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Abstract

In “Emergent Gravity and the Dark Universe,” Verlinde justifies a formula by
three different derivations. However, we discovered that all these three derivations
miss the same factor “2/3.” If this factor is taken into account, Milgrom’s constant
used in Verlinde’s emergent gravity must be given by cHy/9 = 0.76 x 107%m/s?
instead of Verlinde’s original value cHy/6 = 1.1 x 107'%m/s?, which roughly agrees
with 1.2 x 1071% m/s?, Milgrom’s constant used in Modified Newtonian Dynamics.
However, fitting galaxy rotation curves with Verlinde’s emergent gravity shows that
the most preferred value for Milgrom’s constant in Verlinde’s emergent gravity is also
0.76 x 1071%m /s?, smaller than its most preferred value in MOND. This confirms that
the missing factor 2/3 is real.

1 Introduction

Verlinde’s emergent gravity tries to answer the missing mass problem without supposing
dark matter by suggesting that Newtonian gravity fails in low gravitational accelerations
[1]. Like Modified Newtonian Dynamics (MOND), it can explain the Tully-Fisher relation,



as Verlinde showed himself. In Modified Newtonian Dynamics, Milgrom’s constant ayy,
given by 1.2 x 107'%m/s? plays a central role. It is the acceleration scale, for which
Newtonian gravity begins to fail, and it also appears in the Tully-Fisher relation. What
is remarkable about Verlinde’s feat is that he obtained the value of ap; in terms of the
Hubble constant. According to him, it is given by ¢Hy/6, which is about 1.1 x 107%m/s2.
Thus, he connected the accelerated expansion of our universe with galaxy rotation curves,
which have no obvious relation from the point of view of MOND.

In 2022, Park and us tested Verlinde’s emergent gravity by applying it to galaxy rotation
curves [2]. We found that Verlinde’s emergent gravity explains the galaxy rotation curves
well, but a somewhat lower value of ap; than cHy/6 is preferred. Nevertheless, we did not
check exactly which value fits the galaxy rotation curves the best.

In 2021, the current first author, found that the factor 2/3 was missing in two inde-
pendent passages in Verlinde’s emergent gravity paper but neglected to publish it. If this
factor is taken into account, the value of aj; must be reduced by the same factor, namely
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In this study, we ran our codes for the galaxy rotation curves again and found out that

exactly this value is preferred. This shows that it is indeed plausible that 2/3 factor is
missing.

The organization of this paper is as follows. In Section 2, we briefly introduce Verlinde’s
emergent gravity. In Section 3, we explain the first missing factor of 2/3 in Verlinde’s
equation. In Section 4, we explain the second missing factor of 2/3 in Verlinde’s equation.
In Section 5, we derive the corrected value of ajs based on the previous two sections. In
Section 6, we present a new argument that the missing factor 2/3 must be present. Those
who are not familiar with the details of Verlinde’s emergent gravity are encouraged to skip
Sections 3, 4, and 5 to start with this section. In Section 7, we show that galaxy rotation
curves fit the best with this reduced value of aps. In Section 8, we conclude our paper.

2 Very brief introduction to Verlinde’s emergent gravity

In 2011, Verlinde suggested “entropic gravity” [3]. He argued that gravity is an entropic
force. Let us explain what it is. A system always evolves into a configuration that has
a higher entropy. Therefore, it tends to move toward a position that has higher entropy.
Then, such a movement may apparently seem to be due to a force, but it is actually only
due to entropy. This is called the entropic force, a well-known concept in polymer physics.
By assuming the Bekenstein-Hawking entropy for the entropy associated with area,
Verlinde successfully derived Newton’s law of gravitation and the Einstein field equation.
In particular, the fact that the entropy is proportional to area results in Newton’s inverse
square law. However, it is not possible to prove entropic gravity by experiments, as its
theoretical prediction is exactly the same as Newtonian gravity and general relativity.



In 2017, Verlinde went further by suggesting emergent gravity [1]. He assumed that our
universe is de Sitter space. De sitter space has an event horizon, thus, also an associated
Bekenstein-Hawking entropy. Verlinde assumed that the de Sitter entropy is uniformly
distributed in our universe. In other words, if there is a volume, it contains entropy
proportional to the volume, due to the uniformly distributed de Sitter entropy. This volume
entropy competes with the area entropy introduced in 2011. For a large scale, the volume
entropy is relatively important compared to the area entropy, because the volume entropy
scales as 73, while the area entropy only as r?. Therefore, the gravitational acceleration
deviates from the inverse square law, because the volume entropy is no longer negligible.

3 The missing factor 2/3 in the first derivation

In (7.32) of [1], Verlinde tries to show
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Let’s calculate the integration on the left-hand side, following Verlinde’s logic. Using (7.31),
we have

/eg dV = /(Viva)de = /(v2x)2dv. (3)

Using (7.25), this is equal to
d—1)\2
= — | dV. (4)
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Plugging this back to the left-hand side of (1), we obtain
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which is different from (1) by the factor (d —1)/(d — 2).

4 The missing factor 2/3 in the second derivation

Let’s evaluate the left-hand side of (7.33):
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Using (7.20), we have
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where ag = cHp. Because ¢;; is proportional to d;;, as Verlinde remarks,
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Compared with the right-hand side of (7.33), the above formula has the extra factor (d —
2)/(d — 1). Thus, the same factor is missing in (7.34) as well.

5 The derivation of Milgrom’s constant

In (7.35), Verlinde proceeds as follows:

Op

/ uidAi = 7TlidAi (9)
oB ago

This leads to his (7.37), which is
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Since the right-hand side must be multiplied by (d — 2)/(d — 1), from
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and d = 4, we get
2 ag

Thus, we obtain ay; = ag/9 = cHy/9 instead of ap; = cHy/6.

6 The missing factor 2/3 in the third derivation

Instead of missing factor in Verlinde’s mathematical derivations discussed in our earlier sec-
tions, Verlinde also obtains Milgrom’s constant more heuristically, by a physical argument.
In this section, we discuss it and improve it.

As explained in Section 2, de Sitter universe has an entropy associated with volume. If
the de Sitter length scale is L, it is given by
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As this entropy is uniformly distributed, the entropy the volume V (r) = (47/3)r3 contains

is given by
Sds
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Spe(r)=V(r) (14)



Figure 1: u(L), the displacement at L is interpreted to be due
to the removal of Vy,, ., at the center.

Now, we explain the area entropy, which competes with the volume entropy. In the
presence of mass M at the center r = 0, the distance shortens by the general relativistic
effect. In turn, it shrinks the area A(r) (= 47r7°2), which leads to a decrease in area entropy.
The area entropy decrease due to the presence of mass M at distance r is given by

Sur(r) = —2”;1” T (15)

Sy (r) competes with Spg(r). If Sp(r) eats up all the volume entropy Spg(r) (ie.,
|Sar(r)| > Spe(r)), no volume entropy is left, so Newtonian gravity reigns. On the other
hand, if Sjp/(r) cannot remove all of Spg(r), volume entropy is present, which leads to the
deviation from Newtonian gravity. Here, we can introduce Vj(r), the volume that would
have contained |Sys(r)], by the following relation

Sas

Sy(r) = —VM(T)ﬁ.

(16)
Compare this with (14).

Verlinde, then, assumes that Sy/(r) removes the space and thus causes elastic displace-
ment. In fact, Sections 3 and 4 are based on the language of elasiticity. First of all, at the
horizon r = L, if there is a mass M present at r = 0, the position of the new horizon is
given by
r?2 2GM
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as the metric component must be zero at the horizon. Then, in the linear order, the horizon
position moves from L — L + u(L), where u(L) = —2GM. Verlinde, then, assumes that
the displacement u(L) is due to the removal of volume at the center. See Fig. 1. To derive
the right value of u(L), the removed volume at the center VLo Must satisfy the following
equation.

V*
w(L) = —%. (18)

If we calculate the value of Vj}mtal, we obtain
. 3
Vil = 5VM(L). (19)
(Recall the definition of Vj,(r) in (16).) Then, for u(r), the displacement u at position r,

Verlinde assumes that it is also due to the removal of volume. If we denote the removed
volume by V) (r), it satisfies

Var(r)
u(r) = — . 20
)= =50 (20)
He also assumes that the removed volume at the center is proportional to the entropy it
would have contained. Thus, we have

V() o< Sar(r). (21)
Combining with Sy (1) o< Vas(r), and (19), Verlinde obtains

Vii(r) = S Vi (r). (22)

However, instead of using such an assumption, it would be more natural to assume that
Var(r), the volume that would have contained the removed entropy, is removed at the
center, instead of V;;(r). Then, u(r) in (20) will be reduced by factor 2/3 as in (8). Then,
Milgrom’s constant will be reduced by the same factor as shown in Section 5.

7 Comparison with galaxy rotation curves

In [2], Park and us fitted galaxy rotation curves with Verlinde’s emergent gravity. We
assumed aps = ag/6 and considered two values of ag: de Sitter value, which is ag = cHy =
6.7 x 1071%m/s? and quasi de Sitter value, ag = 5.4 x 1071%m/s?, which was considered
in [4]. If apy = ap/6 is used, our value ap; = cHp/9 would imply ag = 4.5 x 1071%m/s2.
Indeed, in [2], we found that the quasi de Sitter value, which is closer to our value of ag
than the de Sitter value, fits galaxy rotation curves better. We repeated our earlier analysis
by changing ag. See Table 1. We see that ag = 4.55 x 10~%m /s? fits the best. In this case,
we have ag/6 = 0.76 x 107%m/s?, which coincides with cHy/9 = 0.76 x 10~ 1%m//s2.



ap (107%m/s?) 1 Lerr o Oerr
4.7 -0.005 | 0.002 | 0.130 | 0.002
4.6 -0.001 | 0.003 | 0.128 | 0.003
4.55 0.000 | 0.003 | 0.128 | 0.003
4.5 0.002 | 0.003 | 0.128 | 0.003
4.4 0.005 | 0.003 | 0.128 | 0.003

Table 1: Galaxy rotation curve fit for various ag. p and o denotes the mean and the
standard deviation of log;q(gobs/gver) Where gops is the observed gravitational acceleration
and gve; is the Verlinde predicted gravitational acceleration. We see that ag = 4.55 X
10~1%m/s? fits the best.

8 Conclusion

In this paper, we showed in three independent methods that the factor 2/3 is missing in
Verlinde’s formula. The first and second methods were due to apparent calculation errors,
and the third method was more subtle, involving assumptions in theory. However, the first
and second calculation errors are sufficient to theoretically prove that there should be an
additional factor of 2/3, regardless of the subtlety of the assumption regarding the third
method. Moreover, it has already been observationally proven that factor 2/3 must be
present there. Therefore, it is settled.
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