Referee 2:

This work is interesting and valuable. T am inclined to recommend it for publication; however, I have some technical
questions and invite the authors to clarify several issues that are unclear in the current version.

We are grateful to the Referee for reviewing our manuscript and for their positive comments. We address the
Referee’s questions below. All modifications in the manuscript appear in blue in the revised version.

1) In Appendix A.1, when going from Eq. (A.3) to Eq. (A.4), the authors perform an expansion of the exponential
term proportional to the velocity. However, the validity and physical meaning of this expansion are not discussed.
Could the authors clarify under what assumptions this expansion is justified ?

We thank the Referee for their suggestion to improve the clarity of the manuscript. The expansion in Eq. (A.3)
is mainly based on the separation of timescales between the fast cavity dynamics and the slow mechanical dynamics
(k> Qum), which is a central assumption throughout the manuscript. In the revised version of Appendix A.1, we now
provide a detailed derivation and explicitly state each approximation involved.

2) In Eq. (A.5), for the fluctuating part of the cavity field, the term proportional to the velocity is completely
neglected (i.e., the velocity of the oscillator does not appear in the fluctuations of the optical force), whereas in Eq.
(A.4) the linearized term proportional to the velocity is retained (and is indeed responsible for the optical damping).
Could the authors explain this asymmetry in the treatment of the velocity terms?

The apparent asymmetry in the treatment of these two velocity dependent terms is due to the difference in their
prefactors — the term in (A.4) is enhanced by the average cavity occupation, while that of (A.5) is proportional to
the occupation ng; of the electromagnetic environment. In the manuscript, we assume that the optical field has zero
thermal occupation nf}, ~ 0, or equivalently kgT'/hw. ~ 0 (see Appendix A.2). This approximation is valid even at
room temperature for optical frequencies, such as w., and is routinely applied in cavity optomechanics. We modified
Appendix A.2 to clarify this asymmetry in the treatment of the velocity.

3) Starting from Eq. (5), the Langevin equation, the authors derive the Fokker-Planck equation (Eq. (14)). Unlike
the simple Brownian motion case — where the damping coefficient and the force correlator are constants — here the
optical damping (Eq. (7)) and the fluctuation force (Eq. (A.10)) explicitly depend on the position x. It is therefore
not obvious that one can simply obtain Eq. (14) from Eq. (5) by replacing the damping and diffusion coefficients
with position-dependent functions. The formal derivation should involve the Kramers—-Moyal expansion (see Ref.
[40]). Could the authors provide a discussion of this point?

We agree that standard formal derivation of the Fokker-Planck equation exploit the Kramers-Moyal expansion
truncated at second order. As one can readily verify, for instance from Eq.(4.14) in Ref.[40], a position dependence
of the momenta does not change the result, and is perfectly compatible with the derivation. The main assumptions
involved in the derivation are that the stochastic force is (i) delta-correlated and (ii) Gaussian-distributed. In our
analysis, the condition €2, < k ensures that the optical force satisfies both assumptions, thus justifying the use of
the standard Fokker—Planck formalism.

Assumption (i): In Appendix A.3 of our manuscript, we analyze the fluctuations of the optical force acting on the
mechanical system. We show that, in the limit £2,, < &, the noise spectrum is approximately flat near the mechanical
resonance frequency, which is the frequency range of interest. This validates the approximation that the optical force
is effectively delta-correlated in time.

Assumption (ii): Furthermore, the fluctuations of the optical force occur with a typical timescale At = 27/k.
Since €2, < k, many such fluctuations occur within one mechanical oscillation period. This implies that the force
experienced by the mechanical oscillator results from the sum of many independent stochastic contributions. By the
central limit theorem, these fluctuations are expected to be Gaussian-distributed.

Thus, we believe that the Fokker-Planck equation presented in the manuscript is valid in the regime considered.
We added a sentence before the Fokker-Planck equation (14) to specify the validity conditions and refer to App. A.3,

where we now summarize the discussion above.

4) In Egs. (16) and (17), the authors introduce the concept of an “effective temperature.” However, it is not clear



how this definition is justified, given that Dy, (or better D,,;, the optical diffusion coefficient) and the effective
detuning are position-dependent functions, see Eq. 7 and Eq. 15. Could the authors clarify this point?

We thank the Referee for pointing this out. They are totally right. For the equilibrium condition to be valid, the
position dependence of the coefficients has to be negligible within the fluctuation range of the probability. We detail
this point in the revised version in Sec. 3.3. The condition is A = 2¢2/(Qx) < 1, that we assume in the numerics of
the paper.

5) The results shown in Figure 4 are very interesting. Would it be possible to include in the inset a cut at
Nmaz/Mimas larger than one?

We thank the Referee for the positive feedback. As suggested, we have included an additional curve in the inset
corresponding to the bistable regime. We modified the figure caption accordingly.

6) In Figure 4, the “second harmonic” is also shown. How was this curve obtained — numerically or through an
approximate analytical formula? Could the authors provide details?

The analytical expression for the first harmonic is given in the text, and the second harmonic is simply twice this
expression. We made more explicit in the figure caption and the main text that the yellow curves in Fig. 4 correspond
to analytical expressions.

7) In Figure 5, the average cavity occupation displays steep jumps. However, from Eq. (23), the integral involves
the product of Pst and a Lorentzian, both of which are smooth functions (see also Fig. 3 for Pst). Since only the
marginal distribution in x is needed to calculate this quantity, a smooth behavior would be expected. Could the
authors clarify this apparent discrepancy?

We thank the Referee for raising this important point. We begin by noting that the average of any observable,
say A(z,p,A) [where with A we indicate all other parameters|, is computed via an integral involving the distribution
P(z,p) such that A(A) = [dxdp P(x,p)A(z,p,A). The fact that A and P are both smooth functions of = and p is
not sufficient to guarantee that the average A is a smooth function of A. Typically A is a smooth function of A.
However, the same is not necessarily true of the distribution P, since it is obtained by solving a nonlinear equation,
which may undergo sudden changes — i.e. bifurcations — as the parameters are varied. These bifurcations can result in
abrupt changes in observable quantities, despite the smoothness of the probability distribution for fixed parameters.
We clarified this issue in the end of Sec. 5.1. in the revised version of the manuscript.



