because we are calculating δγij HH which is
symmetric in its indices) to finally get for term A:

δγij

[
2πijDiNj

]
= Dc

(
πacN b + πbcNa − πabN c

)
(505)

Thus we plug eqs. (495, 502, 505) in eq. (494) and then plug this back into eq. (493)
leads to the following equation of motion for the 3−conjugate momenta:

π̇ij = −δHH

δγij
= −N

√
γ

(
Rij − 1

2γ
ijR

)
+

N

2√
γ

(
πcdπ

cd − π2

2

)
γij

− 2N
√
γ

(
πicπj

c − 1
2ππ

ij
)
+

√
γ
(
DiDjN − γijDcD

cN
)

+Dc

(
πijN c

)
− πicDcN

j − πjcDcN
i

(506)
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G Imposing Homogeneous Ansatz on Electromagnetic Hamil-
tonian

We have the electromagnetic Hamiltonian derived in eq. (326) where the constraint re-
lations are given in eqs. (325, 327). The homogeneous ansatz that we need to impose is
provided in eq. (334).

Hamiltonian Constraint

Let’s start with the Hamiltonian constraint which we reproduce here from eq. (325) for
convenience:

HEM[N ] = NHEM =
∫

Σt

d3x

N
 1

2√
γ

ΠiΠi︸ ︷︷ ︸
Term A

+
1
4

√
γFijF

ij︸ ︷︷ ︸
Term B


 (507)

Term A becomes after using eq. (334) and orthogonality relations of triads (eq. (142)):

Term A =
1

2√
γ

ΠiΠi =
1

2
√
h sin θ

Παei
α sin θΠβe

β
i sin θ

=
1

2
√
h

sin θΠαΠβδ
β
α

=
1

2
√
h

sin θΠαΠα

(508)

Term B simplifies to:

Term B =
1
4

√
γFijF

ij =
1
2

√
h sin θ

[(
DiAj

)
(DiAj) −

(
DiAj

)
(DjAi)

]
=

1
2

√
h sin θ

γimγjn (DmAn) (DiAj)︸ ︷︷ ︸
Term B.1

− γimγjn (DmAn) (DjAi)︸ ︷︷ ︸
Term B.2


(509)

where we can simplify term B.1 by using eqs. (146, 147) as well as relations in invariant
basis such as Di = eδ

iDδ:

Term B.1 = hµαei
µe

m
α h

νσej
νe

n
σ

(
eδ

mDδ

{
Aβ(t)e

β
n

})(
eγ

i Dγ

{
Aτ (t)e

τ
j

})
= hµαδγ

µδ
δ
αh

νσAβ(t)Aτ (t)e
j
νe

n
σ

(
Dδe

β
n

)
︸ ︷︷ ︸
=(3)Γβ

αδ
eδ

n

(
Dγe

τ
j

)
︸ ︷︷ ︸
=(3)Γτ

µγeγ
j

= hµαhνσAβAτe
j
νe

n
σ
(3)Γβ

αδe
δ
n
(3)Γτ

µγe
γ
j

= hµαhνσAβAτ
(3)Γβ

ασ
(3)Γτ

µν

(510)

where we took out Aβ(t) and Aτ (t) out of spatial derivatives because they only depend on
time in the invariant basis. Also we suppressed the explicit notation Aβ(t) to Aβ where
the time dependence is understood.

We observe from eq. (509) that term B.2 is the same as term B.1 with indices i and j
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swapped. Thus we have similarly for term B.2:

Term B.2 = hµαei
µe

m
α h

νσej
νe

n
σ

(
eδ

mDδ

{
Aβ(t)e

β
n

})(
eγ

jDγ {Aτ (t)e
τ
i }
)

= hµαδγ
ν δ

δ
αh

νσAβ(t)Aτ (t)e
i
µe

n
σ

(
Dδe

β
n

)
︸ ︷︷ ︸
=(3)Γβ

αδ
eδ

n

(Dγe
τ
i )︸ ︷︷ ︸

=(3)Γτ
νγeγ

i

= hµαhνσAβAτe
i
µe

n
σ
(3)Γβ

αδe
δ
n
(3)Γτ

νγe
γ
i

= hµαhνσAβAτ
(3)Γβ

ασ
(3)Γτ

νµ

(511)

We plug eqs. (510, 511) into eq. (509) to get for term B:

⇒ Term B =
1
2

√
h sin θ

[
hµαhνσAβAτ

(3)Γβ
ασ

(
(3)Γτ

µν − (3)Γτ
νµ

)]
(512)

We already noted in eq. (148) that in invariant basis for Bianchi IX universe, the
connection is not symmetric and for a torsion-free case which we have been considering
throughout, we have:

(3)Γτ
µν − (3)Γτ

νµ = Dτ
µν = Cτ

µν (513)

where Cτ
µν = ϵτµν for Bianchi IX universe (eq. (135)). Also from eq. (135), we have

Cτ
µν = ϵµνσC

στ where Cστ = diag(1, 1, 1) = δστ . Therefore in the invariant basis, the
Levi-Civita tensor (ϵµνσ) which acts as a structure constant (Cτ

µν) for Bianchi IX universe
can be raised/lowered using a Kronecker delta function (δστ ) and not the 3−metric hαβ:

δστ ϵµνσ = ϵτµν , δτσϵ
τ
µν = ϵσµν (Bianchi IX) (514)

Then using eq. (513) in eq. (512) to get:

⇒ Term B =
1
2

√
h sin θ

[
hµαhνσAβAτ

(3)Γβ
ασϵ

τ
µν

]
=

1
2

√
h sin θ

[
hµαhνσAβAτ

(3)Γβ
ασϵγµνδ

γτ
] (515)

Next we can express the only affine connection remaining in term B as:

(3)Γβ
ασ =

1
2
[
Γβ

ασ +Γβ
σα

]
+

1
2
[
(3)Γβ

ασ − (3)Γβ
σα

]
(516)

where the RHS is “symmetric+anti-symmetric” parts respectively of the LHS. We also
note that hµαhνσ(3)Γβ

ασ = (3)Γβµν which is then contracted with the (completely anti-
symmetric) Levi-Civita tensor in eq. (515). Thus the symmetric part on the RHS of eq.
(516) vanishes and we are left with the anti-symmetric part. Thus we replace (3)Γβ

ασ by
its anti-symmetric part in eq. (516) into eq. (515) to get:

⇒ Term B =
1
2

√
h sin θ

[
hµαhνσAβAτ

(1
2
(
(3)Γβ

ασ − (3)Γβ
σα

))
ϵγµνδ

γτ
]

(517)

But (3)Γβ
ασ − (3)Γβ

σα = ϵβασ = ϵλασδ
λβ to get:

⇒ Term B =
1
4

√
h sin θ

[
hµαhνσAβAτ ϵλασδ

λβϵγµνδ
γτ
]

=
1
4

√
h sin θ

[
hµαhνσAβAτ ϵ

β
ασϵ

τ
µν

] (518)
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Finally we plug in eqs. (508, 518) into eq. (507) and collect the spatially dependent
term as n ≡

(∫
Σt
d3xN sin θ

)
to get for the Hamiltonian constraint of the electromagnetic

field:

⇒ HEM[N ] = NHEM =
n√
h

[1
2ΠαΠα +

h

4h
µαhνσAβAτ ϵ

β
ασϵ

τ
µν

]
(519)

where we keep in mind eq. (514) and the text above. Also we can always choose n to scale
as

√
h so that we can put n′ = n√

h
= 1 without loss of generality.

Diffeomorphism Constraints

We reproduce the diffeomorphism constraints from eq. (325) for convenience:

DEM[N i] = N iD(EM)i =
∫

Σt

d3x

N i
(

ΠjFij

)
︸ ︷︷ ︸

Term C

 (520)

We focus on term C where we use Fij = DiAj −DjAi and impose the homogeneous
ansatz in eq. (334) to get:

Term C = ΠjFij = sin(θ)Παej
α

[
eκ

i Dκ

(
Aβ(t)e

β
j

)
− eκ

jDκ

(
Aβ(t)e

β
i

)]
= sin(θ)Παej

α

[
eκ

i Aβ(t)Dκ

(
eβ

j

)
− eκ

jAβ(t)Dκ

(
eβ

i

)] (521)

where we use eqs. (146, 147), namely Dκ

(
eβ

j

)
= (3)Γβ

κµe
µ
j and Dκ

(
eβ

i

)
= (3)Γβ

κνe
ν
i to get:

⇒ Term C = ΠjFij = sin(θ)Παej
α

[
eκ

i Aβ(t)
(3)Γβ

κµe
µ
j − eκ

jAβ(t)
(3)Γβ

κνe
ν
i

]
= sin(θ)ΠαAβ

[
Γβ

δµδ
µ
α − Γβ

κδδ
κ
α

]
= sin(θ)ΠαAβ

[
Γβ

δα − Γβ
αδ

]
︸ ︷︷ ︸

=ϵβ
δα

= sin(θ) ΠαAβϵλδαδ
λβ︸ ︷︷ ︸

depends only on time

(522)

where we used in the second line the orthogonality relations of triads (eq. (142)), eq. (513)
& the texts below it in the third line as well as eq. (514) in the fourth line.

We plug eq. (522) into eq. (520) to get for the diffeomorphism constraints for the
electromagnetic field:

⇒ DEM[N i] = N iD(EM)i = nδΠαAβϵ
β
δα (523)

where we again keep in mind the relation eq. (514) and the corresponding text below it.

Gauss Constraint

We reproduce the Gauss constraint from eq. (325) for convenience:

G[A0] = A0G =
∫

Σt

d3x

−A0
(
DiΠi

)
︸ ︷︷ ︸

Term D

 (524)
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Now we impose the homogeneous ansatz (eq. (334)) here to get:

Term D = A0
(
DiΠi

)
= A0Di

(
Πα(t) sin(θ)ei

α

)
= A0Πα(t)Di

(
sin(θ)ei

α

) (525)

Now we use the relation corresponding to the explicit forms of triads for Bianchi IX
universe provided in Chapter 4.2 at the end of the subsection “Geometry of Hypersurfaces”
(see footnote 7 therein for the proof of this identity), namely Di

(
sin(θ)ei

α

)
= 0, to realize

that the Gauss constraint is identically zero for electromagnetic field in a Bianchi IX
universe:

⇒ G[A0] = A0G = 0 (identically) (526)
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H Derivation of the Hypersurface Deformation Algebra

We prove here the following constraint algebra, known as the Hypersurface Deformation
Algebra (HDA), or the Dirac algebra:

a
{

D[N i], D[M j ]
}

|(γ,π) = D
[
LN iM j

]
= −D

[
LMjN i

]
= D

[
[N⃗ , M⃗ ]

]
b

{
D[N j ], H[N ]

}
|(γ,π) = H [LNjN ] = H

[
N j∂jN

]
c {H[N ], H[M ]} |(γ,π) = D

[
γjk(N∂jM −M∂jN)

] (527)

where we use the following definition of the Poisson brackets:

{f(x),h(y)}|(γ,π) =
∫
d3z

[
δf(x)

δγij(z)

δh(y)

δπij(z)
− δf(x)

δπij(z)

δh(y)

δγij(z)

]
(528)

The definitions of the Hamiltonian contraint (sometimes also known as the super-
Hamiltonian) and diffeomorphism constraints (sometimes also known as the super-momentum)
are taken from eqs. (97, 98) reproduced here for convenience:

H[N ] ≡
∫

Σt

d3xN

[
−√

γ(3)R− 1
√
γ

(
π2

2 − πijπij

)]

D[N⃗ ] ≡
∫

Σt

d3xN i
[
−2Djπij

] (529)

Just like in classical mechanics where momentum generates translations, the diffeomor-
phism contraints (or the super-momentum) generates spatial deformations on the spatial
hypersurface Σt which are tangential to the hypersurface and described by the spatial vec-
tor fields N⃗ . Similarly the Hamiltonian constraint (or the super-Hamiltonian) generates
normal deformations of the spatial hypersurface, moving it forward as described by the
lapse function N . This is how N and N⃗ describe the evolution of any physical object
living on the spatial hypersurface. This can be quantified as follows: for an infinitesimal
deformation of the spatial hypersurface by δN and δN⃗ , any function F that depends on
the phase space variables changes by an amount δF (thus F → F + δF ) given by:

δF = {F , H[δN ]} |(γ,π) +
{
F , D[δN⃗ ]

}
|(γ,π) (530)

This is shown in Fig. (4) where it is also illustrated that the HDA (eq. (527)) implies a
closed constraint algebra. We first prove c and then proceed to prove a & b together.

Proof of c

We use the definition of Poisson brackets in eq. (528) to evaluate the LHS of c :

{H[N ], H[M ]} |(γ,π) =
∫
d3x

(
δH[N ]

δγab(x)

δH[M ]

δπab(x)
− (N ↔ M)

)
(531)

Thus we need to evaluate two variations, namely δγH[N ] and δπH[N ] (where we can
anytime swtich N → M) where it is understood that δγ = δ

δγab
and δπ = δ

δπab . Also the
γij is taken independent from the πab.
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Variation with respect to 3−Conjugate Momenta

Using the definition of the Hamiltonian constraint from eq. (529), we get:

δπH[N ] = δπ

[∫
d3x

N
√
γ

(
πabπcdγacγbd − π2

2

)]

=
∫
d3x

N
√
γ

(
2πcdγacγbdδπ

ab − πδ
(
πabγab

))
=
∫
d3x

2N
√
γ

(
πab − 1

2πγab

)
δπab

(532)

Variation with respect to 3−Metric

Next we evaluate variation with respect to γab where we make use of variations derived in
Chapter 2.2.

δγH[N ] =
∫
d3xN

[
− (δγ

√
γ) (3)R− √

γδγ
(3)R+ δγ

(
1

√
γ

)(
πabπab − π2

2

)

+
1

√
γ

(
πabδγπab − πδγπ

)] (533)

We make use of the following results:

(i) δ
√
γ = 1

2√
γ δγ = γγabδγab

2√
γ =

√
γ

2 γ
abδγab

(ii) δ
(

1√
γ

)
= −1

2γ3/2 δγ = −1
2γ3/2γγ

abδγab =
−1

2√
γγ

abδγab

(iii) πab = πcdγacγbd ⇒ δγπab = γacγbd δγπ
cd︸ ︷︷ ︸

=0

+2πcdγbdδγac

(iv) π = πabγab ⇒ δγπ = γab δγπ
ab︸ ︷︷ ︸

=0

+πabδγab

Then eq. (533) becomes:

δγH[N ] =
∫
d3xN

−
√
γ

2 γabδγab
(3)R−√

γδγ
(3)R︸ ︷︷ ︸

Term A

− 1
2√

γ
γabδγab

(
πcdπcd − π2

2

)

+
1

√
γ
(2πabπcdγbdδγac︸ ︷︷ ︸
(b↔c)=2πacπb

cδγab

−ππabδγab)


(534)

We focus on term A:

Term A = −
∫
d3xN

√
γδγ

(
(3)Rabγ

ab
)
= −

∫
d3xN

√
γ
(
γabδ(3)Rab +

(3)Rabδγ
ab
)

(535)

We can write the second term as: (3)Rabδγ
ab = −(3)Rabγ

acγbdδγcd. We have already derived
for the first term appearing here in eq. (25) to get (in 3−D):

γabδ(3)Rab = −Da

[
Da

(
γbcδγbc

)
−Db (γacδγbc)

]
(536)
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Thus we have for term A (recalling that Daγij = 0):

⇒ Term A =
∫
d3xN

√
γ
[
Dc

{
Dc(γabδγab) −Da(γcbδγab)

}
+ (3)Rcdγ

caγdbδγab

]
=
∫
d3x

√
γ
[
(DcDcN) γabδγab − (DaDcN) γcbδγab +N

√
γ(3)Rcdγ

caγdbδγab

]
=
∫
d3x

[√
γ (DcDcN) γabδγab − √

γ
(
DaDbN

)
δγab +N

√
γ(3)Rabδγab

]
(537)

where we applied integration by parts when going from the first line to the second on the
first two terms on the RHS and ignored the boundary terms. Therefore using eq. (537)
in eq. (534), we get:

⇒ δγH[N ] =
∫
d3x

[
−
N

√
γ

2 γabδγab
(3)R+N

√
γ(3)Rabδγab +

√
γ (DcDcN) γabδγab

−√
γ
(
DaDbN

)
δγab − N

2√
γ
γab

(
πcdπcd − π2

2

)
δγab

+
N
√
γ

(
2πacπb

cδγab − ππabδγab

)]
(538)

Rearranging finally gives us:

⇒ δγH[N ] =
∫
d3x

[
N

√
γ

(
(3)Rab − 1

2γ
ab(3)R

)
− N

2√
γ
γab

(
πcdπcd − π2

2

)

+
2N
√
γ

(
πacπb

c − ππab

2

)
+

√
γ
{
(DcD

cN) γab −
(
DaDbN

)}]
δγab

(539)

Putting Together

We have successfully calculated the variations of the Hamiltonian constraint with respect
to the 3−metric in eq. (539) and its conjugate momenta in eq. (532). We use these two
equations in eq. (531) and simplify. One helpful observation is that there is a symmetry
between N ↔ M and thus any term that does not contain derivatives of N &/or M will
cancel out in eq. (531). Hence we need to only keep terms in eqs. (532, 539) where
derivatives of lapse function occurs while plugging in eq. (531). We have:

{H[N ], H[M ]}|(γ,π) =
∫
d3x

(
δH[N ]

δγab

δH[M ]

δπab
− (N ↔ M)

)
=
∫
d3x

{[(√
γ (DcD

cN) γab − √
γ
(
DaDbN

)) 2M
√
γ

(
πab − 1

2πγab

)]
− (N ↔ M)

}

= 2
∫
d3x


Mγab (DcD

cN)

(
πab − 1

2πγab

)
︸ ︷︷ ︸

Term B

−M
(
πab − 1

2πγab

)(
DaDbN

)
︸ ︷︷ ︸

Term C


−(N ↔ M)}

(540)
We apply once the integration by parts on terms B & C and ignore the boundary
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terms:
Term B =Mγab (DcD

cN)

(
πab − 1

2πγab

)
=M (DcD

cN)

(
π− 3π

2

)
= −Mπ

2 (DcDcN)

= + (DcN)Dc
(
Mπ

2

)
= (DcN) (DcM)

π

2︸ ︷︷ ︸
symmetric in N and M, thus cancels out

+M (DcN)Dc
(
π

2

)
(541)

and

Term C = −M
(
πab − 1

2πγab

)(
DaDbN

)
=
(
DbN

)
Da

[
M

(
πab

− 1
2πγab

)]
=

(
DbN

)
(DaM)

(
πab − 1

2πγab

)
︸ ︷︷ ︸

symmetric in ’a’ and ’b’, thus in N and M

+M
(
DbN

)
Da

(
πab − 1

2πγab

) (542)

Plugging eqs. (541, 542) in eq. (540), we get:

⇒ {H[N ], H[M ]}|(γ,π) = 2
∫
d3x

{[
M (DcN)Dc

(
π

2

)
+M

(
DbN

)
Da

(
πab − 1

2πγab

)]
−(N ↔ M)}

= 2
∫
d3x

{
M
(
DbN

)
γbd

(
Dcπ

cd
)

− (N ↔ M)
}

= 2
∫
d3x

[(
DbN

)
M −N

(
DbM

)]
γbdDcπ

cd

= 2
∫
d3x [(DbN)M −N (DbM)] γbdDcπ

c
d

= 2
∫
d3x [M∂bN −N∂bM ] γbdDcπ

c
d

(543)
Then we use the definition of the diffeomorphism constraints in eq. (529) to get:

⇒ {H[N ], H[M ]}|(γ,π) = −D
[
γbd (M∂bN −N∂bM)

]
(544)

But −D
[
γbd (M∂bN −N∂bM)

]
= +D

[
γbd (N∂bM −M∂bN)

]
, therefore we have proved

c :

⇒ {H[N ], H[M ]}|(γ,π) = D
[
γjk (N∂jM −M∂jN)

]
(545)

Proofs of a & b

We now prove a & b together. First we prove a general relation whose special cases
directly lead us to relations a & b .

General Result

We define:
f [M] ≡

∫
d3xMa1...an

b1...bm f̃a1...an
b1...bm(γij ,πij) (546)
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where f̃ is a function of phase space variables and M is independent of them. Then by
definition, we have:

⇒ f [LN⃗ M] =
∫
d3x

(
LN⃗M

a1...an
b1...bm

)
f̃a1...an

b1...bm(γij ,πij) (547)

We calculate the Poisson bracket
{

D[N i], f [M ]
}

|(γ,π) for a general f and as always,
keep ignoring the boundary terms whenever we apply integration by parts. We start using
the definition in eq. (528) to get:

{
D[N i], f [M]

}
|(γ,π) =

∫
d3x

[
δD

δγij(x)

δf

δπij(x)
− δD

δπij(x)

δf

δγij(x)

]
(548)

Using the variation of the diffeomorphism constraints with respect to the 3−metric γij

and its conjugate momenta πij from Appendix F, we have:

δD[N⃗ ]

δγij(x)
= −LN⃗π

ij(x), δD[N⃗ ]

δπij(x)
= +LN⃗γij(x) (549)

Therefore plugging eq. (549) in eq. (548) gives:

⇒
{

D[N i], f [M]
}

|(γ,π) =
∫
d3x

[
−
(
LN⃗π

ij
)(δf(M)

δπij

)
−
(
LN⃗

)
γij

(
δf(M)

δγij

)]

=
∫
d3xMa1...an

b1...bm

[
−
(
LN⃗π

ij
)(δf̃a1...an

b1...bm

δπij

)

−
(
LN⃗γij

)(δf̃a1...an
b1...bm

δγij

)] (550)

But f̃a1...an
b1...bm is a function of phase space variables, hence using chain rule, we have:

LN⃗ f̃a1...an
b1...bm(γij ,πij) =

(
LN⃗π

ij
)(δf̃a1...an

b1...bm

δπij

)
+
(
LN⃗γij

)(δf̃a1...an
b1...bm

δγij

)
(551)

Thus we get:

⇒
{

D[N i], f [M]
}

|(γ,π) = −
∫
d3xMa1...an

b1...bm

(
LN⃗ f̃a1...an

b1...bm(γij ,πij)
)

=
∫
d3x

(
LN⃗M

a1...an
b1...bm

)
f̃a1...an

b1...bm(γij ,πij)
(552)

where we applied integration by parts in the second line and ignored the boundary terms.
But from eq. (547), we identify the RHS to be f [LN⃗ M]. Thus we get the general result
to be:

⇒
{

D[N i], f [M]
}

|(γ,π) = f
[
LN⃗ M

]
(553)

for any general f defined in eq. (546).

Proof of a

We substitute f [M] = D[M⃗ ] in eq. (553) to get:{
D[N i], D[M⃗ ]

}
|(γ,π) = D

[
LN⃗M⃗

]
= −D

[
LM⃗ N⃗

]
= D

[
[N⃗ , M⃗

]
(554)
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Proof of b

We substitute f [M] = H[N ] in eq. (553) to get:{
D[N i], H[N ]

}
|(γ,π) = H[LN⃗N ] = H[N j∂jN ] (555)
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