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Abstract

In these lecture notes, we describe the current state-of-the-art for numerical simulations

of large-scale structure and galaxy formation. Numerical simulations play a central role

in the preparation and the exploitation of large-scale galaxy surveys, in which galaxies

are the fundamental observational objects. We first describe basic methods for colli-

sionless N-body dynamics that enable us to model dark matter accurately by solving

the Vlasov-Poisson equations. We then discuss simple methods to populate dark mat-

ter halos with galaxies, such as Halo and Sub-halo Abundance Matching techniques and

baryonification techniques for capturing baryonic effects on the matter distribution. We

finally describe how to model the gas component by solving the Euler-Poisson equations,

focusing on the foundational assumptions behind these equations, namely local thermo-

dynamical equilibrium, and the nature of the truncation errors of the numerical scheme,

namely numerical diffusion. We show a few examples of simulations of a Milky-Way-like

halo without cooling, with cooling and with star formation. We finally describe different

subgrid prescriptions recently developed to model star formation, supernovae feedback

and active galactic nuclei and how they impact cosmological simulations.
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1 INTRODUCTION

1 Introduction37

The purpose of this course is to give an introduction to the concepts and techniques used in38

the field of Numerical Cosmology to model the matter distribution in the Universe on large39

scales. This is particularly timely with the advent of multiple experiments aiming at mapping40

the distribution of galaxies to unprecedented accuracy. The Euclid satellite has been flying for41

a couple of years and is acquiring data for its first data release, while the Vera Rubin telescope42

is seeing its first photons and collecting giant images of the sky at the exact same time as our43

Summer school. In a slightly more distant future, the Roman space telescope will hopefully44

fly and contribute to this deluge of data that many call the Golden Age of cosmology.45

Given the shear volume of data, the term precision cosmology, usually reserved to obser-46

vations of the Cosmic Microwave Background (CMB) , can be now extended to large scale47

galaxy surveys. It turns out that precision cosmology is much more challenging in the realm of48

galaxy surveys than it is for the CMB. The key difference sits in the regime of the gravitational49

dynamics: matter fluctuations at the epoch of the last scattering are in the linear regime of50

the gravitational instability, while they are deep into the non-linear regime at the epoch of the51

galaxies we see today around us. This puts numerical methods at the center of the game and52

the associated numerical errors as an important source of systematic errors.53

In these lecture notes, we will unfortunately only graze the surface of the huge amount54

of material one has to cover to become an expert in numerical cosmology. We suggest the55

interested reader to read additional material in these famous textbooks or follow the trail of56

references mentioned later in the manuscript.57

• The Large-Scale Structure of the Universe by P. J. E. Peebles58

• Galaxy Formation and Evolution by H. Mo, F. van den Bosch, and S. D. White59

• Modern Cosmology by S. Dodelson60

• Galaxy Formation by M. S. Longair61

• Cosmologie: Des Fondements Théoriques aux Observation by J. P. Uzan (in French)62

This course will be divided into 4 parts, each associated with one lecture during the Sum-63

mer school:64

1. Collisionless N body Dynamics65

2. From Dark Matter Haloes to Galaxies66

3. Baryonic Physics and Hydrodynamics67

4. Stars, Black Holes and Feedback68

The first part covers the foundation of dynamics of dark matter, which we believe is mostly69

collisionless. We will detail the master equations describing its evolution across cosmic ages,70

together with simple approximations such as Eulerian and Lagrangian perturbation theories71

and the spherical collapse model. The second part will describe numerical techniques used to72

detect automatically the building block of the Universe in the non-linear regime of the gravita-73

tional instability, namely dark matter haloes. These halo finders are fundamental tools to turn74

these complex simulations into mock galaxy catalogs used to prepare and interpret observa-75

tions. These catalogs can be "observed" by a virtual telescope using the "light cone" technique.76

Once we have these halo catalogs, we can populate them with galaxies using simple "galaxy77

painting" techniques that turns out to be surprisingly accurate. We will cover in particular78
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abundance matching, regulator modelling and semi-analytical modeling. These techniques79

are useful for quick simulations of the galaxy population but cannot replace direct hydrody-80

namical simulations of the baryonic (gaseous) component. In the third part, we will describe81

in details the equations governing the dynamics of baryons, namely the Euler equations, as82

well as key physical processes such as radiative cooling and heating. These ingredients allow83

in principle the self-consistent formation of galactic disks from first principles, which is a very84

exciting and very ambitious goal of numerical cosmology. Unfortunately, we now know better.85

Our last chapter will cover the formation of stars and black holes and the associated numer-86

ical methods. These processes are obviously not resolved by our cosmological simulations.87

This is why we refer to these ingredients as "subgrid models". It turns out that modeling the88

formation of stars and black holes and in particular their associated energy and momentum89

feedback mechanism is fundamental to cosmology on large scales. This feedback loop couples90

sub-parsec scales to mega-parsec scales and affect directly the cosmological signal we would91

like to extract from these galaxy surveys. This is the realm of baryonic effects that act as a very92

serious systematic effects on the large scale distribution of matter in the Universe. Finally, our93

conclusion will cover very briefly some missing aspects such as non-standard model of gravity94

and dark matter and their associated numerical techniques.95
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2 Collisionless N-body Dynamics96

2.1 Introduction97

In this first chapter, we describe numerical techniques used to model the dynamics of dark98

matter in the expanding Universe. Dark matter particles are modeled as a collisionless fluid,99

following the so-called Vlasov-Poisson equations [1,2]. The theoretical background leading to100

the proper justification of the validity of the Vlasov-Poisson approach is highly non-trivial and101

has been covered elsewhere [3]. In summary, in order to have a proper collisionless system102

of N particles, with N very large, one has to fulfill two main conditions: 1- The gravitational103

acceleration on each particle has to be dominated by the long-range, mean or fluid gravita-104

tional field contribution, and the short-range, two-body contribution should be negligible, and105

2- The initial particle distribution should have no spatial correlations, meaning the 2-points106

probability distribution function (PDF) is just the product of both one-point PDFs. The second107

condition is less known and can prove problematic for N body codes [4,5].108

We can write the Vlasov-Poisson system as109

@ f

@ t
+ v · @ f

@ x
+ g · @ f

@ v
= 0 (1)

where f is the distribution function, that gives the number of particles per phase space volume110

element:111

dN = f (x, v, t )d3
xd

3
v (2)

and g is the mean field gravitational interaction provided by the solution of Poisson’s equation112

113

�� = 4⇡G⇢ and g = �r� (3)

The right-hand side of Poisson’s equation features the gravitational constant G and the fluid114

dark matter mass density defined as the first velocity moment of the distribution function as115

⇢ (x, t ) = mdm

Z
f (x, v, t )d3

v (4)

We unfortunately don’t know the dark matter particle mass mdm or any other of its fundamen-116

tal properties [6] but we can absorb this constant in the definition of the distribution function117

substituting f ! mdm f . Even though we failed to detect it in any laboratory experiment so118

far [7,8], the most popular dark matter particle candidate is the WIMP as Weakly Interacting119

Massive Particle. Its large mass allows us to assume its initial distribution in phase space is120

an infinitesimally thin sheet with zero “temperature”, meaning in this case the phase-space121

distribution is a delta function in velocity space. These cold dark matter model, together with122

a few key parameters describing the expansion rate of the Universe across cosmic ages, are123

the core ingredients of the popular Lambda Cold Dark Matter model or LCDM for short.124

2.2 Vlasov-Poisson in Phase-Space125

The most natural numerical technique for solving the Vlasov-Poisson equations is to discretize126

phase space into volume elements defined as127

Vi, j = [xi�1/2, xi+1/2]⇥ [v j�1/2, v j+1/2] (5)

with a constant mesh size�x = xi+1/2� xi�1/2 and�v = v j+1/2� v j�1/2. The time evolution128

of the distribution function can be discretized using a conservative formulation as:129

f
n+1

i, j
= f

n

i, j
� �t

�x
(Fi+1/2, j � Fi�1/2, j)�

�t

�v
(Gi, j+1/2 �Gi, j�1/2) (6)
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where time is also discretized using t
n+1 = t

n +�t . The intercell fluxes can be computed130

using a simple first-order upwind scheme as:131

Fi+1/2, j = v j fi, j if v j > 0 or Fi+1/2, j = v j fi+1, j if v j < 0 (7)

and132

Gi, j+1/2 = gi fi, j if gi > 0 or Gi, j+1/2 = gi fi, j+1 if gi < 0 (8)

Note that in the previous equations, we have used the fact that the acceleration depends only133

on the position g(x, t ) which is why our N body system is symplectic, or in other words its134

Hamiltonian is separable. We still need to compute the acceleration at each time step using135

any of the field solvers we discuss later in this Chapter.136

The upwinding for the flux functions is a crucial aspect of advection schemes. This ensures137

that the numerical solution will remain positive and the time integration stable. Indeed, it is138

easy to show that for constant v and g with v > 0 and g > 0, the previous numerical update139

can be written as:140

f
n+1

i, j
= f

n

i, j

Å
1� �t

�x
v � �t

�v
g

ã
+ f

n

i�1, j

�t

�x
v + f

n

i, j�1

�t

�v
g (9)

which is a convex combination of the solution at time n, provided the time step satisfies the141

Courant stability condition:142

�t

Å
v

�x
+

g

�v

ã
< 1 (10)

This simple scheme is only first-order accurate. It suffers from numerical errors (also called143

numerical diffusion) depending on the phase-space resolution (�x ,�v) but also on the phase-144

space boundaries via vmax and gmax. Higher order methods featuring polynomial reconstruc-145

tion of the distribution function at the cell edges can greatly improve the quality of the solu-146

tion [9, 10]. In the context of LCDM, however, initial conditions are singular and the razor147

thin sheet in velocity space is a challenge for classical phase-space solvers.148

Another challenge for phase-space solvers is the sheer dimensionality of the problem. If149

we aim at Nx = Nv = 32 resolution elements per dimension, which is clearly not glorious,150

this translates into N = N
3

x
N

3

v
elements in phase space or 1 billion cells. The overall compu-151

tational cost scales as max(Nx , Nv)O(N), owing to the Courant stability condition. The most152

spectacular example of Vlasov simulations can be found in [11].153

A new interesting technique has been developed recently by [12] trying to follow the dy-154

namics of this thin manifold directly in phase-space. The resulting code works beautifully at155

early times when the sheet is folding over itself a small number of times [13]. As time goes156

by, unfortunately, the number of sheet folding increases exponentially, rendering the method157

intractable.158

2.3 Vlasov-Poisson using Particles159

Even if recent advances in supercomputing power would allow one to implement the previous160

phase-space solvers, particle-based methods have proven superior and easier to implement161

in practice [14]. Particle methods sample phase-space using point masses defined by their162

coordinates in phase space at time t
n:163

�
x

n

p
, v

n

p

�
p=1,N

(11)

where now N stands for the total number of particles. Particle positions and velocities are164

updated using the equation of motion:165

dxp

dt
= vp and

dvp

dt
= gp (12)
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where the time derivative is now the Lagrangian time derivative, which is the time derivative166

of the corresponding quantity while moving with the particle, as opposed to the Eulerian time167

derivative, which is the time derivative of the corresponding quantity at a fixed point in phase-168

space. The acceleration gp is also the gravitational acceleration at the position of the particle.169

In particle methods, the gravitational acceleration can be computed using various field solvers170

described below.171

Note that these particles have nothing in common with actual dark matter particles. They172

are discrete macroscopic mass element sampling an initial region of phase-space and subse-173

quently moving as a single giant point mass. This discrete Lagrangian view is pretty far from174

the correct fluid description of dark matter and various discreteness effects are cause for con-175

cern.176

On the positive side, however, particles allow a straightforward description of a razor-thin177

sheet in phase-space. We only need to populate a lattice of N = N
3

x
particles with say Nx = 32,178

which translate in having only 32’768 resolution elements, compared to 1 billion for the phase-179

space solver. The velocity of each particle can be set in the initial condition, effectively defining180

the geometry of the razor-sheet phase-space manifold.181

2.4 Field Solvers182

Solving for Poisson’s equation requires different strategies whether one uses a particle-based183

or a cell-based approach. In the former, the gravitational acceleration felt by a single particle184

p can be obtained straightforwardly using a direct summation method as:185

gp(xp) = �Gm

X

q 6=p

xp � xq

��xp � xq

��3
(13)

where m is the mass of the macro-particles. The simplicity and the accuracy are its two main186

advantages. But this direct summation approach suffers from two major issues. First, its187

costs is not sustainable for very large values of N. Indeed, the algorithmic complexity scales188

as O(N2), since for each particle p, we have a loop over all other particles q . Second, if 2189

particles come arbitrarily close to each other, the resulting binary interaction will dominate190

over the mean field acceleration. We will therefore violate the first condition for the system to191

be collisionless and ruin the validity of the Vlasov-Poisson equation. The second problem can192

be fixed using a softened gravity defined as:193

gp(xp) = �Gm

X

q 6=p

xp � xq

��xp � xq

��3 + ✏3

(14)

where ✏ is the so-called softening parameter. In computational cosmology, it is traditionally set194

to ✏ =�x/50 where�x is the spacing of the initial particle lattice. This number is obviously a195

free parameter that needs to be adjusted depending on the exact nature of the initial conditions196

and on the number of particles.197

If one wants to speed up direct summation of the gravitational interactions, the method of198

choice is the Tree Code (Barnes-Hut algorithm [15]). The idea of the tree code is to decompose199

the computational space in a recursive octree. Each cell of the octree is subdivided in 8 new200

cells (hence the name octree) until it contains a small enough number of particles, say less201

than 32. Starting from the leaf cells upward towards the tree trunk, a single cell covering the202

entire computational domain, the octree accumulates in each cell its mass, center of mass and203

even higher order multipoles.204

The multipole expansion is used during the acceleration calculation by grouping distant205

particles into their parent tree cells, according to a tree cell opening criterion. If a tree cell is206
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too close to the particle whose acceleration is being computed, the tree cell is opened and the207

process is repeated with the children tree cells. Nearby cells are opened until individual particle208

are exposed and their contribution to the acceleration is identical to the direct summation.209

Distant cells, however, contribute to the acceleration via a multipole expansion of the potential,210

therefore speeding up drastically the computation compared to the direct summation method.211

The algorithmic complexity of the Tree Code is O(N ln N), the exact number of operations212

depending on the opening criterion.213

The Fast Multipole Method variant (Greengard-Rokhlin algorithm [16]) is even more ef-214

ficient as it does not only consider interactions between octree cells and particles but also215

cell-cell interactions. It also makes use of a multipole expansion of the acceleration, not just216

the mass distribution. The algorithmic complexity is theoretically O(N), but again the exact217

number of calculations depends on the details of the mass distribution.218

For the phase-space solver, the natural approach is to solve directly Poisson’s equation on219

the same grid as the one we used to define the mass density. We have N = N
3

x
cells of size220

�x for which the density is ⇢i where each cell is labeled by index i. We then approximate the221

Laplace operator using a Finite Difference (FD) approximation which reads (shown here only222

in 1D):223
�i+1 � 2�i +�i�1

�x2
= 4⇡G⇢i (15)

We therefore need to solve a linear system of equation that requires O(N2) operations if one224

uses the traditional Gauss elimination strategy, which is obviously very inefficient. The Con-225

jugate Gradient method works better in this case (since we have a symmetric positive definite226

matrix) and gives us a faster time-to-solution with an algorithmic complexity of O(N) per it-227

eration. The Conjugate Gradient is indeed an iterative method, the problem being here that228

the number of iteration depends on the condition number of the matrix, which for Poisson’s229

equation depends on the grid resolution. So the number of iterations required to reach a cer-230

tain convergence criterion increases with the grid resolution, resulting in an increased cost of231

O(N4/3).232

The real game changer in this context is the Fast Fourier Transform. This algorithm, in-233

vented by Cooley and Tukey [17] in the mid-sixties, allows one to perform the Fourier trans-234

form on a discrete grid in O(N ln N) operations. It is based on an odd-even recursive division235

of Fourier modes. This technique is particularly suited to our FD approximation of the Laplace236

operator, since its Fourier transform becomes a diagonal matrix, trivial to invert:237

� 4

�x2
sin

2

Å
k�x

2

ã
�̂k = 4⇡G⇢̂k (16)

The gravitational acceleration is obtained similarly using a FD approximation of the gradient238

operator as:239

gi = �
�i+1 ��i�1

2�x
(17)

For very large grid size, however, the N ln N scaling can become prohibitive. A faster algorithm240

has been proposed by Brandt called Multigrid [18]. Multigrid is another iterative method ex-241

ploiting a hierarchy of grid of different resolution (similar to the octree described above) with242

interpolation and averaging operators allowing the solution to converge quickly at different243

scales using a so-called Jacobi smoother. The Multigrid method scales as O(N) and outper-244

forms the FFT for large N.245

2.5 The Particle-Mesh Method246

Given the speed of the FFT or the Multigrid method, it is tempting to use those field solvers247

for particle-based methods too. This is the main motivation at the origin of the Particle Mesh248
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(PM) method [14], for which the following sequence of operators is applied:249

1. Deposit the particle masses onto the mesh and compute the grid-based density field250

2. Solve for Poisson’s equation on the mesh (FFT, FMM or Multigrid)251

3. Compute the acceleration on the mesh252

4. Interpolate the grid-based acceleration at the particle positions253

The two critical steps of the PM scheme are 1- mass deposition and 4- force interpolation. For254

this, we need to provide a way to represent the density and acceleration field as continuous255

fields, so that they are defined everywhere in space, not just at the discrete set of mesh points.256

The traditional method for accurate interpolation is based on spline interpolants. The density257

and acceleration at any point in space x are given by:258

⇢(x ) =
pX

i=0

⇢i B
p(x � xi) and g (x ) =

pX

i=0

gi B
p(x � xi) (18)

where the sum is over the p + 1 basis elements of the piecewise spline polynomials of degree259

p. The spline coefficients ⇢i are obtained by projecting the particle distribution onto the spline260

basis using the standard inner product for polynomials, namely261

⇢i =
NX

p=1

Z
B

p(x � xi)�(x � xp)dx (19)

and � is the Dirac distribution centered on each particle. Standard mass deposition schemes262

are Cloud-In-Cell (p = 1), Triangular-Shaped-Cloud (p = 2) and Piecewise-Cubic-Spline263

(p = 3). The higher the polynomial degree, the more basis elements and therefore mesh264

points are involved in the interpolation. The higher cost comes usually with the benefits of a265

less noisy density field and a more isotropic gravitational acceleration.266

Many hybrid methods have been developed combining these different techniques, such as267

the Particle-Mesh/Particle-Particle method [19] (P3M) or the Tree Code [20] or the Tree/Particle-268

Mesh method [21] (TPM) or the Adaptive Particle-Mesh method [22, 22] (APM), combining269

fast field solvers (usually based on FMM or Multigrid) and high force accuracy (using adaptive270

mesh refinement or small force softening).271

2.6 Symplectic Time Integrators272

Once we know the gravitational acceleration at the position of each particle, we need to inte-273

grate the equation of motion. This is not such an obvious task, as we would like to preserve274

one key property of symplectic N body systems, namely the strict conservation of energy. For275

sake of simplicity, we will consider here the harmonic oscillator, the archetypical symplectic276

system. The equation of motion write in this case:277

dv

dt
= �!2

x and
dx

dt
= v (20)

The simplest time integration is given by the Forward Euler scheme by:278

v
n+1 = v

n �!2
x

n�t and x
n+1 = x

n + v
n�t (21)

We can try and compute the total energy at time t
n+1 = t

n +�t as:279

E
n+1 =

1

2
(vn+1)2 +

1

2
!2(xn+1)2 = E

n
�
1+!2�t

2
�

(22)



2.6 Symplectic Time Integrators 2 COLLISIONLESS N-BODY DYNAMICS

We see that the energy of each particle is increasing by the factor 1+!2�t
2 every time step,280

which is an undesirable numerical effect. The consequence will be that particle orbits will281

never remain bound and our collisionless system will forever expand. A very simple fix can be282

found using a minor modification of the previous scheme called Symplectic Euler:283

v
n+1 = v

n �!2
x

n�t and x
n+1 = x

n + v
n+1�t (23)

We see that instead of a single step where we update both the velocity and the position together,284

we now update first the velocity alone, performing the so-called kick step, followed by the drift285

step, during which we update the position alone, using the new velocity instead of the old one.286

We now define a modified total energy, also know as the shadow Hamiltonian as:287

E
0 =

1

2
v

2 +
1

2
!2

x
2 +

1

2
!2

x v�t (24)

It is easy to show that Symplectic Euler satisfies (left to the reader as an exercise):288

(E0)n+1 = (E0)n (25)

Such a time integrator is called symplectic [23] because it conserves exactly a first-order ac-289

curate approximation of the true total energy. By combining the proper sequence of kick and290

drift steps, one can design higher order symplectic schemes, such as the famous Leap Frog or291

Verlet Scheme [24,25]:292

v1 = v
n �!2

x
n�t/2 (26)

x
n+1 = x

n + v1�t (27)

v
n+1 = v1 �!2

x
n+1�t/2 (28)

which features an intermediate velocity state noted here v1 at the half time step t
n +�t/2.293

One can show that the Leap Frog scheme conserves exactly the following second-order shadow294

Hamiltonian (left to the reader as a more difficult exercise):295

E
0 =

1

2
v

2 +
1

2
!2

x
2 � 1

8
!4

x
2�t

2 (29)

Another scheme is Yoshida’s Fourth-Order Scheme [26] which writes296

v1 = v
n �!2

x
n
�

2
�t (30)

x1 = x
n + v1��t (31)

v2 = v1 �!2
x1

1� �
2
�t (32)

x2 = x1 + v2(1� 2�)�t (33)

v3 = v2 �!2
x2

1� �
2
�t (34)

x
n+1 = x2 + v3��t (35)

v
n+1 = v3 �!2

x3

�

2
�t (36)

where the constant � ' 1.351207 is the real root of the polynomial �1+6��12�2+6�3 = 0.297

The interested and highly motivated reader can try and find the corresponding shadow Hamil-298

tonian, using the Baker–Campbell–Hausdorff expansion. Note however that the intermediate299

states use negative time steps, an annoying property shared by all symplectic integrators of300

order strictly higher than 2.301
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These results have been derived for the simple case of the harmonic oscillator, but they302

can be generalized to any collisionless N body system, as long as the acceleration depends303

only on the particle positions and the corresponding dynamics is symplectic. An interesting304

consequence of the strict conservation of the modified energy is the unconditional stability of305

symplectic schemes. The choice of a small enough time step is only motivated by accuracy,306

not by stability. This is a major difference with the phase-space upwind scheme we derived307

earlier, where stability is the decisive factor controlling the size of the time step. The attentive308

reader may have noticed that the 3 symplectic schemes we have presented in this section are309

all time reversible. Indeed, if we perform a new time integration starting with the final particle310

positions and velocities and reverting the time step from �t to ��t , we obtain exactly the311

initial particle positions and velocities. This is another specific property of symplectic time312

integrators.313

2.7 High Performance Computing314

The different techniques we have presented in this Chapter have been implemented in multiple315

codes over the last 4 decades. The most recent implementations of the tree code, especially316

the FMM variant, are available in the GADGET [27] and PKDGRAV [28] codes. These codes317

have different versions, mostly a massively parallel implementation using the Message Passing318

Library (MPI) or OpenMP compiler directives, and a Graphical Processing Unit (GPU) imple-319

mentation on modern architecture such as NVidia chips. The most recent implementations of320

the P3M code are available in the HACC [29] and ABACUS [30] codes. They also take advan-321

tage of the most recent GPU architectures. The most recent implementations of the Adaptive322

PM code are available in the RAMSES [31], ENZO [32] and ART [33] codes. Note that only a323

fraction of these N-body codes have also coupled hydrodynamics solvers, as discussed in the324

third Chapter. Most of these codes are also Open Source and can be freely downloaded from325

GitHub or BitBucket repositories.326

Cosmological simulations require very large supercomputers. Two types of simulations327

are usually necessary to prepare and extract the scientific exploitation of large galaxy surveys.328

The first type, called grand challenge runs, features one (or a few) gigantic simulation that329

provides both good mass and spatial resolution and very large simulated volumes. Upcoming330

surveys aim at resolving galaxies down to 1/10 of the mass of the Milky Way, requiring a par-331

ticle mass resolution of m ' 10
9 M� (with a minimum of 100 particle per halo). A box size332

of 200 Mpc/h corresponds to a simulation of 1024
3 or 1 billion particles. This is too small of333

volume for any type of reasonable cosmological application. For example, the Euclid Flagship334

simulation performed with the PKDGRAV code has a box size of 3.6 Gpc/h and 16000
3 or 4 tril-335

lion particles. The second type, called simulation suites, performed a large number of smaller336

runs. For example, the AbacusSummit simulation suite produced almost 140 simulations with337

6000
3 particles and 2 Gpc/h box sizes, using the ABACUS code.338

Historically, it is interesting to analyze the growth of the number of particles simulated as339

a function of the publication year. It is a clear exponential growth with doubling the number340

of particles every year. This is very fast, faster than Moore’s law describing the growth of341

the number of floating point operations per seconds on the best supercomputers available342

that same year. The reason is now well known: Each decade has seen the advent of a new343

computer architecture (scalar computers in the 80s, vector computers in the 90s, massively344

parallel computer’s in the 2000s and now GPU computers in 2010s until now) but also of a345

new N-body algorithm (PP (direct N-body) in the 70s, PM and P3M in the 80s, Tree code in346

the 90s, Adaptive PM in the 2000s, FMM and Multigrid in the 2010s), with scaling improving347

steadily from O(N2) to O(N ln N) and finally to O(N).348
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2.8 Systematic Effects and Numerical Errors349

Now that we understand better the challenges of the stability, accuracy and computational cost350

of different N-body methods, we will discuss briefly possible systematic errors to have in mind351

when trying to compute accurate theoretical predictions. We have very few rare example of352

analytical predictions that can be used to test numerical codes. The best method so far, deep353

into the non-linear regime where analytical predictions do not exist, is to compare the predic-354

tions of different codes using different techniques. As illustrated by [34] and [35], existing355

high-resolution methods seems to agree with the linear regime on large scale and seems to356

agree with each other on small scale to better than 1% up to a wavenumber k ' 10 h/Mpc.357

At smaller scales, details in the time integrators or in the field solvers start to differ enough358

so the inherently chaotic dynamics make the different solutions diverge. It is still unclear if359

N-body codes could be made to agree on such small scales.360

Another source of systematic errors is that fact that most (if not all) N-body code are non-361

relativistic. A notable exception is the GEVOLUTION code [36] that can deal properly with362

all relativistic corrections of large scale structure formation. The danger here is to create363

an artificial difference between the linear predictions of relativistic, multi-fluid Boltzmann364

solvers (such as CAMB [37] or CLASS [38]) and the predictions of N-body code on large365

scales, where linear theory is valid. In order to correct for this spurious effect, one has to366

rely on techniques such as backscaling or even include as an additional smooth background367

component the relativistic perturbations (photons, neutrinos and metric) directly into the N-368

body solver (see [39–41]).369

Finally, at very small scales, close to the initial particle lattice Nyqvist frequency kNyq '
⇡
�x

,370

particle discreteness effects produce spurious results in key observables such as the power371

spectrum or the bi-spectrum. A pragmatic approach could be to just ignore all modes beyond372

say half of the Nyqvist frequency, literally ignoring modes that required so much computing373

power to obtain. Another approach is to use particle linear theory, dealing explicitly with374

spurious modes introduced by the crystal-like structure of the initial particle lattice, and correct375

them in the power spectrum [42]. This very sophisticated approach, combined with additional376

tricks detailed in other lectures of the book, allows one to exploit N-body data all the way down377

to the Nyqvist frequency [43].378

2.9 Beyond N-body379

Finally, we will discuss an important line of products produced by modern N-body simula-380

tions, namely alternative models to LCDM. Modified gravity theories such as MOND [44] or381

f (R) gravity [45], rely on a non-linear version of Poisson’s equation [46–48]. Future large-382

scale galaxy surveys have in principle the power to detect any small deviation from Newtonian383

gravity embedded in the standard Einstein theory of gravity. Being able to interpret these po-384

tential deviations requires to have codes producing accurate predictions within the framework385

of these alternative models of gravity. The main technical difficulty here is that non-linear386

modifications of Poisson’s equation prevent us from using traditional Green’s function convo-387

lution approaches such as FFT, tree code or FMM. The only method that we can use in this388

context is the non-linear version of the Multigrid method.389

Other alternative models of LCDM explore the possibility for dark matter to be self-interacting390

(SIDM) [49] or made of very light bosons (Fuzzy Dark Matter, FDM) [50]. These models391

require different levels of modification of the basic N-body method outlined in this Chapter.392

SIDM models need to implement some kind of collision tracking, remove momentum or energy393

during each event [50]. FDM models need to solve the Schroedinger-Poisson equations [51],394

which share a surprisingly large number of properties with Vlasov-Poisson, with however a395

key difference in the numerical requirement to resolve spatially and temporally the dynam-396
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ics of the wave function. These methods give interesting predictions at small scales, offering397

interesting alternative to LCDM in case future observations reveal possible deviations in the398

dark matter dynamics.399
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Figure 1: Color rendering of the dark matter particle distribution from a N-body
simulation of a LCDM model. Dark matter halos are visible as clumps of different
sizes. The color coding follows the mass of the halos, with large halos appearing
redder and small halos appearing bluer. The characteristic filamentary structure of
the Cosmic Web is striking. Simulation credit: RAMSES. Image credit: S. Colombi.
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3 Halos Finding and Mock Galaxy Catalogs400

3.1 Introduction401

N-body simulations provide an invaluable insight into the non-linear dynamics of dark mat-402

ter. On large scale, matter is organized in sheets and filaments interconnected in a so-called403

Cosmic Web. While cosmic voids are the most salient features in term of volume, most of the404

mass in the Universe accumulates at the nodes of the filaments in dense compact clumps called405

“halos”. Although cosmic voids, filaments and walls are also non-linear objects whose dynam-406

ics and detailed structures are still the topics of intense research [52], the evolution of the407

gravitational instability deep into its non-linear regime is traditionally described using a halo-408

based model, or in short the “Halo Model” [53]. Another strong motivation for adopting this409

discrete, halo-centric view is the connection to the galaxy population. Observational cosmol-410

ogy (also known as extragalactic astronomy) is indeed based mostly on the statistical analysis411

of the properties and spatial distribution of distant galaxies. Constraining the cosmological412

model using past, on-going and future large galaxy surveys requires to predict the position413

and luminosity of the entire galaxy population. Our current view is that each dark matter halo414

hosts a central galaxy at its center, and several smaller satellite galaxies in its outer regions.415

Predicting the exact positions and properties of galaxies within their host halos would require416

to understand the process of galaxy formation. This is an entirely different ball game that we417

will discuss in the next chapter. Intermediate solutions, such as “abundance matching” [54] or418

“semi-analytical models” [55] allow us to produce very realistic mock galaxy catalogs without419

the need for full physics modeling of galaxy formation. Combined with N-body simulations,420

this simplified, halo-based approach of galaxy formation, allows to produce very accurate the-421

oretical predictions for galaxy clustering and weak lensing.422

3.2 Spherical Collapse and the Virial Theorem423

An exact and commonly accepted definition of dark matter halos has surprisingly not emerged424

yet. There is a rough agreement on the quantitative properties of dark mater halos, but these425

properties can vary depending on the context. The formation of dark matter halos can be426

described theoretically using several powerful analytical tools: 1- thshe spherical collapse427

model [56], 2- the Press & Schechter (PS) statistical theory [57], 3- the Navarro, Frenk & White428

(NFW) density profile [58]. These analytical models are unfortunately only approximate and429

need to be calibrated using N-body simulations. We can also adopt a more pragmatic approach430

and use various numerical algorithms to define halos directly in these non-linear simulations.431

We will discuss these different aspects here, and use this discussion as a motivation for a pro-432

posal of a strict definition of dark matter halos that can be hopefully adopted by the community433

once and for all.434

The spherical collapse model considers an initial spherical region of constant overdensity�i435

and comoving radius R. This region will collapse at (or before) time t if its initial overdensity436

linearly extrapolated at time t satisfies:437

� =
D
+(t )

D+(ti)
�i > �c =

3

5

Å
3⇡

2

ã2/3

' 1.686 (37)

where D + (t ) is the linear growth rate of the initial perturbation in the adopted cosmology.438

Note that the previous formula is valid only for an Einstein-de Sitter Universe (⌦m = 1). The439

value is �c ' 1.675 for the LCDM model. The final halo mass is the Lagrangian mass of the440

initial region:441

M =
4⇡

3
⇢mR

3 (38)
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where ⇢m = ⌦m⇢c is the average mass density in the Universe and ⇢c is the critical density.442

The spherical collapse model only predict the trajectory of spherical shells until the collapse,443

defined as the time where the density becomes infinite. In order to estimate the density of the444

halo after the collapse, the spherical collapse model uses a rather fallacious argument based445

on the following story. In reality, the collapse is not spherical and the density is not strictly446

uniform. The collapse leads to a complex process called “violent relaxation” during which447

the dark matter particles are redistributed in phase-space into an equilibrium configuration448

where the velocity dispersion of the particles balances the gravity of the halo. This thermal449

equilibrium is described by the virial theorem, that states that an isolated system in equilibrium450

must satisfy 2K +U = 0 where K is the particle kinetic energy and U is the halo gravitational451

potential energy. Although the spherical collapse model cannot describe this final relaxed452

state, it however briefly cross the point 2K+U = 0 when the uniform density of the collapsing453

sphere is:454

⇢vir = 18⇡2⇢c ' 178⇢c = 178⇢m (39)

This last formula being valid only for an Einstein-de Sitter Universe for which ⇢m = ⇢c . For455

LCDM, we have ⌦m ' 0.3 and the virial overdensity is (see e.g. [59]):456

⇢vir ' 101⇢c = 337⇢m (40)

Numerical simulations tell us a different story. Dark matter halos do not form out of the mono-457

lithic collapse of a spherical homogeneous sphere. Interestingly, dark matter halos appear to458

be indeed in relatively good virial equilibrium in their inner regions. Virial equilibrium is a459

condition for equilibrium of a spherical isolated system between the kinetic energy and the460

potential energy.461

2Ekin + Egrav = 0 or V
2

circ
' GM

Rvir

(41)

where Vcirc is the average rms velocity of dark matter particles. If these particles are on circular462

orbits, this is their orbital velocity. Hence, we call this velocity the circular velocity Vcirc.463

Under virial equilibrium, the dark matter density remains roughly constant and the mean464

radial velocity vanishes. In the outskirts, however, this is not the case and one can measure465

non-zero radial infalling flows. The transition between the equilibrium, virialized inner regions466

and the infalling outer region seems to be defined in simulations using a different overdensity467

criterion, the value depending on the halo mass and the epoch [60]. The non-linear dynamics468

within the central virialized region is in the so-called “stable clustering” regime with a constant469

dark matter physical density and a zero-radial velocity fully decoupled from the expansion of470

the Universe.471

3.3 Halo Statistics472

The second strategy to define dark matter halos is via their statistical properties. The previously473

discussed spherical regions form from very specific initial conditions, namely Gaussian random474

fields. In this context, Press & Schechter (PS) theory [57] identifies the mass fraction in the475

Universe locked inside collapsed halos of mass larger than M as twice the volume fraction476

of spherical regions with linearly extrapolated overdensity larger than the spherical collapse477

threshold:478

F(> M) = 2

Z +1

�c

1

p
2⇡

exp

Å
� �2

2�2(M)

ã
1

�(M)
d� (42)

where �(M) is the variance of the density field smoothed at the comoving scale R correspond-479

ing to the mass of the halos. The factor of 2 is a dirty trick so that the mass fraction is properly480



3.3 Halo Statistics 3 HALOS FINDING AND MOCK GALAXY CATALOGS

Figure 2: Halo mass function from 200 Mpc/h N-body simulations with different
particle number (from 128

3 to 1024
3). We used Poisson error bars in each mass

bin. The vertical dashed lines indicate the 100 particles per halo limit below which
we cannot trust the simulations. The solid red line is the analytical fit from Tinker
(2010). Credit figure: R. Ait Ekioui. Credit simulation: R. Teyssier.
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normalized to 1 as M ! 0. The resulting halo mass function is obtained via:481

dn

dM
= �⇢m

M

dF

dM
= �

vt
2

⇡

⇢m

M

�c

�2

d�

dM
exp

✓
�
�2

c

2�2

◆
(43)

and gives the number density of halos of mass between M and M + dM . �(M) is obtained482

using the power spectrum of the initial Gaussian random fluctuations via:483

�2(M) =
1

8⇡3

Z +1

0

4⇡k
2
P(k)W(kR)dk (44)

where W(kR) is the Fourier transform of the Top-Hat smoothing filter. This simple formula484

turns out to be remarkably accurate when compared to numerical simulations. We show in485

Figure 2 the halo mass function (HMF) in a 200 Mpc/h periodic box simulated with different486

particle numbers (from 128
3 to 1024

3) compared to the Tinker analytical fit [61]. The under-487

lying theory appears a bit shaky at first. It is now much more complete after several decades488

of improvement, via the so-called Extended-Press-Schechter (EPS) theory [62,63]. This leads489

us to consider now a very important question: how do we define halos in N-body simulations?490

The first attempt to detect automatically halos in the mid-80s was motivated by the spher-491

ical collapse model, in particular the spherically average overdensity �vir = ⇢vir/⇢m = 178.492

The first algorithm to detect halos was introduced at that time [19, 64]: Friend-Of-Friends493

(FOF). The idea is to collect particles into groups defined as regions of space with density494

larger than a given threshold. Mathematically, halo number i is defined by the volume: x 2 Vi495

for which ⇢(x) > ⇢min, bonded by the isodensity surface: x 2 Si for which ⇢(x) = ⇢min. The496

FOF algorithm proceeds as follows:497

1. Choose a linking length h498

2. Start with one particle with coordinate xp499

3. Add to a list all particles for which
��xq � xp

�� < h500

4. Repeat with all particles in the list until there is no more particle to add501

5. Repeat for the next group502

It is easy to show that the corresponding overdensity density is:503

⇢min =
6m

4⇡h3
(45)

since particles of mass m are added to a group if we can find at least 2 particles within a504

sphere of radius h. If one uses a linking length h = 0.2�x where �x is the initial particle505

grid resolution, also known as the mean inter-particule spacing, we find ⇢min ' 60⇢m , since506

by definition m = ⇢m�x
3.507

How do we get from ⇢min ' 60⇢m to �vir ' 180⇢m? This is where things get a little508

shaky. We assume the typical halo profile follows the Singular Isothermal Sphere (SIS) model509

with:510

⇢(r ) = ⇢s

✓
r

rs

◆�2

, (46)

so that we can compute the cumulative mass within radius r as:511

Mtot(r ) = 4⇡⇢s⇢s r
2

s
r. (47)



3.3 Halo Statistics 3 HALOS FINDING AND MOCK GALAXY CATALOGS

The average overdensity within radius r is finally:512

�(r ) =
3Mtot(r )

4⇡r3
= 3⇢(r ) (48)

We thus find that to match�vir ' 180⇢m , we have to choose an isodensity contour⇢min ' 60⇢m ,513

and therefore a linking length of h ' 0.2�x . We know however from N-body simulations that514

the SIS model is not an accurate description of the density profile of dark matter halo. The515

halo density profile is in fact described to great accuracy by the NFW profile:516

⇢(r ) =
⇢s

r

rs

Ä
1+ r

rs

ä2
. (49)

The slope is -1 in the center and -3 in the outskirts (see Fig. 3), so overall the SIS model and517

its -2 slope remains a good approximation to define the linking length and detect halos. If one518

wants to compute the ratio between the average overdensity and the isodensity contour, one519

gets:520

�(r )
⇢(r )

= 3

Å
ln(1+ x )� x

1+ x

ã (1+ x )2

x2
where x =

r

rs

(50)

The results depends on the value adopted for �vir and on the concentration parameter c of521

each halo, defined by:522

c =
Rvir

rs

. (51)

For example, c ' 5, which corresponds to the typical concentration of the largest halos in the523

Universe, gives something closer to�vir ' 3.8⇢min, while c ' 10, which corresponds to Milky524

Way analogues, gives�vir ' 5.4⇢min. It seems impossible in practice to choose a unique value525

for ⇢min that matches every halo concentration.526

Another argument for choosing ⇢min ' 60⇢m and h ' 0.2�x comes from the statis-527

tics of dark matter halos. Indeed, N-body simulations have shown that when one adopts528

⇢min = 60⇢m for the FOF algorithm linking length parameter, the resulting halo mass func-529

tion matches the PS theoretical prediction almost magically well [64]. More importantly, if530

one varies the cosmology or the cosmic epoch for the simulated universe, the numerical mass531

function satisfies a key property of the PS prediction, namely the mass function self-similarity.532

Indeed, one can see easily in Equation 43 that the mass function depends only on �(M) which533

encodes the linear matter power spectrum. If one express the mass function as a function of534

the self-similar variable ⌫ = D
+(t )�c/�(M), it becomes a function of only ⌫, therefore inde-535

pendent on both time and cosmology. This key property can only be obtained if one chooses536

⇢min/ ⇢m and the resulting mass function is the closest to PS theory if one chooses precisely537

⇢min = 60⇢m .538

In order to reconcile these conflicting definitions, the following strategy seems to emerge539

as the proper way to define halos in N-body simulations.540

1. Use FOF 0.2 or any grouping scheme based on the density isosurface ⇢min = 60⇢m to541

detect halos [64], and define their masses as M = M200m using �vir = 200⇢m , even at542

different epochs and for different cosmologies543

2. Use the virial definition �vir = 200⇢c to define their mass as M = M200c , where index544

200c means the halo mass and radius corresponds to �vir = 200⇢c , even at different545

epochs and for different cosmologies546

This dual definition sounds a bit schizophrenic, but it guarantees both a sound statistics, with547

a self-similar mass function and a good agreement with PS theory if one use M = M200m , and548
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Figure 3: Density profile of the simulated halo shown in Figure 4 (blue circles) com-
pared to the analytical NFW profile with c = 20.5. The isodensity level ⇢min = 60 is
shown as the horizontal green line. The innermost blue point corresponds to twice
the resolution of the grid. Credit figure and simulation: R. Teyssier.

it guarantees a sound equilibrium dark matter particle distribution if one use M = M200c . It549

is of course essential to always define properly what density isosurface value has been used to550

define the halo mass and radius, hence the use of index 200c or 200m everywhere deemed551

appropriate.552

3.4 Centrals and Satellites553

Defining halos via a density threshold ⇢min allows to segment dark matter particles into dis-554

tinct, non-overlapping regions that can roughly match a typical overdensity�vir. This is a very555

good first step but unfortunately this is not precise enough if one wants to go beyond the halo556

number density. For example, if one needs to compute the halo density profile, and compare it557

to the NFW model for example, the obvious first step is to define the halo center. This is where558

things get ugly. The center of mass of the halo region, for example, is a well define coordinate559

but it rarely matches the density maximum within the halo region. Computing the density560

profile accurately requires the center to coincide with at least a local density maximum, if not561

the global density maximum within the halo region [65,66].562

Another problem arises during halo mergers. Indeed, two approaching halos will have563

initially well separated density isosurfaces at ⇢min, but the two regions will merge into a single564

region as soon as the two isosurfaces touch each other. Even though the center of the two halos565

are still separated by the sum of their respective virial radii, the algorithm considers them as566

a single halo region. If the mass of the two halos is comparable, say within a factor of a few567

from each other, there is no reason to choose one over the other as the center of the system,568

and the second as a satellite of the first one within the system. Only when the two peaks will569

actually merge can we agree that the two halos have merged fully.570

The proper approach is to segment the dark matter density field using a proper “peak571

patch” decomposition. Morse theory provides a rigorous mathematical framework for this task572
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Figure 4: Left panel: Particle positions of a zoom-in N-body simulation of a Milky Way
size dark matter halo. Middle panel: Central peak of the dark matter halo (shown as
a single large red circle) with particle (shown as blue dots) assigned to the central
peak. Right panel: Satellite peaks of the dark matter halo (shown as the many small
red circles) with particles (shown as blue dots) bound to each satellite. Credit figure
and simulation: R. Teyssier.

by classifying critical points (maxima, minima, and saddles) of a scalar field and constructing573

the Morse-Smale complex, which partitions space based on gradient flow. This approach un-574

derlies tools like DisPerSE [67], which extract topologically robust features using persistence575

homology. In contrast, algorithms like Subfind [68], AHF [69] and AdaptaHOP [70] are576

density-based and heuristic, identifying peaks and substructures without explicitly using topo-577

logical constructs. The Watershed algorithm, commonly used in image processing, offers an578

intuitive analogy to Morse theory by segmenting fields into basins around local extrema. This579

principle is employed in void-finders like ZOBOV [71] and in the PHEW algorithm within the580

RAMSES code [72]. PHEW performs a hierarchical watershed segmentation of the density field581

on AMR grids, identifying peaks and merging them based on saddle densities. While inspired582

by Morse theory, PHEW does not compute the full Morse-Smale complex or use persistence, but583

it provides a scalable and efficient method for structure detection in large N-body simulations.584

One of the most widely used algorithm, ROCKSTAR [73], takes advantage of the phase-space585

information to identify halos. It is particularly well suited to detect weak disrupted satellites,586

although it might not align so well with the requirements of large galaxy surveys.587

Each halo region is thus segmented hierarchically into several peak patches. When the588

largest peak patches in the hierarchy are more massive than say 10% of the total halo mass,589

they are considered as “central“ peaks, while less massive peak patches are considered as590

“satellite“ peaks. Each peak is surrounded by a well defined “peak patch“ surrounded by its591

saddle surface. This region can be used to compute the mass associated to the peak patch and592

to compute the density profile around the peak, using the exact peak position as the center593

of the region. As an additional analysis, one can also check whether individual particles are594

bound to their parent peak patch using a simple binding energy criterion such as:595

1

2
(vp � v0)2 +�(xp � x0) < �(xsaddle � x0) (52)

where �(xp � x0) is the particle potential energy with respect to the center defined by coor-596

dinate x0 and �(xsaddle � x0) is the potential energy at the most bound point on the saddle597

surface xsaddle.598

We see in Figure 4 a typical example of such a central-satellite dark matter halo decompo-599

sition. The left panel shows all dark matter particles contained in the halo region, defined here600

in this particular example by ⇢min = 80. One can clearly see a large density peak centered601

on the image, with several smaller peaks scattered around the main peak. The right panel602
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shows particles bound only to the smaller peaks, with the red circle dimensioned to match the603

mass of these satellite halos, also called sub-halos. The middle panel shows only the particles604

bound to the central peak, also called main halo. The red circle is also proportional to the mass605

of the main halo. This main halo versus sub-halos decomposition is crucial for the next step606

in our journey toward producing mock galaxy catalogs, as it helps us decompose the galaxy607

population into central galaxies and satellite galaxies, a crucial aspect of our understanding of608

the galaxy spatial distribution.609

3.5 Merger Trees and Galaxy Painting610

Once we know the statistics of dark matter halos, and thanks to accurate N-body simulations,611

the centers of main halos and sub-halos, we can try and populate this detailed halo popula-612

tion with galaxies. The main technique used in the current exploitation of large-scale galaxy613

surveys is the so-called abundance matching technique. The idea is surprisingly simple: if we614

know on one hand to exquisite precision the main halo mass function, as predicted by the615

theory and supported by N-body simulations, and on the other hand the stellar mass function616

of central galaxies, as observed and measured in various galaxy surveys, it is very tempting to617

match the halo mass of a halo population defined by its number density n(Mvir) to the stellar618

mass of a galaxy population defined by its number density n(M⇤). Matching the 2 populations619

produces a fundamental quantity called the Stellar to Halo Mass Relation (SHMR) that we can620

use to populate central galaxies in our main halo catalogs produced by N-body simulations. A621

popular SHMR was proposed by [74] and takes the simple analytical form:622

M⇤
Mh

= 2F

ñ✓
Mvir

M1

◆��
+
✓

Mvir

M1

◆�ô�1

(53)

where the free parameters are the pivot mass M1 ' 10
12 M�, the stellar mass to halo mass623

fraction at the pivot mass F '3.5%, and the two slopes � ' 1.4 and � ' 0.6. Trying to explain624

the origin of the SHMR is one of the main goal of galaxy formation theory. But we adopt here a625

pragmatic and empirical approach and only need this form as a way to assign the stellar mass626

of the galaxy at the center of its parent halo.627

This method has been shown to work beautifully when matching not only the stellar mass,628

but also any luminosity defined in any observational band associated to a given telescope.629

Once the number density of the halo population and the galaxy population are matched, the630

resulting spatial distribution also agree very well. At scales smaller than 1 Mpc, however,631

greater care must be taken on how to handle satellite galaxies. Indeed, around massive cen-632

tral galaxies bright satellite galaxies can be detected by current surveys and contribute to the633

measured clustering statistics. In this case, several simple recipes have been proposed to han-634

dle satellites in a similar way (Sub-Halo Abundance Matching or SHAM) [75]. This requires635

unfortunately to develop a new technique called merger trees [70, 76] to be able to follow636

main halos and sub-halos as a function of time, up to the point when and where a main halo637

becomes the sub-halo of a bigger main halo.638

Merger trees are very complex algorithms suffering from a lot of poorly understood limita-639

tions but these techniques have improved significantly in the past decade. We can now track640

accurately small main halos accreting into a larger main halo, monitoring how their mass is in-641

creasing steadily until it reaches a maximum usually just before or after merging into the main642

halo, and then steadily decreasing as the now satellite halo gets stripped by various physical or643

numerical effects. SHAM techniques traditionally compute the stellar mass or the luminosity644

of the satellite galaxies as a function of their maximum (main then sub-) halo mass, using the645

same SHMR than for central galaxies. This simple technique turns out to be also very accurate646
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when trying to fit the correlation functions of galaxies even at small scales and down to small647

galaxies.648

More sophisticated techniques can take advantage of these merging tress. Regulator mod-649

els try and predict the star formation rate using a simple stationary close-box model for galaxies650

where the galaxy gas mass obeys a simple “bath tube model”:651

Ṁgas = fbṀacc � Ṁ⇤ �⌘windṀ⇤ ' 0 so that Ṁ⇤ =
fbṀacc

1+⌘wind

(54)

where ⌘wind is called the mass loading factor and models the gas mass entrained out of the652

galaxy by supernovae-driven winds, fb = ⌦b/⌦m is the baryon fraction and Ṁacc is the total653

matter accretion rate onto the halo, as produced by the merger tree algorithm. In the spirit654

of the abundance matching techniques, regulator models use a simple fit for the wind mass655

loading factor, such as the one proposed by [77] to reproduce many properties of the low mass656

galaxy population:657

⌘wind(Mvir) '
✓

Mvir

1012M�

◆�1.5

(55)

Finally, the most sophisticated approach based on merger trees are called semi-analytical mod-658

els or SAM, and solve a complex set of ODE to describe the evolution of the full galaxy ecosys-659

tem, including different gas components (hot, warm, cold), stellar components (thin disk,660

thick disk, bulge) and a central supermassive black hole (SMBH). These models are much661

more physically motivated and are usually considered as a first and significant step towards662

galaxy formation physics.663

3.6 Baryonification664

Before we embark in galaxy formation physics in the next Chapter, let’s discuss an interesting665

numerical method that aims at modeling the effect of baryons on the matter distribution in the666

Universe, as observed for example in convergence maps obtained via weak gravitational lens-667

ing in large-scale galaxy surveys. This method is the culmination of decades of effort trying to668

estimate the back reaction of baryons to the dark matter distribution at small scales [78,79],669

effectively re-distributing matter from small scales to larger scales via feedback effects (mostly670

SMBH driven outflows) as well as from large scales to smaller scales via cooling and dissi-671

pation. The next effect was quite unclear at first, but advances in galaxy formation theory672

combined with detailed observations of the hot gas in galaxy groups and galaxy clusters indi-673

cate that matter on scale around 1 to 10 Mpc is significantly smoother than pure dark matter674

N-body simulations predict. Until galaxy formation theory is completely understood, we need675

to come up with intermediate, hopefully cheap solutions to model these uncertainties in the676

mass distribution at small scales.677

These techniques have received recently considerable attention because recent weak lens-678

ing results seen to favor strong feedback effects. These methods are called baryonification679

methods [80–82], as they allow one to modify the dark matter particle positions from N-body680

simulations to mimic the effect of baryonic physics. The technique is quite simple. It relies681

first on a proper main halo catalog where each halo is described by its best-fit NFW profile.682

In a second step, a simple halo-based spherical model for the gas distribution is added via683

an analytical profile. This gas profile is parametrized by a few free parameters. In a third684

step, a central galaxy with stellar mass set by abundance matching is placed at the center. In685

a fourth step, the response of dark matter to this modification of the halo mass distribution686

is computed via standard adiabatic expansion/contraction of dark matter particle orbits. Fi-687

nally, all these different components (central galaxy, extended gas distribution, adiabatically688

contacted/expanded dark matter distribution) are combined to create a new baryonified mass689



3.7 Light Cones 3 HALOS FINDING AND MOCK GALAXY CATALOGS

Figure 5: Left panel: Light cone as seen from an observer sitting at the tip of the
triangle within a thin slice on the sky and up to redshift z = 0.5. Right panel: Light
cone as seen from the same observer but face-on for a thin slice in redshift around
redshift z = 0.25. Credit figure and simulation: T. Akieda-Codron.

distribution. The difference between the initial NFW mass profile and the final baryonified690

mass profile is used to construct a displacement field that is applied to the N-body particles,691

which concludes the baryonification of the original N-body simulations.692

3.7 Light Cones693

The final products that can be easily produced via N-body simulations are light cones [83]. An694

observer is chosen at any preferred location in the computational box and a photon spherical695

shell is shot at large distance corresponding to the starting redshift of the light cone. This696

photon shell moves and converges at the speed of light towards the observer and collect dark697

matter particles, main halos and sub-halos as they are swept up by the photon sphere. At the698

end of the simulation, a large data set containing all the necessary information is stored using699

a simple comoving coordinate system where the observer is at the origin and particles at larger700

distances carry information at larger redshift. Figure 5 shows such a light cone generated by701

small N-body simulation. The side-on view reveals the typical filamentary structure of the702

Universe. The face-on view shows a typical field of view a few degrees aside realistically703

mocking present and upcoming galaxy surveys.704
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4 Hydrodynamics and Galaxy Formation705

4.1 Introduction706

Modeling the gas component requires very different numerical tools. This comes from a fun-707

damental different properties of baryons: they are highly collisional. In plasma physics, colli-708

sional fluids are described using the Boltzmann equation that writes [84]:709

@ f

@ t
+ v · @ f

@ x
+ g · @ f

@ v
=
Z

4⇡

Z

R3

�
f
0
1

f
0
2
� f1 f2

�
� |v1 � v2| d⌦ d

3
v2 (56)

The left-hand side is identical to the Vlasov equation and expresses particle number conserva-710

tion in phase-space. The right-hand side, however, was zero for dark matter. For baryons, it711

is not and represents the effect of binary collision. It is called the collision integral. Because712

an elastic binary collision conserves the mass, momentum and energy of the two collision713

partners, one can multiply the Boltzmann equation by m, mv and
1

2
mv

2 and integrate over714

velocity space, the contribution of the collision integral will vanish. This leads to exact mo-715

ment’s equations called the conservation of mass:716

@

@ t
⇢ +r · (⇢u) = 0 (57)

the conservation of momentum:717

@

@ t
(⇢ u) +r · (⇢ u ⌦ u + P) = ⇢ g (58)

and finally the conservation of energy:718

@ E

@ t
+r · (E u + Pu +Q) = ⇢ g · u (59)

We have introduced multiple key fluid quantities that we now define properly. The fluid mass719

density ⇢(x , t ) has been already defined for dark matter in the right-hand side of Poisson720

equation. This is now the gas density defined as the zero-th order moment of the distribution721

function f (x , v , t ). We also introduce the fluid velocity u(x , t ) as:722

⇢(x , t ) =
Z

R3

m f dv
3

and ⇢(x , t )u(x , t ) =
Z

R3

mv f dv
3 (60)

The fluid velocity here is fundamentally different from the particle velocity. The fluid velocity723

u, also called the bulk velocity, is the average velocity of particles within the same volume724

element d
3
x , while the particle velocity v stands for individual particle’s velocity. This allows725

us to define two different regimes, the macroscopic regime for the fluid and the microscopic726

regime for individual particles. This also corresponds to a scale separation between micro-727

scopic scales, below the particle mean free path and macroscopic scales, above the particle728

mean free path defined later. We can also define the relative velocity w = v � u, also known729

as the thermal velocity. This allows us to define the pressure tensor as the 3x3 matrix:730

Pi j =
Z

R3

m wi wj f d
3
v (61)

and the heat flux as the vector:731

Q =
Z

R3

m
1

2
w

2
w f d

3
v (62)
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Finally, we define the macroscopic or fluid total energy E as:732

E(x , t ) =
Z

R3

1

2
mv

2
f dv

3 =
1

2
⇢u

2 + e(x , t ) (63)

where the internal, microscopic or thermal energy e is defined as:733

e =
Z

R3

1

2
mw

2
f d

3
v =

1

2
Tr(P) (64)

Let’s go back and scrutinize the collision integral that stands as the right-hand side of Boltz-734

mann’s equation. The important quantity in there is the interaction cross section�(⌦, |v1 � v2|).735

A simple model for collision is the so-called hard sphere model, for which � = �0 where736

�0 ' 10
�15

cm
2 is related to the typical radius of atoms and molecules in the fluid via sim-737

ple geometry �0 = ⇡r
2

0
. One can define the collision rate using the moment of the collision738

integral (using only outgoing collisions) as:739

Ccoll =
Z

R3

Z

R3

Z

4⇡

f1 f2� |v1 � v2| d3
v1 d

3
v2 d⌦ (65)

If the collision rate is high enough, and we will compute it in a moment, the distribution func-740

tion f is driven towards the equilibrium distribution function f0 for which the collision integral741

vanishes. This equilibrium distribution function is the Maxwellian (Gaussian) distribution:742

f0(v) =
⇢

m

1

�
2⇡a2

�3/2 exp

 
�1

2

�
v � u

�2

a2

!
(66)

where a is the one-dimensional microscopic velocity dispersion, also called the isothermal743

sound speed. It is used to define the gas temperature T as:744

a
2 =

kBT

m
(67)

Because the Maxwellian is isotropic and symmetric, the fluid equations we derived earlier745

simplifies greatly as the pressure tensor P = PI becomes diagonal and the heat flux vanishes746

Q = 0. In this simplified form, the fluid equations become the Euler equations. Note that for747

a Maxwellian gas, we have the relation P = 2

3
e, which corresponds to what the traditional748

definition of an ideal gas with adiabatic exponent � = 5

3
. We also obtain the classical ideal gas749

Equation-Of-State (EOS):750

P =
⇢kBT

m
and e =

3

2

⇢kBT

m
(68)

If one uses the previous definition for the collision rate, injection f0 for the distribution function751

f1 and f2 and using the binary collision invariants (mass, momentum and energy), one gets752

for hard spheres:753

Ccoll ' n
2�0

vt
kBT

m
(69)

The particle number density n = ⇢/m allows us to compute the typical time and distance754

between collisions as:755

⌧coll =
n

Ccoll

' 1

n�0

r
kB T

m

and �coll =

vt
kBT

m
⌧coll '

1

n�0

(70)
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The regime for which f ' f0 is a valid assumption is called Local Thermodynamical Equilib-756

rium (LTE). If one defines traditionally the typical length scale of the macroscopic system as757

the pressure scale height:758

P

HP

=
@ P

@ x
, (71)

the validity of the LTE approximation can be written as HP � �coll. In this limit, the fluid is759

strongly collisional and follows the Euler-Poisson equation, summarized here as:760

@ ⇢

@ t
+r · (⇢u) = 0 (72)

@

@ t
(⇢u) +r · (⇢u ⌦ u + PI) = ⇢g (73)

@ E

@ t
+r · (E + P)u = ⇢g · u (74)

�� = 4⇡G⇢ and g = �r� (75)

If the system approches the weakly collisional limit HP ' �coll, one can derive, using the761

so-called Chapman-Enskog expansion [84], an accurate form for the pressure tensor:762

P = PI� µ
Å
G+GT � 2

3
(r · u)I

ã
with Gi j =

@ ui

@ x j

(76)

where µ is the viscosity coefficient, that the Chapman-Enskog theory predicts to be763

µ = ⇢�coll

vt
kBT

m
= ⇢⌫coll (77)

and also for the heat flux:764

Q = �rT (78)

where we introduce the heat conduction coefficient , which, according to the Chapman-765

Enskog theory, takes the value766

 = ⇢�coll

vt
kBT

m

kB

m
= ⇢

kB

m
⌫coll (79)

where we defined the microscopic diffusion coefficient:767

⌫coll = �coll

vt
kBT

m
(80)

In the limit HP ⌧ �coll, we are in the collisionless limit, where the collision integral can be768

ignored and we are back to Vlasov-Poisson equations. The previous derivations are based on769

the simplified hard sphere model. In case of a plasma with charged particles, one has to use770

the Coulomb interaction and follow Spitzer’s theory to derive all corresponding terms. Our771

main conclusions still apply.772

4.2 Euler-Poisson using Grids773

We now discuss numerical methods to solve the Euler-Poisson equations using grids. We adopt774

the so-called Finite Volume (FV) approach, and for sake of simplicity our discussion is restricted775

to the one-dimensional case. We discretize space into volume elements defined as:776

Vi =
⇥
xi�1/2, xi+1/2

⇤
(81)
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with a constant mesh size �x = xi+1/2 � xi�1/2. We adopt the FV discretization of the fluid777

at some time step t
n , define the cell-averaged conservative variables as:778

U
n

i
=

1

�x

Z xi+1/2

xi�1/2

U(x , t
n)dx (82)

where the vector of conservative variable is defined as U = (⇢,⇢u, E). Using the divergence779

theorem, we can write an exact conservative update of these conservative variables as:780
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where the vector of fluxes is defined as F =
�
⇢u,⇢u

2 + P, (E + P)u
�

and the time averaged781

flux at interface xi+1/2 is defined as:782

F
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i+1/2
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1

�t

Z t
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t n

F(xi+1/2, t )dt (84)

The difficulty here, like for the phase-space Vlasov-Poisson solver, is to compute the time av-783

eraged interface fluxes. Godunov’s method recommends the use of properly upwinded fluxes,784

depending on the sign of the speed of each waves. If we consider the simple case of the785

advection equation, for which the velocity u is a prescribed constant a, we have:786
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with interface fluxes defined using the upwind solution:787

if a > 0, f
n+1/2

i+1/2
= a⇢n

i
(86)

if a < 0, f
n+1/2

i+1/2
= a⇢n

i+1
(87)

Upwinding guarantees the positivity and the convergence of the solution. Indeed, in the case788

a > 0, we obtain the following fully discrete scheme:789

⇢n+1

i
= ⇢n

i
(1� C) +⇢n

i�1
C (88)

if the Courant-Friedrich-Levy (CFL) number C satisfies:790

C = a
�t

�x
< 1 (89)

We can Taylor expand the solution both in space and time as:791
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and after some manipulations obtain the modified equation of the numerical scheme as:792
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Interestingly, we see that the numerical scheme does not solve for the original advection793

scheme, for which the right-hand side of the previous equation should be zero, but a mod-794

ified equation featuring a diffusion term, for which the numerical diffusion coefficient reads:795

796

⌫num =
a�x

2
(1� C) (93)

Here again, the CFL condition C < 1 guarantees that the diffusion coefficient is positive, a797

testament to the stability of the numerical scheme. We also see that the scheme is second-798

order accurate for a single time step and only first-order accurate overall after integration up799

to some final time T .800

For the Euler equations, things get more complicated, as we don’t have a single advection801

velocity, but we have now 3 distinct waves speed u � cs , u and u + cs , where we define the802

adiabatic sound speed as:803

cs =

vut�P

⇢
(94)

The strategy is here to use a Riemann solver in order to perform the proper wave-by-wave804

upwinding [85]. We can write formally:805

F
n+1/2

i+1/2
= RP(Un

i
,U

n

i+1
) (95)

where RP(UL, UR) stands for the solution to the Riemann problem defined by the left and right806

piecewise constant initial states as arguments. One can see this Riemann solver as a black box807

performing the proper nonlinear wave decomposition of the Riemann solution and deliver-808

ing properly upwinded fluxes. In this case, the CFL condition and the numerical diffusion809

coefficient write:810

C = (|u|+ cs)
�t

�x
< 1 and ⌫num =

(|u|+ cs)�x

2
(1� C) (96)

It is possible to implement higher-order versions of the Godunov scheme, for which the numer-811

ical diffusion is considerably smaller. The MUSCL-Hancock scheme is a particularly efficient812

second-order scheme. Developing very high order scheme is a topic of intense research these813

days.814

We also need to compute the gravitational acceleration, using any of the field solvers dis-815

cussed in the first Chapter. The gravity is traditionally added as a source term using the so-816

called operator split approach, where one solves first for the Euler equations without gravity,817

and then one modifies the new momentum and total energy using the gravitational accelera-818

tion computed at time t
n .819

A key feature of Godunov schemes, or any modern grid-based schemes, is that they are820

strictly conservative for the fluid mass, momentum and total energy. This is particularly im-821

portant to handle strong shock waves, a key physical process in galaxy formation that we will822

describe in the next sections.823

4.3 Hydrostatic Equilibrium824

We now describe the physics of baryons in the context of hierarchical structure formation. We825

adopt here also a halo-centric view, in which we assume that an overdensity �ini of initial826

comoving radius R containing a mass M = 4⇡
3
⇢mR

3 will collapse before today if its linearly827

extrapolated overdensity satisfies � > �c . We can use the spherical collapse model to model828

the dynamics of each spherical shell, following first the expansion, reaching its turn-around829

radius and finally collapsing to its final virialized state [56].830
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Figure 6: Left panel: gas density of the halo simulated using only non-radiative
physics in log-scale. Right panel: corresponding gas temperature also in log scale.
Credit figure and simulation: R. Teyssier.

The main difference with dark matter is that baryons are collisional, so there will be no831

shell crossing and violent relaxation. Instead, just before collapse, a shock wave propagating832

from the inside out will halt the collapse and transfer the kinetic energy of the free-falling gas833

shell into thermal energy. In the frame of the shock, called in this context the accretion shock,834

we can write the conservation of mass, momentum and energy across the shock discontinuity835

as:836

⇢1v1 = ⇢2v2 (97)
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These equations, called the Rankine-Hugoniot relations, can be solved easily in the case of837

a strong accretion shock [85]. We assume first that the velocity in the virialized region is838

zero. The halo is in hydrostatic equilibrium. We also assume that the gas pressure is negligible839

outside the halo, when baryons are free-falling and collapsing towards the halo central region.840

Injecting the first equation into the third one, we obtain immediately the post-shock (or virial)841

temperature as a function of the pre-shock velocity as:842

kBTvir
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' V
2

circ
(100)

where the collapse velocity can be computed using the spherical collapse model at virialization.843

Baryons do not reach virial equilibrium via relaxation of their orbits like dark matter, but via844

shocks. The collapse velocity depends on the exact collapse time of each spherical shell, which845

usually results in a complex temperature profile.846

Numerical simulations can be used to estimate the exact structure of the gas inside virial-847

ized halos. These simulations are called non-radiative because they only include dark matter848

dynamics and the Euler-Poisson equations, so that mass, momentum and energy are conserved.849

We show in Figure 6 the density and temperature maps of such a non-radiative simulation in850

a cosmological zoom-in of a Milky-Way-size halo. The radius of the halo is roughly 250 kpc851
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Figure 7: Left panel: gas density profile of the simulated halo in the non-radiative
run. Blue dots represents the simulation data, while the red solid line show the
analytical model. Right panel: Same but for the gas temperature. Credit figure and
simulation: R. Teyssier.

and images are 2 virial radii across. We see that the gas density is centrally concentrated and852

the temperature is not a constant, but follows also a centrally concentrated distribution.853

Using the equation of hydrostatic equilibrium, we can try and compute analytically these854

distributions [86]. We use the momentum conservation equation, assuming that the gas is855

static v=0:856
1

⇢

@ P

@ r
= �GM

r2
(101)

where we assume that the halo follows the NFW spherical profile. We also assume that the857

gas in the halo follows a polytropic relation with:858

P = P0

✓
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◆�
(102)

where � is the polytropic index and ⇢0 and P0 are the central density and pressure. We859

can solve the previous ordinary differential equation using the boundary condition P ! 0 as860

r ! +1 and obtain:861

T(r ) = T0

ln 1+ x

x
and ⇢(r ) = ⇢0

Å
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r
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(103)

For typical cosmological and halo parameters, the constants T0 and ⇢0 are given by:862

kBT0

mH

= 4⇡G⇢s r
2

s

� � 1

�
and ⇢0 ' 0.2⇢s (104)

The only adjustable parameter of the model, once we have determined the NFW parameters ⇢s863

and rs is the polytropic index � . We show in Figure 7 the comparison between the simulation864

and the analytical model with � = 1.19 [87]. The agreement is quite good, although far from865

perfect. This demonstrates that the non-radiative evolution of cosmological halos is relatively866

well understood, with simple physics featuring gravity, shock heating and the assembly of867

stable hydrostatic gas and dark matter halos.868

One reason the agreement between the simulation and our simple analytical model is the869

fact that the gas is not in strict static thermal (or pressure) equilibrium. Some residual gas mo-870

tions persist after the accretion shock, mostly in the outskirts of the halo [88]. These residual871
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motions are called turbulent motions. They can be modeled statistically like a random process872

providing turbulent pressure support. This extra term, sometime referred to as “non-thermal873

pressure” in cosmology, can contribute up to 10% of the total pressure in galaxy clusters.874

Turbulence is probably the main contributor, but other sources of pressure support exist like875

magnetic fields or cosmic rays.876

4.4 Radiative Cooling877

One fundamental process we have ignored so far is gas cooling [89]. We have considered so far878

elastic collisions as the main factor leading the baryonic distribution function towards its LTE879

Maxwellian shape. Elastic collisions are also responsible for shocks, converting collapse kinetic880

energy into equilibrium thermal pressure support. A small fraction of binary collisions are in881

fact inelastic, in the sense that they do not conserve mass and energy anymore, because they882

emit a photon [90]. A typical example is collisional recombination, for which a free electron883

recombines with a ionized Hydrogen atom to form a neutral atom with its bound electron,884

emitting in the process a UV photon with energy equal to the binding energy of the electron.885

This reaction writes:886

e
� +H

+! H
0 + � (105)

where � represent a photon of energy h⌫0 =13.6 eV. Assuming that the probability of a recom-887

bining collision is around Prec ' 1% and that the collision cross-section is given by the hard888

sphere model, we can compute the corresponding cooling rate as:889

Qrec ' ne�nH+�0

vutkBT
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Prech⌫0 = n
2

H
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where we have introduced the cooling function in units of [erg s
�1

cm
3] that writes for recom-890

bination cooling:891

⇤(T) ' x
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vutkBT

mH
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where we have introduced the ionisation fraction xe(T) = ne�/nH and we have assumed892

charge neutrality ne� ' nH+ . In most situations, the gas is fully ionized xe ' 1 when T > 10
4 K893

and becomes neutral xe ' 0 when T < 10
4 K. Assuming�0 ' 10

�15
cm

2, we find the classical894

result:895

⇤(T) ' 10
�22

vt
T

104 K
erg s

�1
cm

3

(108)

This simplistic derivation is actually quite accurate to estimate the cooling rate in the post-896

shock gas in the halo. In order to estimate how important is cooling for the gas evolution in897

the halo, one traditionally compute the cooling time as the ratio of the gas internal energy to898

the cooling rate:899

tcool =
3

2
nH kBTvir

Qrec(Tvir)
' 100

Å
Tvir

104 K

ã1/2 Å
nH

10�5 cm�2

ã�1

Myr (109)

For the gas density, we use nH ' 10
�5H/cc, which corresponds to the mean halo overdensity900

200⇢b where ⇢b = ⌦b⇢c is the critical density multiplied by the baryon fraction.901

For Tvir < 10
4 K, the gas is neutral and atomic cooling is absent. For small mass halos902

with Tvir ' 10
4 K, the cooling time is very short, around 100 Myr, much smaller than the903

Hubble time of 13 Gyr, or the halo dynamical time tdyn = Rvir/Vcirc ' 1 Gyr, interestingly also904

independent of the halo mass. For Milky-Way-size halos, we have Tvir ' 10
6 K and the cooling905
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Figure 8: Left panel: projected density map of a zoom-in cosmological simulation of a
Milky-Way-size halo with radiative cooling and no feedback. Middle panel: projected
temperature map. Right panel: stellar surface density map. The image is 500 kpc
across. Credit figure and simulation: R. Teyssier.

time increases to around 1 Gyr, now comparable to the halo dynamical time. Finally, for large906

galaxy clusters with Tvir ' 10
8 K, the cooling time is much longer than the halo dynamical907

time with tcool ' 10 Gyr, comparable to the Hubble time.908

For halos with masses 10
9 < Mvir < 10

12 M�, we expect the gas to cool down quickly909

right after the virial shock, and prevent the onset of proper thermal equilibrium. Without910

pressure support, the gas contracts even more, and reaches much smaller scales closer to the911

halo center. Be reassured, we don’t expect to form a black hole in the center, as another912

key player will now make an entrance: angular momentum. The gas infall is indeed not913

perfectly spherically symmetric. Some small asymmetries imprinted by large scale tidal torques914

induce a net angular momentum so that each collapsing spherical shell is very weakly rotating.915

As collapse proceeds owing to the strong cooling, angular momentum is conserved and the916

initially very small tangential velocity increases steadily. At some point, the centrifugal force917

associated to this increasing tangential velocity will be strong enough to balance gravity. The918

collapsing gas reaches the so-called centrifugal barrier and collapse stops. The final tangential919

velocity in the emerging disk can be computed via the centrifugal equilibrium equation:920

v
2

✓

r
=

GMtot

r2
(110)

where Mtot(r ) is the cumulative mass corresponding to the NFW model. This gives naturally:921

922

v
2

✓
=

GMtot

r
' V

2

circ
(111)

Cooling breaks thermal equilibrium and promotes the formation of disks in centrifugal equi-923

librium, for halos in the mass range [10
9
, 10

12] M� that we know as galaxies [91]. For larger924

halos, cooling is less efficient, so we expect less massive galaxies. We show in Figure 8 the925

projected gas density, gas temperature and the stellar surface density of a simulated zoom-in926

halo including dark. matter and gas dynamics and also radiative cooling. We see dense cold927

gas clumps in different location in the halo, with a massive central clump particularly dense928

and cold. We show in Figure 9 a zoomed image of the central 50 kpc of the halo where a thin929

rotating gaseous and stellar disk appears. We can see prominent spiral arms. Is this galaxy930

realistic? To answer this question, we need to model star formation.931
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Figure 9: Left panel: projected density map of of a zoom-in cosmological simulation
of a Milky-Way-size halo with radiative cooling and no feedback. Middle panel: pro-
jected temperature map. Right panel: stellar surface density map. Credit figure and
simulation: R. Teyssier.

4.5 Simple Model for Star Formation932

We have now reached the point where our galaxy formation theory stops being a self-consistent933

computational approach where everything can be modeled a priori: dark matter dynamics934

solving Vlasov-Poisson equations, gas dynamics solving Euler-Poisson equations and radiative935

cooling using quantum mechanics and atomic physics. We now need to make luminous stars936

out of the dense gas that accumulates in our rotating disks. Then can we really bridge the937

gap with cosmological observations and predict the properties of central and satellite galaxies.938

The problem is that star formation theory is also an unsolved problem in astrophysics. Many939

believe that galaxy formation and star formation are tightly interconnected and can only be940

truly understood via the same complete theory. So how do we connect our simulations with941

observations of galaxies without a proper theory of star formation? We adopt, as often, a942

pragmatic, empirical approach.943

Observations of nearby galaxies indicate that disk galaxies follows an empirical relation944

between the star formation rate density and the gas density, known as the Kennicutt relation945

[92]:946

⌃SFR = (2.5± 0.7)⇥ 10
�4

✓
⌃gas

M�pc�2

◆1,4

[M�yr
�1

kpc
�2] if ⌃gas > 1 M�pc

�2
, (112)

and zero otherwise. This observed relations has suggested simulators to adopt for their star947

formation recipe a so-called Schmidt law [93]:948

⇢̇⇤ = ✏ff

⇢

tff

if ⇢ > ⇢⇤. (113)

The local gas free-fall is used to compute the time scale for a gas clump to collapse under949

its own weight, and the 2 free parameters ✏ff and ⇢⇤ are calibrated so that the simulation950

reproduces the observed Kennicutt relation. Current simulations with resolution between 10951

and 100 pc require usually ⇢⇤ between 0.1 and 10H/cc and ✏ff ' 0.01 [94]. Adopting this952

pragmatic method indeed produces spiral galaxies such as the one in Figure 9, with nice rotat-953

ing disk and a star formation rate consistent with nearby observations. The problem is: these954

galaxies are not realistic in the sense that the stellar mass is way too high. In the example955

shown here, the stellar mass is higher than 10
11 M�, with a stellar mass to halo mass ratio956

around 0.15, close to the universal baryon fraction fb = 16% and quite far from what abun-957

dance matching requires, which is around 3.5% [95,96]. The key missing pieces of the galaxy958
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formation puzzle, as suggested by the 2 slopes in the abundance matching formula of [74], are959

supernovae feedback at small halo masses and SMBH-driven feedback (also known as Active960

Galactic Nuclei) at large halo masses. This will be two topics of the next Chapter.961
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5 Subgrid Models for Galaxy Formation962

5.1 Introduction963

In the previous Chapter, we have identified one of the key limitations of present day galaxy for-964

mation model, namely our inability to model star formation from first principles. Abundance965

matching offers one extreme solution, trying to directly connect empirically the total stellar966

mass in the galaxy to the host halo mass, using the observed stellar mass function and the967

theoretical halo mass function. The Schmidt law offers another alternative, trying to calibrate968

empirically the local star formation rate to the observed Kennicutt relation of nearby galaxies,969

connecting their gas surface density to their local star formation rate surface density. Both970

models are based on empirical laws and therefore lack predictive power.971

The key difficulty in developing a predictive model is the fact that we don’t resolve the972

physical scales required to model the collapse of molecular clouds (or the molecular cores973

they contain) into individual stars. Another obvious difficulty we have to face is the fact that974

we don’t have a complete theory of star formation yet. We will nevertheless discuss in this975

Chapter some attempts to model star formation, in the context of interstellar turbulence being976

the main driver of star formation.977

As explained in the previous Chapter, another important ingredient to model galaxy for-978

mation is the formation and evolution of Supermassive Black Holes (SMBH) at the center of979

galaxies. This idea was introduced to explain the quenching of star formation in massive galax-980

ies after major mergers driven star bursts. It is also supported by multiple observations of jets981

from bright central galaxies hosting active galactic nuclei at the center of large galaxy clusters.982

Most of these so-called predictive models are in fact not predictive at all, as they depend on983

crucial and poorly understood parameters. This is why these parameters need to be calibrated984

on several key observables.985

5.2 Mean-Field Equations for Turbulence986

We have briefly discussed turbulence in the previous Chapter as the physical process allowing987

us to describe velocity fluctuations in galactic halos, deviating from strict hydrostatic equilib-988

rium. These fluctuations can be seen as random, following some unknown probability density989

function. They average to zero, so that the flow is indeed static in an average sense, but they990

provide some turbulent pressure support, hence modifying the flow on scales larger than the991

fluctuation scales. We present now a powerful mathematical formalism to include turbulence992

in our model and how they modify the original equations into a new set of equations called993

mean-field equations. These new equations are sometimes called Reynolds-Averaged Navier-994

Stokes (RANS) equations [97–99].995

A key difference between our derivation and what is done traditionally in science and996

engineering applications of turbulence is that we are dealing here with highly compressible997

flows. We need to account explicitly for density and pressure fluctuations, on top of the more998

standard velocity fluctuations. We define the mean flow variables as ⇢, v and P, where the999

averaging process corresponds to a spatial scale ` and a temporal scale ⌧much smaller than the1000

macroscopic scales defined for example by the pressure scale height HP but also much larger1001

than the microscopic scales so that the Euler equations are still valid on these intermediate1002

scale. We called this intermediate scale quite naturally the mesoscopic scale, with the following1003

condition:1004

�coll⌧ `⌧ HP (114)

In the context of numerical simulations, we can define unresolved scales as ` �x , so that the1005

natural scale at which one averages unresolved fluctuations is the grid resolution�x . Subgrid1006
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models are precisely trying to model the effect of these unresolved scales on resolved, macro-1007

scopic scales. We can now define the density fluctuations ⇢0 and the pressure fluctuations P
01008

by:1009

⇢ = ⇢ +⇢0 and P = P + P
0 (115)

We however define the velocity fluctuations differently, using the so-called Favre average:1010

v =
⇢v

⇢
and v = v + v

0 (116)

This is the mass-weighted mean of the velocity, or the volume-weighted mean of the momen-1011

tum divided by the volume-weighted mean of the density. Let’s derive now the mean-field1012

mass conservation equation. We start with the mass conservation equation for unresolved1013

scales which reads:1014
@ ⇢

@ t
+r · (⇢v) = 0 (117)

We then average the equation itself, exploiting the fact that now time and space derivative1015

are taken on scales much larger than the fluctuations scales, and therefore commute with the1016

averaging operator. We get immediately:1017

@ ⇢

@ t
+r ·

�
⇢ v

�
= 0 (118)

This is the mean-field continuity equation. Let’s try now to derive the mean-field momentum1018

equation. We start with the momentum equation at unresolved scales;1019

@

@ t
(⇢v) +r · (⇢v ⌦ v + PI) = ⇢g (119)

The problematic term in the momentum flux can be simplified using the definition of the1020

velocity fluctuations:1021

⇢v ⌦ v = ⇢
�
v + v

0�⌦
�
v + v

0� (120)

Taking the average, we get:1022

⇢v ⌦ v = ⇢ v ⌦ v +⇢v 0 ⌦ v 0 (121)

where we used the relations:1023

⇢v = ⇢ v and ⇢v 0 = 0 (122)

We obtain the mean-field momentum equation:1024

@

@ t

�
⇢ v

�
+r ·

Ä
⇢ v ⌦ v + PT + PI

ä
= ⇢g (123)

where we introduced the turbulent pressure tensor:1025

PT = ⇢v 0 ⌦ v 0 (124)

We see that the mean-field equation for momentum conservation is different from the cor-1026

responding original Euler equation by precisely the presence of this new term. In order to1027

compute the pressure tensor, we need to know the statistics of the velocity fluctuations, which1028

is hard because these are defined at unresolved scales. We can however evaluate the mag-1029

nitude of these fluctuations deriving a new equation describing the time evolution of a new1030

variable called the kinetic energy density of turbulence defined by:1031

KT =
1

2
⇢v 02 (125)
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Using the same methodology, a more involved calculation (left to the reader as an exercise)1032

leads to the turbulent kinetic energy equation:1033

@

@ t
(KT ) +r ·

�
KT v

�
+ PT : G+r ·QT = �✏T (126)

where we introduce the turbulent dissipation term ✏T and the turbulent heat flux vector QT :1034

QT =
1

2
⇢v 02v 0 (127)

The resemblance to the non-LTE fluid equations is striking. We can interpret the effect of these1035

unresolved velocity fluctuations as similar to the effect of particle collisions far from LTE con-1036

ditions. In the traditional picture of a turbulent flow with small vortices moving in random1037

directions, it is tempting to model these new terms using this analogy between mesoscopic1038

vortices and microscopic particles. This is the main motivation of the Boussinesq approxima-1039

tion, also known as mixing length theory, where we model the turbulent pressure tensor and1040

the heat flux as:1041

PT = PT I�⇢⌫T

Å
G+GT � 2

3

�
r · v

�
I
ã

and QT = �⇢⌫Tr
✓

KT

⇢

◆
(128)

where ⌫T is the turbulent diffusion coefficient. The isotropic turbulent pressure is defined as1042

PT = ⇢�2

T
= 2

3
KT , where we introduced the 1D turbulent velocity dispersion �T . The mixing1043

length theory models the diffusion and the dissipation as:1044

⌫T = `�T and ✏T =
�T

`
KT (129)

In stellar interiors, mixing length theory for convective flows adopts for the mixing length1045

` ' HP [100]. In the context of numerical simulations of galaxy formation, a natural choice1046

is ` '�x [101]. This is obviously a free parameter of the model. More sophisticated subgrid1047

models for turbulence are still being developed in science and engineering, and are usually1048

tailored for particular applications, with free parameters (such as ` here) being adjusted to1049

experiments or observations. This formalism, applied to numerical simulations is called Large1050

Eddies Simulations (LES) where we model explicitly only the large, resolved eddies (or vor-1051

tices), the small eddies being modeled at the subgrid level using the additional terms in the1052

mean-field equations [102].1053

Interestingly, the pressure tensor in the mean-field momentum equation has a turbulent1054

diffusion coefficient ⌫T = `�T . We know from the previous Chapter that the numerical dif-1055

fusion coefficient is ⌫num ' �x |v |, which is usually of the same order or even larger. This1056

demonstrates that the additional terms in the mean-field equations are not necessary and can1057

be ignored. This lazy approach is called Implicit LES (ILES), while the previous approach1058

is called Explicit LES (ELES) [103]. In case of ILES, the attentive reader would ask: Why1059

bother then? The turbulent subgrid model we just introduced is actually a crucial ingredient1060

in designing predictive models of star formation.1061

5.3 Gravo-Turbulent Star Formation Models1062

As explained in a previous Chapter, star formation is described empirically by the Kennicutt1063

relation, which relates the SFR surface density and gas surface density by ⌃SFR/ ⌃1.5

gas
. The1064

Kennicutt relation seems to hold at scales as small as 1 kpc, supporting the idea that star1065

formation can be modeled locally as a volumetric Schmidt law:1066

⇢̇⇤ = ✏ff

⇢

⌧ff

with ⌧ff =
vt 3⇡

32G⇢
(130)
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where ⇢̇⇤ is the local SFR density and ✏ff is the SFE per local freefall time ⌧ff. This model nat-1067

urally explains the power law index of 1.5 in the empirical Kennicutt relation. Equation 130 is1068

often combined with a fixed density threshold to obtain a simple star formation recipe which1069

can be used in cosmological simulations. The parameter ✏ff is chosen to match the observed1070

Kennicutt relation in nearby resolved galaxies, typically resulting in a value ' 1� 2%. How-1071

ever, the SFE in the local Universe cannot necessarily be extrapolated to earlier epochs. This1072

motivates us to develop a predictive star formation recipe which does not rely on empirical cal-1073

ibration. One approach is to consider the properties of the density fluctuations at unresolved1074

scales `  �x ' 10� 100 pc. We extrapolate the turbulence spectrum to unresolved scales1075

assuming Burgers turbulence:1076

�(`) = �T

Å
`

�x

ã1/2

(131)

where ` is the spatial scale. This scaling law differs from the well-known Kolmogorov law,1077

�/ `1/3, which applies for subsonic turbulence. Burgers turbulence is supported by obser-1078

vations in the local interstellar medium, known as Larson’s relation. The turbulence transi-1079

tions from supersonic to subsonic at the sonic scale `s where the turbulent velocity dispersion1080

(Eq. 131) is equal to the sound speed. Defining the turbulent Mach number MT = �T/cs,1081

the sonic scale is `s = �x/M2

T
. Below the sonic scale, density fluctuations are weak, and a1082

gas cloud can be treated as a quasi-homogeneous region. We assume that each parcel of gas1083

which is gravitationally unstable at the sonic scale will eventually collapse and form stars. On1084

intermediate scales between the sonic scale and the resolution scale, density fluctuations can1085

be significant. As demonstrated by numerical simulations, the density PDF in a supersonic1086

turbulent medium is well-described by a log-normal distribution [104]:1087

pV(s) =
1

q
2⇡�2

s

exp(�
�
s � s

�2

2�2

s

) (132)

Subscript V means the function gives the volume fraction of gas at that density. It is normalized1088

using the condition:1089

Z 1

�1
pV(s)ds = 1 and

Z 1

�1
⇢pV(s)ds = ⇢ (133)

where s = ln(⇢/⇢) is the logarithmic density, �s is its standard deviation, and s = �1/2�2

s
1090

is its mean. Numerical simulations also suggest a simple analytic form to �s using non-1091

magnetized, isothermal turbulence simulations forced by an Ornstein-Uhlenbeck process [105]:1092

1093

�2

s
= ln(1+ b

2

T
M

2

T
) (134)

The parameter bT describes the turbulence forcing in the simulations. For purely solenoidal1094

(divergence-free) forcing, bT = 1/3. For purely compressive (curl-free) forcing, bT = 1. In1095

most simulations, the forcing parameter is set to a constant value. However, we can also1096

derive the forcing parameter using the local mean-field velocity field, defining the following1097

expression for ratio of power in compressive to solenoidal forcing modes:1098

 =
Pcomp

Psol

=
(r · v)2
(r⇥ v)2

(135)

and a simple analytic form to bT inspired by detailed turbulence simulations [106]:1099

bT '
1

3
+

2

3

✓
 

 + 1

◆3

(136)
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Assuming that star-forming cores are homogeneous spheres with diameter `s, the gravitational1100

stability condition is ↵vir,core � 1, where ↵vir,core is the virial parameter of the core given by:1101

↵vir,core =
2Ekin

�Egrav

=
15

⇡

c
2

s
+�(`s)2

G⇢`2

s

(137)

The gravitational stability condition can alternatively be expressed as a condition on the den-1102

sity ⇢  ⇢crit, where1103

⇢crit =
15

⇡

2c
2

s
M

4

T

G�x
= ↵vir⇢

2M
4

T

1+M
2

T

(138)

and where ↵vir is the virial parameter of the cell given by:1104

↵vir =
15

⇡

c
2

s
+�2

T

G⇢�x2

=
15

⇡

c
2

s

G⇢�x2

(1+M
2

T
) (139)

The corresponding critical logarithmic density writes:1105

scrit = ln

ñ
↵vir

2M
4

T

1+M
2

T

ô
(140)

It depends on the cell size via the cell virial parameter ↵vir. At higher resolutions, a larger1106

density is required to become gravitationally unstable, but gas will naturally reach those higher1107

densities as it collapses down to the smaller cell size. The model breaks down when the entire1108

cell is subsonic MT  1 and the sonic scale is larger than the resolution scale. In this case,1109

the density PDF should be interpreted as the probability distribution for the density across1110

the entire cell and the gravitational stability condition (Eq. 137) should use the resolution1111

scale rather than the sonic scale. We smoothly interpolate between both stability conditions1112

by defining a modified critical logarithmic density:1113

scrit = ln

ñ
↵vir

Ç
1+

2M
4

T

1+M
2

T

åô
(141)

If each unstable gas parcel collapses in one freefall time and converts all its mass into stars,1114

then the local SFR is given by an explicit and now predictive formula:1115

⇢̇⇤ =
Z 1

scrit

⇢

⌧ff(⇢)
p(s)ds = ✏ff

⇢

⌧ff(⇢)
(142)

where ✏ff is the local SFE per free-fall time given by [107]:1116

✏ff =
Z 1

scrit

⌧ff(⇢)
⌧ff(⇢)

⇢

⇢
p(s)ds

=
1

2
exp(

3

8
�2

s
)

2
41+ erf

0
@�

2

s
� scrit

q
2�2

s

1
A
3
5

(143)

This concludes the derivation of the gravo-turbulent star formation model used in many recent1117

galaxy formation simulations [108–111]. Interpreting this model is no easy task. We will1118

try and summarize its main properties. First, in case turbulence is weak and MT ⌧ 1, the1119

model is completely bimodal, with ✏ff ' 0 if the cell is thermally supported and ↵vir > 1 and1120
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Figure 10: Star formation history for 3 different simulations of the same Milky-Way-
like galaxy, based on the same dark matter halo simulated in the other Chapters, but
varying the supernovae energy from E51 = 0 (blue line), to E51 = 2 (orange line)
and finally to E51 = 4 (green line). Credit figure and simulation: R. Teyssier.

✏ff � 1 if the cell is gravitationally unstable with ↵vir < 1. With no turbulence, the picture1121

is clear: as a gas fluid element cools down and condense, it starts off with ↵vir > 1 and if1122

it becomes cold and dense enough, it will cross the ↵vir = 1 threshold and rapidly forms1123

stars within one free-fall time. Second, if turbulence gets stronger, the outcome of the model1124

depends whether the cell is thermally supported or thermally unstable. If the gas is warm1125

and diffuse enough, so that it is thermally stable, turbulence promotes at the subgrid scales1126

some dense clouds that can form stars. So the efficiency is not zero anymore, but higher with1127

✏ff ' 0.01. We believe this is the regime for large spirals like the Milky Way [96]. On the other1128

hand, if the gas is cold and dense, turbulence will reduce the efficiency by providing turbulent1129

support so that the efficiency is not 1 anymore, but lower with ✏ff ' 0.1. We believe this is the1130

regime for starbursts [96] or high-redshift galaxies [112]. Interestingly, this gravo-turbulent1131

model allows isolated disk simulations of large spirals to naturally reproduce the Kennicutt1132

relation [113]. More importantly, recent studies have shown that the global star formation1133

efficiency in galaxies is actually not really set by the adopted local efficiency ✏ff, as long as it1134

is high enough, say ✏ff � 0.01 [114,115]. It is in fact determined by stellar feedback, another1135

important ingredient that we will discuss now.1136

5.4 Stellar Feedback1137

In the toolbox of stellar evolution, the most interesting candidates for regulating star formation1138

in the ISM are supernovae explosions [116]. Stars massive enough (larger then 8 M�) explodes1139

at the end of their life (between 3 Myr and 20 Myr) in a giant explosion releasing a roughly1140

constant energy of 10
51 erg. The difficulty for cosmological simulators is here again the finite1141

resolution. Typical supernovae remnants are a few parsecs in diameter, requiring here also1142
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a subgrid approach. The physics of supernovae blast waves can be summarized in two main1143

phases: the energy-conserving phase and the momentum-conserving phase. The first phase,1144

after the stellar material has been ejected into the ISM and thermalized, can be described1145

by the Sedov similarity solution [117]. It can be approximated writing a one-zone spherical1146

model where the kinetic energy of the blast wave, identified by its radius R(t ), is equal to the1147

initial explosion energy:1148

4

3
⇡⇢0R

3
1

2
Ṙ

2 = E0 (144)

where⇢0 is the constant density of the ISM in which the blast wave propagates and E0 ' 10
51 erg1149

is the explosion energy. Solving for this simple ODE gives the simple solution:1150

R(t ) '
✓

E0

⇢0

◆1/5

t
2/5 (145)

As we have discussed already, gas dynamics is not energy conserving, because of inelastic1151

collisions and radiative cooling. We can estimate the cooling time using the formulae we1152

derived earlier:1153

tcool '
1

n0

Å
T

104 K

ã1/2

kyr (146)

except we use now a more relevant value for the ISM density n0 = ⇢0/mH in units of 1 H/cc.1154

For the temperature, we use the Rankine-Hugoniot relations we derive earlier, using here also1155

the strong shock limit with:1156

kBT

mH

=
3

5
v

2

shock
with vshock = Ṙ =

2

5

✓
E0

⇢0

◆1/5

t
�3/5

or T ' 6⇥ 10
8

E
2/5
51

n
2/5
0

t
�6/5
kyr

K (147)

In our notations, E51 is the supernova energy in units of 10
51 erg. We now solve for the cooling1157

radius requiring tcool(t ) = t , which gives:1158

tcool ' 30 kyr

E
1/8
51

n
3/4
0

and Rcool ' 17 pc

E
1/4
51

n
1/2
0

. (148)

After the blast wave has reached the cooling radius, it enters the so-called snowplow phase,1159

for which the accumulated gas momentum is now conserved. We can write a similar model1160

capitalizing on momentum conservation:1161

4

3
⇡⇢0R

3
Ṙ = Pcool with Pcool ' 1.4⇥ 10

5
E

7/8
51

n
1/4
0

M�km/s or R(t ) '
✓

3Pcool

⇡⇢0

◆1/4

t
1/4

,

(149)
where Pcool is the momentum of the blast wave at the end of the Sedov phase (hence called the1162

terminal momentum). Note that resolving the energy-conserving phase is crucial to capture1163

the momentum gain of the gas around the exploding star. This requires the spatial resolution1164

to be �x ⌧ 10 pc for moderately dense gas. Traditional supernovae feedback algorithms1165

are releasing a thermal energy dump of 10
51 erg around eligible star particles. If the cooling1166

radius is not properly resolved, thermal energy is radiated away without delivering enough1167

momentum to the gas, therefore failing to achieve the correct effect. The trick here is then to1168

inject directly the terminal momentum into the surrounding gas [108,118]. The momentum-1169

conserving blast wave will propagate until it reaches its final radius for which the ram pressure1170

of the turbulent ISM balances the one of the shock, which means Ṙ(tfinal) ' �T .1171
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These equations have been derived assuming a strictly uniform medium. In fact, super-1172

novae explode in a turbulent environment. Detailed numerical simulations of supernovae1173

explosions in turbulent boxes have been performed by [119]. They showed that the cooling1174

radius depends crucially on the turbulent Mach number MT . The exact location of the explo-1175

sion site is also a crucial parameter: the outcome will be different if the explosion occurs in1176

a dense clump or in a diffuse void, depending also on the exact trajectory of individual stars.1177

Given the complexity of the problem, developing an accurate subgrid model for supernovae1178

explosions is still the topic of intense research. Supernovae explosions have despite everything1179

already played a crucial role in producing much more realistic simulated galaxies. Two key1180

parameters need however to be chosen carefully: how much energy do we release per su-1181

pernovae and how many stars within a single stellar population are going supernovae? Even1182

though stellar evolution theory has pretty specific predictions for these numbers, we still con-1183

sider them as free parameters to account for possible uncertainties and finite resolution effect.1184

Hence, here again, galaxy formation simulations need careful calibration of these parameters1185

to fully reproduce observational data.1186

We show now the results of our same zoom-in simulation of a Milky-Way-like galaxy and1187

show the star formation history of 3 different set of feedback parameters: E0 = 0, E0 = 2⇥10
511188

erg and E0 = 4 ⇥ 10
51 erg with a mass fraction of stars that go supernovae fSN = 0.2. Only1189

the model with the largest supernovae energy can reproduce the abundance matching results1190

with M⇤ ' 5 ⇥ 10
10 M�. Note that this calibration is tightly related to the spatial resolution1191

adopted here namely �x = 100 pc. A higher resolution simulation would have required a1192

smaller supernovae energy to produce the same final stellar mass.1193

5.5 Supermassive Black Holes1194

For large galaxies, however, at the center of galaxy groups or galaxy clusters, supernovae1195

feedback cannot regulate star formation anymore. This is because of the much deeper po-1196

tential well of the parent halos. Indeed, if one estimate the typical velocity imprinted to1197

gas clouds by supernovae explosions at the end of the energy conserving phase, one get1198

vcool ' 600 km/s where vesc '
p

cVcirc. We see that for halos more massive than the1199

Milky Way halo, one has vcool  vesc so that the gas won’t be able to escape the center of the1200

halo very far. Once supernovae feedback fails, the current theory of galaxy formation calls for1201

supermassive black holes. This idea is motivated by two solid observational facts: First, we see1202

multiple evidence of energy release from SMBH hosted by bright central galaxies (BCG) at the1203

center of groups and clusters. Giant X-ray cavities suggest the injection of thermal energy ris-1204

ing buoyantly in the hot intracluster medium (ICM) [120]. Large radio jets seems to emerge1205

from the nuclear region of BCGs and suggest here also the injection of relativistic particles1206

from a central engine [121]. Second, there is a clear correlation between the mass of the cen-1207

tral SMBH and the velocity dispersion of the spheroidal component of the host galaxy [122].1208

This suggests that the central SMBH and its host galaxy are co-evolving. In addition, there is1209

a population of massive galaxies in which star formation is totally quenched. These red and1210

dead galaxies are difficult to obtain in theoretical models, unless one invokes a central engine1211

disconnected from star formation that can inject energy into the gas and halts star formation,1212

via ejective feedback (ejecting the gas out of the disk) or preventive feedback (preventing the1213

gas from cooling into the disk).1214

Modeling SMBH and their associated feedback is here again a challenge, as the relevant1215

scales, namely the SMBH horizon RG = GMBH/c2 or the accretion disk radius (a few times RG)1216

are both very small, around 10
�3 pc for a MBH = 10

10 M�. We here again need to develop1217

a subgrid model for SMBH in galaxy formation simulations. These models are articulated1218

around 4 key ingredients [123–126]:1219
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1. Seeding: Current theory of massive black holes formation rely on only a few poorly1220

understood mechanism. Direct collapse assumes that a giant gas cloud will accumulate1221

and collapse without fragmenting, delivering directly a seed SMBH with mass around1222

10
4 M�. Dense star clusters at low metallicity provide a favorable environment for stellar1223

remnants of 100 M� to merge into a few 10
3 M� SMBH, providing another channel1224

for seed SMBH. It is unclear how to model this from first principles in cosmological1225

simulations so current models just seed directly small early dark matter halos with such1226

seeds, the seed mass being a free parameter.1227

2. Dynamics: SMBH are usually born in a dense environment, but their subsequent dy-1228

namics is unclear. If they are ejected from their parent gas cloud or star cluster, they will1229

have complicated orbits perturbed by other gas cloud. It is unclear if they will manage to1230

stay at the center of the galaxies. The resolution required to properly model all friction1231

mechanisms being enormous, we have to rely on artificial tricks to maintain them at the1232

center, the most brutal one being to maintain the SMBH position at the center of the1233

halo at all time.1234

3. Accretion: Once the SMBH are sitting at the center of galaxies, how do we accrete gas1235

onto the accretion disk? Since we do not have the resolution to follow the accretion1236

flow down to sub-parsec scales, we need a subgrid model. The most popular model is1237

the Bondi accretion rate, with an imposed upper bound at the SMBH Eddington rate.1238

Other models have been proposed such as the torque accretion model in galactic disks.1239

None are truly satisfactory.1240

4. Feedback: Finally, once we know the accretion rate onto the black hole, we release a1241

fraction of the gravitational energy in the form of thermal or kinetic energy. Various1242

models have been implemented in the literature, with multiple free parameters such a1243

the hydrodynamical efficiency, the maximum gas temperature, the jet velocity, etc. All1244

these parameters are poorly motivated theoretically and they are adjusted to reproduce1245

the quenching of massive galaxies in groups and clusters.1246

A good review of all these models can be found in [94]. Interestingly, when properly calibrated,1247

these models are instrumental in producing realistic galaxies at the high mass end. One of the1248

crucial consequence of such models for cosmology is how they impact the mass distribution1249

on large scales, especially for weak lensing. Even though they are not fully consistent, they1250

are embedded within the framework of galaxy formation simulations, and as such can be used1251

to calibrate baryonification models discussed earlier in the lecture notes, thereby closing the1252

loop.1253
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