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Abstract

Even though one could already constrain different models in cosmology and Beyond
Standard Model physics using CMB data, these models remained unconstrained at shorter
wavelength scales, and knowledge of new physics at higher energy scales relied on theo-
retical assumptions and extrapolations to these scales. Recently, however, we have expe-
rienced the advent of gravitational-wave and multi-messenger astronomy, including the
outstanding detections by the LIGO-Virgo collaboration over the past decade and the lat-
est searches for Hellings-Downs correlations in pulsar timing data. Ongoing and future
gravitational wave collaborations explore different frequency ranges of the gravitational
wave spectrum.

In these lecture notes, we focus on how we can probe cosmology and Beyond Stan-
dard Model physics with primordial gravitational waves. For this purpose, we review
the formalism of gravitational waves in General Relativity, introduce stochastic gravita-
tional waves, and derive the Hellings-Downs correlation for pulsar timing array searches.
We comment on detection efforts and present some of the most important cosmologi-
cal sources that could produce a background. Ultimately, one could compare model-
dependent gravitational wave density spectra using gravitational wave data from ground-
based, space-borne, and pulsar timing array searches.

These lecture notes were inspired by the course "Gravitational Waves from the Early
Universe" given at the 27th WE. Heraeus "Saalburg" Summer School 2021 by Valerie
Domcke.
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1 Motivation

When we look far away, we can see all the way back to a time when the universe had a tem-
perature of approximately T & eV. In this stage, free electrons combined with protons to
form hydrogen for the first time, in an event known as recombination.! After recombination,
photons could travel freely through space. Since then, they have propagated in the universe,
occasionally reaching our detectors. The moment when the first photons could freely travel
through the universe is known as photon decoupling. These first photons are still visible today
as the Cosmic Microwave Background (CMB), as background noise from all directions. Before
photon decoupling, light could not travel freely through the hot proton-electron plasma, mak-
ing up the young universe. The photons scattered continuously off the electrons and protons in
the hot plasma, making the universe opaque, shrouding everything that happened before the
photon decoupling in darkness, and making it complicated for physicists nowadays to observe
what happened before this time.

However, early universe phenomena could have created gravitational waves (GWs). They
may have been produced as early as cosmic inflation, creating a background of gravitational
waves similar to the CMB, known as the gravitational wave background or the stochastic grav-
itational wave background (SGWB). Unlike photons before decoupling, GWs traveled through
the early universe largely unperturbed. Thus, no fundamental obstacle prevents us from ob-
serving these early GWs and discovering information about the earlier stages of our universe.
Although there are no fundamental obstacles, there are plenty of experimental challenges.

Similarly to the CMB, the GW background is expected to be noise from all directions.
The gravitational background noise is very weak and must be distinguished from other noise
sources. However, different collaborations expect to detect the GW background in the coming
years.? Since each collaboration probes a different spectrum range of frequencies, we can
learn much from the early universe with GWs.

Analogously to an orchestra where different instruments are combined, it is possible to
combine data from different collaborations in a gravitational wave orchestra to get information
about different stages of the universe.>

Finally, different early-universe sources can produce GWs. Examples are inflation and
Beyond Standard Model (BSM) physics phenomena, such as cosmic strings and first-order
phase transitions. Remarkably, BSM depends on energy scales far beyond what electromag-
netic probes like the CMB and accelerators on Earth can probe. Therefore, the gravitational-
wave background is a laboratory to probe new physics that is complementary to the probes
used so far, further complementing our knowledge of our cosmic history.

The lectures are organized in the following sequence. In Sec. 2, we obtain GWs as vacuum
solutions of the linearized Einstein equations and study the effects of GWs on test masses.
Next, in Sec. 3, we study the sourced emission of GWs and their energy-momentum tensor,
we derive Einstein’s quadrupole formula for the power emitted by a source, and write expres-
sions for the power spectrum of tensor perturbations, which are used extensively in the next
sections. Then, in Sec. 4, we focus on the background of stochastic gravitational waves and
we briefly comment on sources and detection efforts, while in Sec. 5 we elaborate more on

!The term recombination might be confusing about the number of times the event of protons and electrons
combining has occurred. This event has happened only once.

2Some collaborations are already active. They rely on ground-based detectors (LIGO, Virgo, KAGRA) or are pul-
sar timing array (PTA) collaborations (NANOGrav, EPTA, PPTA, CPTA, InPTA, IPTA). Future collaborations include
space-based detectors (LISA, DECIGO, Taiji, and TianQin) and ground-based detectors (Cosmic Explorer and the
Einstein telescope).

3Following the analogy with the music world, in a string quintet we can go from the double bass (low) to
the cello, and then to the viola and the violins (high). Likewise, in the gravitational wave orchestra of the early
universe, we can go from matter domination to radiation domination era, then reheating and inflation.
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the main properties of interferometers and pulsar timing array searches concerning GW de-
tection efforts. In Sec. 6, we give a very short review on cosmic inflation, explore properties
of GWs in the expanding Friedmann-Robertson-Lemaitre-Walker universe, and show how data
can be used to constrain BSM physics. Finally, in Sec. 7, we non-exhaustively discuss some
cosmological sources of GWs (cosmic gravitational microwave background, single-field slow-
roll inflation, axion-inflation, scalar-induced gravitational waves, first-order phase transitions,
and cosmic strings). We conclude in Sec. 8.

Cosmic inflation , Radiation Matter A

Figure 1: A visualization of our cosmic history. Starting from the big bang on the left,
our universe went through an era of cosmic inflation, followed by a radiation-dominated
era, a matter-dominated era, and, finally, the current era dominated by dark-energy
(cosmological constant A), which accelerates the expansion of the universe. The different
eras are presented on a timescale given in the horizontal axis by T, the temperature of
the universe that decreases over t, the time since the Big Bang. The characteristic energy
scales of these different eras are also presented on the horizontal axis. The earliest
freely moving photons we can observe today were imprinted in the cosmic microwave
background (CMB) radiation after photon decoupling. The emission of these photons is
represented by y. On the other hand, GWs from the early universe could be observed from
much earlier times. They could be produced as early as cosmic inflation, are expected
to travel across the universe largely unperturbed, and are expected to be detected in the
coming decades, giving important hints for the development of inflation and new physics
models.

2 Linearized Einstein equations

In this section, we start by evaluating linearized general relativity (GR), which describes the
dynamics of a slightly perturbed gravitational field. After all, we can think about GWs as small
ripples in flat spacetime. Hence, we consider a metric tensor decomposed into the Minkowski
metric and a small perturbation,

Suv = Nuy + hyy(x), with|h,,[<<1, 2.1

where higher order in h can be omitted due to the smallness of h. Furthermore, we use the
(—,+,+,+) sign notation for 1, and the indices are raised with 7,,,, i.e., gV” = n"” —h"”.
Afterward, we will look into the number of degrees of freedom the metric perturbation con-
tains and discuss the most used gauge for fixing the unphysical degrees of freedom. Lastly, we
will solve the Einstein equation for test masses far from the source of GWs. All the material
in the first two sections after the Introduction is based on the book “Gravitational Waves: Vol-
ume 1: Theory and Experiments" by Michele Maggiore [1] and “Spacetime and Geometry. An

4
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“Introduction to General Relativity" by Sean Carroll [2]. We recommend these references for
an elaborate and detailed explanation of linearized general relativity and GWs.

2.1 The linearized Einstein equations
The familiar Einsteins equations are given by,

1 8nG

Guy =Ry — Eg‘”R =—T

C4 uv> (22)

which relates the spacetime geometry, encoded in the metric g,,,, to matter described by the
energy-momentum tensor T,,,. The Ricci tensor R, and Ricci scalar R for the linearized theory
are computed following the usual scheme, starting from the Christoffel symbol. One can easily
check that the linearized Christoffel symbol is given by

1
F;fv =Egpf’[a“gw +0,8u0 — %5 8uv]

1
=517 18Ry + Byhye — Oty 1+ O(h?), (2.3)
which leads to the following Riemann curvature tensor,

u uwo_ u U A M A
Rvop _affrvp aPFvcf—i_FaAFVp FpAFvo

1
=518 0hps = o Bphys = o Oahyp — (0 > )]+ O(h?). (2.4)

Note that the I'? terms are higher-order terms in h and will not contribute to the first-order
Einstein equations. With a bit of algebra, one can find the Ricci tensor,

1
Ruy =R, = 2(3,0,h% +8,0,hf) — 3,0, — Oh,,,) + o(n?), (2.5)
and the Ricci scalar

R=g"R,, = 3,0,h"” —Oh+ O(h?), (2.6)

with h = h’L the trace and O = g, d". Combining all the results gives us the linearized Einstein
tensor

—1
Guy = 5 [Ohyy + 1,07 87 hpo =0y, Bh— 07 0,y — 8,8,05 + 3,8,h] + om*). @7

This is a rather lengthy equation; hence it is usually preferred to define the trace reversed
quantity h,, = h,,, — %fr) uvh. This simplifies the equation a little to
-1

Gy = 7[DBW + ﬂuvapaohpa - apavhup - apauhwo] + O(hz)' (2.8)

2.2 Gauge conditions

General relativity is invariant under all coordinate transformations x* — x’*(x), where x"*(x)
is an arbitrary function of x*. The metric will transform under this coordinate transformation
as

dx* dxP

Eur — guv(x/) = mmgaﬁ(x)a (2.9)
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which is known as the gauge symmetry of GR, also known as diffeomorphisms.

The linearized theory, however, is only invariant under infinitesimal coordinate transforma-
tions and finite, global Poincaré transformations. Here, we fix the Minkowski metric 7,,, and
choose small coordinate transformations under which h,, slightly changes, although leaves
Ny unchanged. It is convenient to choose a fixed inertial coordinate system on the Minkowski
background because the Minkowski background has a lot of rotational symmetries [2]. Hence,
this allows us to decompose the perturbation h,,, based on its transformation under spatial
rotations on a hypersurface. Under these spatial rotations, the metric perturbation can be de-
composed into scalars, vectors, and tensors, which transform independently from each other.
This allows us to write the Einstein equations for the linearized theory as a set of uncoupled
ordinary differential equations.

2.2.1 Scalar-vector-tensor decomposition

Before discussing the gauge transformation, it is educational to have a closer look at the scalar-
vector-tensor (SVT) decomposition. The metric perturbation h,,, is a (0, 2) tensor with a spatial
SO(3) symmetry. Under these rotations, the hy, component is a scalar, hy; is a three-vector,
and h;; is a spatial rank 2 symmetric tensor [2]. This tensor can further be decomposed into a
trace and a trace-free part. In group theory language, these are the irreducible representations
of the spatial rotation group.

The components of the metric g, can then be written as [3, 4]

goo =—(1+29),
8io =8oi = 2a(d;B —5)), (2.10)

Here, goo = —1, and g;; = a?s; j are components of the background (Minkowski) metric. The
remaining terms are part of the perturbation h,,, consisting of 4 scalars (&, B, ¥, F), 2 vectors
(S;, T;), and 1 tensor (t;;), with

oT'=0, 38'=0, t;=0, and &it;=0. (2.11)

We find 10 independent functions in the decomposed metric. Namely, 4 of the scalars, 4 vector
components, and 2 tensor components of the 3 x 3 symmetric tensor ¢;;.

2.3 Gauge transformation and gauge fixing

Now, before we can start solving the linearized Einstein equations, we need to address the
ambiguous definition of the perturbation h,,. The metric perturbation may have different
forms depending on the choice of coordinate system. Indeed, if we consider an infinitesimal
coordinate transformation

xP=xt+ EH (2.12)

then Eq. 2.9 tells us that the perturbation transforms as

Ry = B = hyy— 8,8, — 8,E (2.13)

wy

where & is small such that the conditions for a linearized theory, |h,,,| << 1, is preserved.
Since h;” is also a solution to the linearized Einstein equation, this is known as the gauge
transformation of the linearized theory and is entirely analogous to the gauge transformation
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in electrodynamics. That is, we know from electrodynamics that if the vector potentials A,
solves the Maxwell equation, then A;L =A, — 9,4, with ¢ any scalar field, is also a solution.
Hence, multiple potentials give rise to the same field strength and, thus, the same physical
effects. Similarly, the Riemann tensor, a physical quantity, can be constructed from different
metric tensors.

In general, the vector &,, can be written in terms of two scalars and one transverse tridi-
mensional vector so that £¥ = (£°,8,f + f;), with 8,f' = 0. Consequently, the scalar, vector,
and tensor parts transform as

<P—)q)+3050
B—>B—¢&,—0f

1
xp—>qz+§v2f

F—F—2f (2.14)
Si =8 —of;i

T; = Ti—f;

tij = tijs

which shows that the only gauge-invariant quantity is the transverse and traceless tensor t;;,
which contains only two degrees of freedom. We can show that the other vector and scalar
parts do not dynamically propagate, i.e., do not satisfy a wave equation and can be gauged
away.

A convenient choice of gauge, which is commonly used to fix h,,,, is the Lorenz gauge,*
6’“}_1“” = 0 [1]. Note that we are using the trace reversed metric here. The Lorenz gauge is
always applicable, as we show next. Assume an arbitrary perturbation for which 8“i_1w # 0.
Then under an infinitesimal coordinate transformation, this transforms as

a’“h;v(x/) = 9"h,,,(x)— OE,. (2.15)

By simply choosing 0§, = auﬁw the term on the left side will become zero, i.e., al“i_llw(x') =0.
A solution can always be found since the d’Alembertian operator is invertible. Hence, by choos-
ing the appropriate £", any metric perturbation that initially does not obey the Lorenz gauge
o"h,, # 0, can always be written in the Lorenz gauge. Now that J “h; ,(x') =0, after a new
gauge transformation we get,

8//“}_1;:1)()(”) = a’uh;v(x’) —0g, (2.16)
= 0" hy,,(x)—20¢, (2.17)
=~ (x). (2.18)

To remain in the Lorenz gauge, the vector &, needs to satisfy 0, = 0 (harmonic func-
tion). Hence, from the 10 independent components that we started with, the Lorenz gauge
al“E;v(x’ ) = 0 removes 4 components; however, it still leaves some residual freedom for
gauge transformations with 0O&,, = 0. Here, O&,, depends on 4 independent arbitrary func-
tions & > a8 described above, and will therefore remove 4 more components.

4As a historical note, the Lorenz gauge makes reference to the seminal work of Ludwig Lorenz in 1867 on
electrodynamics, where the gauge condition is J,A" = 0. His name is often confused with the name of Hendrik
Lorentz, correctly associated with the Lorentz transformations.
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We choose &, such that the trace of the trace reversed metric is zero, i.e., fz’fl =0, and the
functions &; are chosen such that hy; = 0. Note that by making the metric traceless we get
h,, =h,,. Furthermore, it follows that

uv
3“?1,“, = 30i_100 + ai]jlol‘ - 0,

where we fixed hy; = 0. Thus we have 3%hy, = 0, i.e. hy is a constant in time. This static part
of the metric is the Newtonian potential of the source. The GW is given by the time-dependent
part of the metric and, as long as we are interested in GWs, we set 8%00 = 0, which means
hgo =0.

To summarize, we have set

hgs =0, h'T=0, o'nlT=o0. (2.19)

This is known as the transverse traceless gauge or TT gauge. After applying the TT gauge, we
have reduced the symmetric metric with 10 degrees of freedom to only 2 degrees of freedom.
These are the 2 degrees of freedom that describe the two polarizations of a GW. It is important
to notice that the TT gauge described above in (2.19) is valid for the vacuum solution. In
general, the linearized Einstein equations in terms of the trace-reversed metric will reduced to
a simple expression:

—16nG
TT _
Dhuv T 4 Auv,pana: (2.20)
where the lambda tensor A, ,,; is the TT projection operator that projects any rank-2 tensor

to its symmetric, transverse and traceless subspace [1]. To define this operation, we can go
. . . . k,k,
to the Fourier space and introduce a transverse projector Py, = 6, — ®,,, with w,,, = -5,

which is used to construct
1 1
Aw,’a/j = E(PHanﬁ + PMﬁPva) — mP‘WPaﬂ. (2.21)

Here the Greek indexes run from O to D, where D is the spacetime dimension. We can use
the same expression in Euclidean signatures. Note that A, . is transverse in all indices, i.e,

kFA,, op =0, and it projects out the trace g'"A,, o5 = g“ﬁAW’aﬂ =0.

2.4 Vacuum solutions

Let us think about a GW detector far away from any GW source. Hence, in a vacuum where

T, = 0, such that the Einstein equation reduces to
TT _
Oh!T =0. (2.22)
This has a plane wave solution,
hEVT (x) =A£{(k) sink%x,, (2.23)

where k% = (w/ c,_lé) is the wave vector, and A, (k) is the polarization tensor, which contains
information about the amplitude of the GW and the polarization properties. Due to the restric-
tions imposed by the TT gauge, we can conclude that the amplitude is traceless and purely
spatial. What is left to ensure that we are in the tranverse traceless gauge, is to check if the
perturbation is transverse. In other words,

a“h;j =k'A,,,(k)sink®x, = 0. (2.24)
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This relation is true if the wave vector is orthogonal to the polarization tensor, kA, = 0. For
example [1], if the wave is propagating in the 2- direction, then A,, = 0. Considering that
Ag, =Ail. =0and A, is also symmetric.

In this example, the projector P in Eq. 2.21 has the form

0
01, (2.25)
0

and any arbitrary symmetric matrix takes the form

S

- ” %(Axx _Ayy) 1 Axy 0
Aij = Aij,kl i,_, = Ayx _E(Axx _Ayy) 0
Arbitrary sym- 0 0 0
metric 3 X 3
matrix
Therefore, we can generally write
1 _
E(Axx _Ayy) = h+:
Ayy =Ay =hy, (2.26)
and the rest is zero. Thus
0 0 0 O
0 hy hy O
TT (1 — + x
Auv(k) =lo h, —h, O (2.27)
0 0 0 O
To check if this is a solution we can plug it into the equation of motion:
Ohy ) = kAL (k)sin kPxg =o0. (2.28)
Note that not all components of A, are zero, which means that
k%, =0 — w?=c?|k|. (2.29)

This is a rough proof that GWs travel at the speed of light!

2.5 Effects of gravitational waves on test masses

To examine the effect of GWs on mass, let us first consider a single particle, with a geodesic
trajectory parametrized by x*(7). The geodesic equation is given by

d?x* v (x)dx"dxp
dt? pY dt d=

=0. (2.30)

o N o . 1
We assume that the particle is approximately static, such that ddiT ~ (1,0,0,0), and we can
assume that T &~ x°. With these assumptions, the geodesic equation will be

d?x*

. 1
e —(hyo — Eauhoo), (2.31)
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where the dot stands for the time derivative. After applying the TT gauge, we can see that in
this gauge and at linear order, single particles are not affected by GWs.

Now consider a second particle with a geodesic parametrized by x*(7) + £*(7). This
particle will satisfy the geodesic equation
d?(xcH + M d(x”+ &) d(xP + &P
—(dT25)+ng(x+§) ( dfg) ( dT€ ):0. (2.32)
It is assumed that & is much smaller than the length scale of the GWs, such that we can expand
in & to the first order. Then by taking the difference between the two geodesic equations we
obtain the geodesic deviation equation,

dzer uoodx” &P o3 dx x'0
7.2 +2I7,(x) Tr dr +&7990,
describing the motion of the test particles relative to each other. We choose coordinates such
that the Christoffel symbol vanishes (I} - (x) = 0) at the spacetime position of the first point
particle. The derivative of the Christoffel symbol, however, will not vanish. This choice is
always possible [1].

The covariant derivative of £ is given by

=0, (2.33)

O'q)p

D22 d d wg y— 4 (48" dé,
D2 d’rd'r(g eu) = (dT but &l dr) (2.34)
d v
= L% e 0B, (2.35)
d2&” dx° dxP
= (S5 rean, i, 236)
dé, 4y

where we used I’ =
! upe
é

¢ > and we denote our basis vectors by &, normalized to satisfy
é* = 1. By combining this equation with Eq. 2.33, we obtain

w
dzev dxP dx”
S +R S ———E7. (2.37)
dr2 P drt drt
If we assume a non-relativistic motion of the test particles, thus << d —, and we notice
from Eq. 2.4 that RO o= 2C12 hiTT  the geodesic deviation equatlon can be reduced to

— 2 _ TT
§'=—c"Ry;p & = 5h§- & (2.38)

As an example [1], let us consider the + polarisation and study the motion of test particles in
the xy plane. In this case,

1 O
hay =h+sinwt(0 _1), a,b={x,y}. 2.39)

The distance between the particles can generally be written as
Eq(t) = Xo +6X(1), Yo +6Y (1)), (2.40)

where (X, Yy) are the unperturbed coordinates and 6X(t), 6Y (t) are the displacements from
the GWs. Eq. 2.38 results in

. —h
06X = T+(XO + 6X)w?sinwt, (2.41)

. h
5Y = ?J’(YO +6Y)w?sin wt, (2.42)

10
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Figure 2: A gravitational wave traveling in z-direction with a + polarization will curve
spacetime such that a ring of test masses (gray dots) is alternating between a vertical
and horizon elliptical shape, creating a + sign. A x polarized gravitational wave creates
x sign as shown in the bottom figure.

where the linear terms 6X and 6Y on the right-hand side can be neglected, since 6X << X,
and 0Y << Y,. Integrating the equations, we get

h —h
5X = 7+X0 sinwt, 6Y = T+Y0 sin wt. (2.43)

The result for a ring of test masses is shown in Fig. 2.

3 Emission of gravitational waves

Having solved the linearized Einstein equation for the vacuum case in the last section, here
we focus on the Einstein equation with a source term, i.e.,

- 167G
thz— " Ty

(3.1

After having solved the equation above, we will discuss GWs in a curved background and
derive the energy-momentum tensor for GWs. Later, we derive Einstein’s quadrupole formula
and the power spectrum of tensor perturbations.

11
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X

5\ =

F=X—jn~3

Figure 3: An observer observes the center of a gravitational wave source at a distance
X. The outer edge of the source is at a distance y from the center and thus observed at
a distance ¥ = X — y. The source is a large distance from the observer, hence 7 ~ X.

3.1 Gravitational waves emitted by a source
Eq. 3.1 is solved by using the Green function for the d’Alembertian operator O,
0,G(x7 —y7) = 6W(x7 —y), (3.2)

where x? and y“ are depicted in Fig. 3. This is exactly how it is done in the analogous
electromagnetic problem. The general solution is

- 167G N
hyy(x7) =— = J G(x? —y9) Tm(yo,y) d*y, (3.3)

with G(x? — y9) = —m&b}’ — ¥ = (x%—=y910(x° — y°), and the theta function equals
one when x° > y0 [2]. After integrating over y° we obtain

_ 4G 1 s
hy,(t,X) = C—4J mﬂw(f—bf—ynd s (3.9)
where t = x° and t — |¥ — | = t, is referred to as the retarded time.

In the following, we make the assumption that the source is far away and slowly moving.
Hence the source is centered at a distance X, and the edge of the source is at a distance
7 =X —y, as is shown in Fig. 3.

In terms of r, the gravitational wave takes the form

_ 4G [ ., r
hy,(t,X) = EJ d J’Tw(f—z,}’)- (3.5)

As we have seen before, in the vacuum case, the temporal components are set to zero, and
thus we are only interested in the spatial components. This is given by

1
f d’y T;; = Eang 4>y ¥; ¥ Too(y)- (3.6)

To prove this relation, note that the energy/momentum conservation implies J,T*” = 0, and
thus we can derive

8,T% =3,T® +,T% =0
o2T® =—5,.6,T% = 3.9 T™* (3.7)
Yiy;03 T = }’iJ’jakalek =2T;;

In the second line, energy/momentum conservation was used again and the last step is ob-
tained by partial integration and &, y; = 0y;. Thus

- . 2G 1 r
hi;(t,X) = C_4;802f 4>y yiy;Too(t — E;}’), (3.8)

12
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where it is conventional to define the integral as the tensor moment of the source I;;(t — o).
The resulting formula,

- N 2G1 4 r
hij(t,x):CT;aO Il] (t—z), (39)
is known as the quadrupole formula.

The transverse traceless gauge for GWs outside the sources and propagating in #i direction
is found by projecting the solution onto the TT gauge given by Eq. 2.21. By projecting the
metric perturbation, we obtain its traceless transverse version,

h;TjT = Aij,kl hkl' (310)

In the TT gauge, the metric perturbation is given by the quadrupole formula

2G1 . K
T (6,%) = 222Ny 1 (t—f), (3.11)
J ctr c

where the quadrupole moment is defined as

1 1
B = f Py (yeyi — §y25kl)TOO =1l — 51";15kz- (3.12)

This is the trace-free version of I. It is a bit redundant with the projector A, although it can be
useful in practice to keep in this form.

3.2 Energy momentum tensor of gravitational waves

So far, we have considered linearized Einstein equations as an expansion around the flat space-
time metric 7,,. The fluctuations around the static flat background are associated with the
GWs. In a general dynamical curved spacetime with a metric

gpw(x) = guv(x)'i'huv(x): (3.13)

the question arises whether the curvature is a GW or part of the background [1]. In the latter
case, it can locally be gauged away. How do we decide which part is the background and which
part is a GW? A natural splitting arises when picking the right scale. Denoting the length of
the background by L, and the wavelength of the GW by Ag,.> A suitable length scale d is
large enough to observe A;y, and small enough such that the background is approximately
flat. This method of separation of the metric into a smooth background and perturbations is
called short-wave expansion.

Aw

H
”AUAU\/ Order of scales: Agy << d << L.
: I !
—

d

Figure 4: A visualization of short-wave expansion. The spacetime is separated in a
background with a length L;, and a GW with wavelength Agy,. This separation arises
natural when considering a scale length d, such that Agy << d << L.

SNote that the typical length scale for the GW is A, = ﬁ instead of A and is known as the reduced wavelength.
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How does this perturbation propagate in the background spacetime and how does it affect
the background metric [1]? To address these questions we expand the Einstein equations
around a background metric. In this expansion, there are typically two small parameters, the
amplitude h and ALG—ZV (or %). So let us expand G,,,, in powers of h:

Gy = G‘l(ﬁ/) + G;(tlv) + G;(fv) +... (3.14)

The term G is related to the background and solely constructed from Euv- Gilv) islinearinh,,,,

and contains only high-frequency modes, while Gﬁzv) is quadratic and contains both high and
low frequencies. For instance, consider a quadratic term h,,h,;, where h,, and h,, contain
a mode with wave-vectors 7&1 and Ez, respectively, with |§1|, |ﬁ2| >> %. The high-frequency
wave vectors can be combined such that the sum becomes a low-frequency wave vector mode,
|7€1 + i<’2| << é. In this manner, the Einstein equations can be split into equations for high
frequencies and for low frequencies.

We will focus on the small k part (low-frequency regime) of Einstein’s equation

8nG

Gﬁvz_[GISZV)]smallk_‘_ = [Tuv]smallk

8nG
_ 2
__<G£3>d+—c4 [T, )a- (3.15)

In the second line, we average over a spatial volume at a scale d. On the one hand, this does
not affect the modes with a wavelength of order Lj, since these are more or less constant over
a distance d. On the other hand, the fast oscillating waves will average to zero. The attentive
observer notices that the above technique is a renormalization group transformation. We take
the fundamental equations of the theory and “integrate out" the small (high energy) fluctua-
tions, to obtain an effective theory that describes physics at the length scale L;. The result is
the coarse-grained Einstein equations.

The averaged second-order G,,, is defined as the energy-momentum tensor of GWs
4 4
c c 1
—— " @\ —__ & [p@_2; p®@
‘W= e <Guv >d ~ 8nG <R'” 5 8wk > ' (316

Thus, GWs carry energy that curves the background, because of the way it enters in Eq. 3.15.
An explicit computation of G, to second-order order in the TT gauge will give

RO =...= %auha,j 8,h*F + 12 terms, (3.17)
(R2) = —% (9,hIT8,hTT%), (R®)=0, and (RV)=0. (3.18)

The explicit expression for t,,, is then found by substituting Rgfg into Eq. 3.16,

4

C
tl“’ = %<8Hh£[§3vh“ﬂTT>. (3.19)

Furthermore, the energy density of GWs is defined as the 00 - component of the energy stress
tensor and is given by

Pew = too = < <h'T‘ThijTT>' (3.20)
32nG VY
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3.3 Einstein’s quadrupole formula

Given the energy density of GWs, the energy of the gravitational radiation in a volume V is
given by

Egy = f d3x %, (3.21)
14
Demanding conservation of energy-momentum tensor® , 0,t""=0 implies that
J d3x(8,t%° +8,t°) =0 (3.22)
v
and we can write
dE . .
—W —_ | @®*x01%=—| dAn; ¢, (3.23)
cdt v s

where n; is the outer normal to the surface and dA the surface element of the volume V. Now,
let S be a spherical surface at a large distance r from the source. For a spherical volume, the
surface element is dA = r2d(Q, and its normal is fi = #. Then

dE
T :__J de” = Jdmoo (3.24)
Hence, we have
dEGW T'2C3 TG G
= — = JTT\ _ _~ 1]

Pow == = oo | d(RfTRITT) = | daagu(TUTN), G25)

which is known as Einstein’s quadrupole formula:

G o e

Pow =25 (T T4), (3.26)

describing the power emitted by a source with tensor moment I;;. This allows us, for example,
to compute the GW emitted by a black hole binary. Some physics intuition and analogy with
the electromagnetic case can be gained in [5].

3.4 The power spectrum of tensor perturbations

It is important to realize that the GW energy density depends on the two-point function of the
time derivative of the tensor h;;. In general, we can write the tensor h;; in Fourier space, at
least in the following two ways, depending on whether we want to 1ntegrate the modes over
a 3D volume or over a line of scalar modes:”

a3k
h;i(t,%) = o (k) etkux" ga 3.27
(6. 3) _Z Gy haBr e (3:27)
= Z J o dQﬁHa(k,Q) etk 5. (1). (3.28)

SThis is possible because the Einstein equations are invariant under coordinate transformations (diffeomor-
phisms), which is manifested into a gauge symmetry at the field theory level. Once we have a symmetry, by
following Noether’s theorem, we can then obtain the associated conversed charges.

Notice that the first Fourier transform maps us to the ha(%) modes, while the second transform maps us to
H,(k) modes. The first modes can depend on the angular coordinates, while for the second modes, we assumed
isotropy and they only depend on the radial coordinate k. This distinction is important because, as we see below, in
the literature, the power spectral of density perturbations is defined in two different ways. Here we also emphasize
that the Fourier modes h,, (7%) and H,(k) have different units. In our notation, [h;;] =M 0, therefore [h, (7&)] =M3,
while [H,(k)] = M~!. This observation is useful to understand the parameterizations of the power spectrum in
the expression of the two-point correlation function in Egs. 3.29 and 3.33.
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In these expressions, we already assumed that there are only two propagating degrees of free-
dom, the + and x modes. The polarization tensors are given by éf‘j, which are the components

of the polarization tensor that maps the Cartesian coordinates of the tensor hiTjT to the polar-
ization modes +, x.

The two-point function of h;; then depends on the two-point correlation function of the
Fourier modes. In turn, we can show that the quantum theory of cosmological perturbations
allows us to determine these correlation functions from knowledge of the power spectrum of
the theory [4]. Hence, we write

- - - o 272
(ha (kR (ky)) = 845 (2)2 83 (K, + kz)k—imkl), (3.29)
1

where P, (k) is the dimensionless power spectrum of tensor perturbations.® Now, in light of
Eq. 3.20, we can derive Eq. 3.27 with respect to the time coordinate and integrate over position

space. Assuming isotropy, we obtain

Pew ~ f (dk k) (k* (g (K)hg(K))) (3.30)

It is helpful to parameterize the GW radiation emitted by a source through the GW spectrum,
given by

_ 1 dpgw
W= amk (3.31)
In particular, we have
Qaw ~ (k?/HZ) (k®(hq(k)hg(K))) ~ (K*/HZ)P, (k). (3.32)

This dimensionless quantity, Qgy, tells how the GW energy density is distributed across the
spectrum of frequency modes.” By knowing the power spectrum of tensor perturbations, we
can fully characterize the GW spectrum. For instance, if the power spectrum is proportional to
k2, the energy density is predicted to be logarithmically flat. Otherwise, the emitted spectrum
is either blue-tilted (if it increases) or red-tilted (if it decreases) as a function of frequency.
These concepts will be particularly useful for us in the next sections. We give some concrete
examples in the last sections of these notes.

Alternatively, if our problem contains a background that is assumed to be Gaussian, station-
ary, unpolarized, spatially homogeneous, and isotropic, we can parameterize the background
with the one-sided power spectral density Sy(k),

1 0(221,9)

(Hq(kq,Q9)Hp(ke, Q) = §5ab (2m)8(ky — ky)Sp(kq). (3.33)

4m

The one-sided power spectral density is a dimensional quantity. In the GW literature, S;, is
often multiplied by a frequency factor, giving rise to the characteristic strain, a dimensionless

quantity,
he(f) = v/ fSu(f). (3.34)

8Here, we can run into a circular argument if we are not careful with the definition. Indeed, we can also invert
Eq. 3.29 to define the power spectrum in terms of the correlation function of the Fourier modes. This is useful
when we already know the details of the theory we work with. But we can also study model-independent scenarios
in which we choose some benchmark scenarios, defined by some P,(k), and then we obtain predictions for the
GW spectrum, a strategy that has been quite used in the primordial GW phenomenology literature.

°Here we define a frequency mode f by using the following definition for the wavenumber length,
k= 2mn(f/ao).
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The one-sided power spectral density and the characteristic strain are usually preferred in the
GW and astrophysics literature, in comparison to the power spectrum of tensor perturbations,
which appears more often in cosmology and particle physics papers.

4 The stochastic gravitational wave background

In the last sections, we generically described GWs, identifying the two propagating degrees
of freedom from general relativity and the energy contained in GWs. Now, we specialize
our studies on stochastic gravitational waves by deriving the main properties and describing
current searches. For more details, we encourage the reader to take a look at the references
cited throughout the text.

4.1 The gravitational wave background

Shortly, we can define the stochastic gravitational wave background (SGWB) as the composi-
tion of gravitational waves with different wavelengths, amplitudes, and phases, possibly emit-
ted by astrophysical populations and cosmological sources. If these waves are emitted with a
certain frequency and with comparable amplitude, we are not able to tell where such waves
are individually coming from, and the signals sum incoherently to produce a stochastic back-
ground. The term “stochastic” refers to the fact that this background can seem like a random
process and, therefore, can only be studied in terms of its statistical properties. The waves can-
not be individually resolved by a detector, and, as a function of time, the background behaves
like useless random noise. Interestingly, however, when we look at the spectral information
(for instance, the dependence of the background on the frequency), we may start seeing non-
trivial pieces of information, potentially telling something about the source(s) [6].

It is then very similar to the cosmic microwave background (CMB) from the electromag-
netic spectrum. However, the SGWB can allow us to study much higher frequencies and,
therefore, stages in which the CMB cannot guide us, since GWs could travel freely through the
hot plasma of the early universe, while photons not.

Notice that SGWB signals are different than the signals detected by LIGO-Virgo (transient
signals) in their recent GW observations from binary mergers [7,8]. These are transient signals
that are very well characterized in time and are produced by the merger of black holes and
or neutron stars. By contrast, the signals of the SGWB are continuously reaching us, coming
from all directions in the sky. See Fig. 5.

In these notes, we focus on the spectral properties and sources of the SGWB. We refer
to the astrophysical background as the background produced by astrophysical processes such
as compact binary mergers, stellar activities, and bursts, in contrast to the cosmological back-
ground, which might have been produced by several different types of cosmic sources, some
of which are described in more detail in Secs. 6 and 7.

4.2 Sources

In the case of an astrophysical background, we expect the signals to be stationary, unpolarized,
Gaussian, and isotropic [9]. Because there is a large number of sources in the sky and the time
interval between events is small compared to the duration of a single event. This results in a
continuous background that obeys Gaussian statistics due to the central limit theorem [10].
As examples of these continuous waves, we mention the signal produced by a population
of supermassive black hole binaries (SMBHBs) and the signal produced by individual, loud
SMBHBs. Such background could be detected by PTA searches [11-14]. In addition, shot
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Figure 5: On top, we show the time-frequency data of the transient event GW150914
observed by the LIGO detectors in Hanford and Livingston. Notice that the event is well
localized in time. In contrast, below, we sketch what we would expect from an SGWB
signal in the time domain. We took the upper image from [7] while the lower image is
taken from the LIGO Science Collaboration website and is credited to A. Stuver /LIGO.

noise (small number of sources producing events with long time interval between events) and
popcorn (intermediate number of sources producing events with short duration followed by
a second shot noise contribution) are astrophysical processes that might also be detected by
ground-based interferometers [9, 15, 16].

On the one hand, we expect the astrophysical background to be present because we know
these astrophysical sources are present in the sky — for instance, we have directly observed a
diverse population of black hole binaries (no supermassive yet), and we have evidence that
there are supermassive black holes at the center of galaxies, so we expect SMBHBSs to also be
real. On the other hand, they would mask a signal from the cosmological background, which
is much weaker, mostly because of the large redshift. Possible early-universe sources that
emitted GWs in the past are related to the physics of cosmic inflation, primordial black holes,
phase transitions, and topological defects such as cosmic strings and domain walls. Signals
from such SGWB are expected to be very small and will be challenging to detect because what
arrives in the detector must be filtered out from all the other noise sources. Therefore, such
waves serve as a cosmological history book, which is tricky to decipher.
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These primordial sources are often related to beyond Standard Model theories. These
theories usually rely on energy scales that are far beyond what Earth-based experiments can
achieve. However, because the universe went through a high-temperature regime in the past,
the signature of such BSM theories would be unavoidable in the SGWB, making their explo-
ration very appealing to the BSM and cosmology community.'°

Notice that the background does not need to respect the properties of an astrophysical
background. Also, they both do not need to respect all of the simplified properties (station-
ary, unpolarized, Gaussian, and isotropic background). For instance, anisotropies and non-
Gaussianties would be one way to discern the origin of the signal; see, for example, [17-21]
for a few works in this direction.

4.3 Experiments

Different experimental configurations can probe the SGWB: i) ground-based interferometers,
ii) space-based observatories, and iii) pulsar timing arrays. Together, they cover different
frequency ranges of the GW spectrum, see Fig. 6. To understand how these observatories can
detect GWs, we introduce the experiments in this subsection, so that we can discuss the idea
behind interferometers and PTA searches in the coming section.

A Cosmic Microwave
Background (CMB)
S _5 {\'L 5
5 10 Y b4 Pulsar Timing
N . : - Arrays
Z 00
o)
o Space-based
= Interferometers
g 10715
Tgs Ground-based
2 Interferometers
4{% b
é 10—20
@)
10—25
>
10716 1078 1074 102

Gravitational Wave Frequency (Hz)

Figure 6: Scheme of different experiments probing the gravitational wave spectrum.
Thanks to Michael Lam from the NANOGrav collaboration for sharing the template.
From left to right, the images are credited to BICEP2, Bill Saxton at NRAO, eLISA, and
LIGO, respectively.

OFor instance, current particle physics accelerators can reach center-of-mass energies of the order ~ 10* GeV]
which is enough to probe the electroweak phase transition scale, ~ 100 GeV, and supersymmetric models that
predict particles with mass of a few hundreds or thousands of GeV] but are far beyond the energy scale necessary
for probing many BSM models, including some products of grand-unification theories, whose unification scale is
of order ~ 10 GeV.
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4.3.1 Ground-based interferometers

LIGO, Virgo, and KAGRA [22-24] (and their joint LIGO-Virgo-Kagra — LVK —collaboration)
are collaborations based on ground-based interferometers. Their interferometers follow the
idea behind the Michelson-Morley interferometers, see Sec. 5.1.1 and Fig. 7. Their detectors
are sensitive to probe the background at frequencies in the range 10-1000 Hz.

So far, the IVK collaboration has reported 90 events presented in their three gravitational-
wave transient catalogs (GTWC), which list all the events that have at least 50% of probability
of being real astrophysical events rather than noise [25]. These astrophysical events are pro-
duced by the merging of binaries consisting of binary black hole coalescences, binary neutron
star coalescences, and neutron star-black hole coalescences. Transient signals are well local-
ized in time and space as is shown in the famous Fig. 1 of Ref. [7] (upper image in our Fig. 5),
in contrast to the SGWB. The IVK collaboration also put upper bounds on the background at
LVK scales (around 100 Hz) [26].

As the GW perturbs the spacetime, it delays photon beams traveling across the interferom-
eter arms. In turn, the small perturbation disturbs the perfect interference pattern that would
exist without GWs. The resulting GW strain is given by the ratio % ~[ Ry |~ 1072, where
L is the length of the arm and (L = AL) is the corresponding effective length in the presence
of GWs. In the first GW detection in 2015 [7], the two LIGO interferometers observed a tran-
sient GW signal whose characteristic strain was of the order |h,,,| ~ 1072, with arm lengths
of the order L ~ 10® m, resulting in a very small AL ~ 107'® m. Compared with the proton
dimension 107'°> m, we see that the GW interferometer must be extraordinarily sensitive!

These experiments rely on very large arm lengths, and their detectors possess other en-
hancements to achieve higher sensitivities. Consider, for instance, a signal whose peak fre-
quency is at f ~ 100 Hz, typical for binary mergers, such that A ~ L ~ ﬁ ~ 750 km. For
such wavelength, construction would be impossible. The trick is to use resonant Fabry-Perot
resonant optical cavities, which reduce the required size to L ~ 4 km, by making the laser
beam bounce between the two mirrors around 300 times. Moreover, the characterization of
the fringe patterns in the photodetector is strongly dependent on the laser power. The detec-
tors of LIGO operated close to 750 kW to detect those GWs in 2015.

The combination of detectors improves the experimental power and sensitivity. Indeed, if
one uses two detectors, one can analyze auto and cross-correlations: in the first GW detection
by the Ligo-Virgo collaboration [ 7], there were two LIGO interferometers in the USA. For three
detectors, one can analyze the 3D localization and polarization of isotropic SGWB: in the
first multi-messenger GW detection from neutron-star binary merger [8], there were three
interferometers (two LIGO detectors in the USA, one Virgo detector in Italy). Beyond IVK,
the future generation of ground-based interferometers includes the Einstein telescope [27],
and the Cosmic Explorer [28]. These experiments probe the astrophysical and cosmological
background in the 10 — 10® Hz range, probing cosmology, new physics, and fundamental
physics, see, for instance, [16,29-37].

Because of the length of their arms (Apea ~ Lam), the LVK collaboration can only probe
frequencies in the 10 — 10% Hz range. In turn, this range limits the mass of the black hole
binaries they can probe. There are at least two ways to circumvent this problem: space-borne
observatories, by building a laser interferometer space antenna with huge arm lengths, such as
LISA [38]; and PTA searches, by cross-correlating photon signals emitted by different pulsar —
PTAs are not interferometers, but if intuitively we imagined each pair pulsar-Earth as one arm,
then in a PTA setting we would have an interferometer with galactic-sized correlated arms able
to probe very large wavelengths.
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4.3.2 Space-borne observatories

The idea behind a space-based GW observatory is to use laser interferometry in space, where
three identical satellites composing a regular triangle follow Earth’s orbit around the Sun. In
these satellites, there are very stable test masses that free-fall in space while laser beams travel
along the edges of the triangle (the arm of the interferometer). Therefore, when a GW passes
by, the effective size of the arm changes.

The Laser Interferometer Space Antenna (LISA) [39] is the future space-based GW obser-
vatory to be launched in the 2030s. LISA will have three 2.5 x 10® km arms that can probe
frequencies in the mHz range (from below 0.1 mHz to above 0.1 Hz), with three detectors able
to detect two independent signal channels. The LISA mission has already been adopted by the
European Space Agency. Moreover, the Japanese Deci-hertz Interferometer Gravitational-Wave
Observatory (DECIGO) [40,41] (probing GWs in the frequency band of 0.1 Hz to 10 Hz), the
Chinese TianQin project [42,43] and Taiji program [44, 45] (probing 0.1 mHz to 1 Hz) are
other similar space-borne missions.

These experiments would probe small frequencies that would require unrealistic large arms
on Earth. For such frequencies, it will be possible to observe signals of ultra-compact binaries
in our galaxy, supermassive black hole mergers, extreme mass ratio inspirals, and another
plethora of cosmological possibilities associated with early universe physics [46-49], consti-
tuting the space-based GW observatories a promising probe of fundamental and new physics.

4.3.3 Pulsar timing arrays

pulsar timing array (PTA) searches do not work as the two interferometer strategies presented
above. Instead, they rely on the measure of the time of arrival of radio pulses from millisecond
pulsars. These pulses are disturbed by spatially correlated fluctuations induced by GWs. As
GWs perturb the metric along the Earth-pulsar lines, they modify the time of arrival of the
radio pulses on Earth. A set of PTAs creates correlations across the baselines, while other noise
sources are uncorrelated. Searches using PTAs then compare the measured spatial correlations
with the expected values from the Hellings-Downs curve, the smoking gun for the isotropic,
unpolarized background of quadrupole GW radiation [6,50,51]. The so-called Hellings-Downs
correlation is a prediction of GR that is crucial to characterize the SGWB and is studied in
Sec. 5.2.

PTAs can probe frequencies in the nHz range. These frequencies are lower than what
ground- and space-based observatories can probe. In this range, supermassive black hole
binaries are the primary source of GWs. Supermassive black holes have masses larger than 10°
solar masses, are present in the center of galaxies, and are much heavier than those producing
the transient signals detected by the IVK collaboration. Since the frequency of GWs scales
as the inverse of the binary chirp mass, neither IVK nor LISA can detect such supermassive
black holes. On top of this astrophysical background, a cosmological background produced by
early-universe and BSM physics can also be probed with PTAs [52].

NANOGrav [53], PPTA [54], EPTA [55], as well as their joint international consortium
IPTA [56] are among the most extensive PTA collaborations.!! Before June 2023, pulsar tim-
ing array (PTA) collaborations had claimed statistical evidence for excess noise that early-
universe GWs could potentially explain, see, for instance, the reviews [59-61]. This excess
noise was common red noise. In short, a common red noise process can be modeled with a
frequency-dependent red-shifted spectrum across scales. Detection of GWs, however, depends
on evidence for the Hellings-Downs correlation [50]. At the end of June 2023, enormous at-
tention was given to the latest data release of the PTA collaborations. We could watch exciting

1At the same frequency range, observations with the Square Kilometre Array (SKA) [57,58] promises to increase
the sensitivity further in the following years.
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results from NANOGrav, CPTA, EPTA, and PPTA. Even though we still do not have a 5 — o
detection, for the first time, the collaborations found significant evidence for Hellings-Downs
correlations [62-65], strongly suggesting the presence of GWs signal in their datasets. We
comment more on PTA searches in Sec. 5.2.

For details on the past, present, and future of PTA collaborations, see, for instance, [6,66].

5 Searching for the background

In this section, we discuss the searches for the background with terrestrial interferometers
and PTA searches. A recent and useful reference fro comparing searches for the SGWB in
interferometers with those in PTAs is the "FAQ" by Romano and Allen [67].

5.1 Searches with interferometers

Here we describe how we can detect GWs using Michelson interferometers. This is the tech-
nique used by LIGO-Virgo in their first detections. The experiment consists of probing the
interference pattern induced by GWs.

5.1.1 Experimental setting

LT :

l photon detector

Figure 7: Michelson interferometer: the experiment consists in splitting laser light beams
through a beam splitter at 1 in two different paths (here each arm has length L), re-
flecting them with two mirrors located at 2 and 3, and recombining them back in 1 so
that interference patterns can be created (in particular, perfect destructive interference)
in the photon detector (dark fringe).

According to the setting in Fig. 7, we need to compute the time delay associated with
light departing and returning to 1. There are at least two possible frames: in the TT frame,
GWs change the photon propagation, and the “free-falling" mirrors do not move; in the proper
detector frame, GWs change the distance between the beam-splitter and mirrors.

Let us work in the TT frame. If light travels with ¢ = 1, it takes L to travel from 1 to the
mirror and 2L back to 1. In the { = ¥ direction, the time delay for a light signal emitted at
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time t is given by:'2

L
AT(t) = %iaibf ho(t+s,%+sl)ds, a,b=1,2,3; (5.1)
0
where
hay(6,%) = f a2k e RF D L 2 (O (8,5, (5.2)
A

The time delay, to be measured at time t, associated with the return trip is
ATyo(t —2L)+ ATy (t —L).

Apart from GWs, other sources can also provoke interference, and therefore, we add some
noise n;(t).'> Thus, we write

s12(t) = ATo(t—2L)+ ATy (t — L) +ny(t) 5.3)
d3k . .
=1 (zn)sZA:IiZ(k)hA(t—L,k)+n1(t), (5.4)

where we have defined the single-arm detector response as
A /\bA A —2 "k"'._.
14 eab’x(k) g oTHeX

w | g—mikEQ+kD) sin(mkL(1—k 1)) + emikL(1=kdD) sin(mkL(1+k- 1)) . (5.5)
nkL(1—k-10) nkL(1+k-10)

112(k) =

N

Notice that this expression tells us the direction in the detector is more sensitive! It also tells
us something about frequency modes: the terms in the last bracket tend to be 2 for kL << 1
(small-frequency modes) and O for kL. >> 1 (large-frequency modes). From the response
function, there is suppression for both small and large frequency modes. For the large ones,
the signal drops as (sinx)/x for k >> 1/L. For the small ones, the response function is
constant for k << 1/L. As the noise grows at low frequencies, sensitivity is lost.

5.1.2 Overlap reduction function

Now we are ready to correlate more than one interferometer. For this purpose, we distinguish
interferometers with Greek labels. Assuming isotropic SGWB, the measured time delay in the
interferometer a, s,, can be averaged

3
(s3)= LzJ ((21733 > PR [ 12122 2 +(n?), (5.6)

A

where P, is the non-normalized isotropic power spectrum defined by
(o (kD (ko)) = (271)°62,8° (ks — Ka)Pa(l Ky 1), (5.7)

whose normalized version was introduced in Eq. 3.29. Above, I,> —1,;*> = I, and <n2) is the
instrumental noise from different possible sources. While P, only depends on the GW signal,

12Here, it suffices to use flat spacetime. There is no relevant backreaction of the GWs in the spacetime where
they are propagating, according to Eq. 3.

13This noise can be seismic noise, thermal noise (fluctuation of individual atoms in the mirror), quantum noise
(statistical uncertainty of photon counting), residual gas noise (interaction of gas particles with the mirror and
light), among others. They must be quantified and define the limiting sensitivity of a detector. See, for instance,
Fig. 5in [68].

23



SciPost Physics Lecture Notes Submission

Figure 8: Two Michelson interferometers. We put the origin of the coordinate system at
1. To describe the location of the second detector, we need to include the vector from 1
to 1, where 1 is the central point of the second detector. Therefore, (s,sp) depends on
the distance between the interferometers.

I7 depends on the detector response. In such cases, the main obstacle is noise. Consider that
noise severely affects the data for very tiny time delays (which we expect for GWs). Now,
assume that there are two interferometers a and f3, as shown in Fig. 8. Then,

d3k > >
(sasp) =1 | gz 2 PRI (& 3015 (K ) (5.8)
A

i.e., there is cross-correlation. Ideally, the two detectors are far away, so their instrumental
noises are not correlated (nanﬁ> = 0. The signal is reduced by overlap reduction function,
which is essential for detecting stochastic signals. Note that, although we got rid of the noise
by considering two detectors, the measured time delay now depends on the distance between
them, see Fig. 8. The overlap reduction function, therefore, depends on the response of the
individual detectors and their relative geometry.'4

5.1.3 Monopole response function

Consider an isotropic, unpolarized SGWB, for which P, = P,. For this case, we can define the
monopole response function as

M(k)sz Q| Ig 2. (5.9)
A

Then, the average time delay is

(s2) _ 1 a2 L
oL J d k;(kzpl(k)) ( J dn |18 '2):47.- J d(Ink) (K*P,(k)) M(K). ~ (5.10)

P (k)

The dependence on the source is due to the power spectrum P,(k), while the dependence
on the configuration of the detector is due to M(k). For instance, for the LIGO-Virgo detec-
tors, the two detector arms are oriented perpendicularly to each other. Their sensitivity and
monopole response function depends on the wave number, as shown in Fig. 9.

The result in Eq. 5.10 is quite representative for how we can probe sources with GWs and
we highlight it here: by measuring the time delay ((sﬁ)) and knowing the configuration of the
detector (M(k)), it is possible to probe the source! A similar expression will be derived for PTA

4For pulsar timing arrays, the overlap reduction function is precisely what is known as the Hellings-Downs
curve [69], which we study in the Sec. 5.2.
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Figure 9: On left, sensitivity of gravitational waves versus kL (length of detector L),
given dependence of signal on the correlation (si) through Eq. 5.10. For small wave-
lengths, seismic noise is an obstacle. For large wavelengths, the monopole response
oscillates too much. On the right, log-log plot of the monopole detector response versus
kL. The detector response drops for kL >> 1 (averaging over many oscillations, see
Eq. 5.9), and it is constant for kL << 1.

searches below.

Finally, we note that for polarized sources, P, (k) # P, (k), we should repeat the computa-
tion and keep (hh) inside the sum )_,. We can search for polarization through the multipoles
that could be present in the signal. For non-isotropic sources, we should repeat the computa-
tion and keep (hh) in the integral over dQ2. We can search for anisotropies through antenna
patterns, see Fig. 10.°

5.2 PTA searches

The idea behind PTA searches is to use millisecond pulsars in the nearby galactic environment
and their precise time dependence. Pulsars are rotating neutron stars that are born in super-
nova explosions. Due to their rotation, pulsars appear as lighthouses, although the radiation
they emit is generally not in the visible light part of the spectrum [73-77]. Pulsars usually
start rotating with periods 10-20 ms and then gradually slow down to periods of order 1 s,
while millisecond pulsars [78,79] possess short rotations with period P < 100 ms, and with a
very low slow-down rate P < 1077 [80]. This is shown in Fig. 11, where we can also see that
they are relatively older and have weaker magnetic fields at the surface. Due to their extreme
stability of spin period (time between the flashes we observe on Earth), millisecond pulsars
can be used as extremely precise clocks. Here, the idea is that GWs would interact with the
photons emitted by millisecond pulsars and, consequently, redshift the pulses that arrive in a
radio telescope on Earth.'®

15 Antenna radiation patterns are graphical representations of the antenna directional characteristic, i.e., how the
relative intensity of the energy radiation (amount of electric and magnetic field strength) emitted by the antenna
or source depends on the angular dependence. Due to the Rayleigh-Carson reciprocity theorem [70-72], antennas
have a receiving pattern that is identical to the far-field radiation pattern of the transmitting antenna, i.e., the
radiation source. This is a property highly used in telecommunication. In our case, we would get information
about the source once an anisotropic GW signal matches a given antenna pattern in the GW detector.

16From now on, we omit the name "millisecond". It must be understood that pulsars used in PTA searches are
millisecond pulsars.
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1

Figure 10: We sketch one example of antenna pattern, in which we can see two main
lobes oriented along the z—axis. The interferometer and detector are located at the
xy plane. The antenna pattern is a property of the detector that can be useful for
detecting anisotropy, as the detector can be “tuned” to receive a signal emitted with its
own antenna pattern.

5.2.1 Setting

The frequency of the GW that can be observed with PTA searches is constrained by how long
observations are performed, and by how small the observing cadence is. The minimal acces-
sible frequency is fo, ~ 1/Typs ~ 1072 Hz, for Ty, ~ 10 years of total observing time. The
maximal accessible frequency is fi.x ~ 1/ Tops. cadence ~ 107 Hz if the telescope can be used
every other week.

As described in Sec. 5.1.2, cross-correlation helps to distinguish a GW signal from other
noise sources. In the PTA context, this means that signals of multiple pulsars must be observed.
Huge radio telescopes on Earth have observed these pulsars for several years. Then, by cross-
correlating the accumulated timing observations and designing precise noise models, we can
investigate whether the overlap reduction function is consistent with the so-called Hellings-
Downs correlation [50], crucial to characterize the SGWB, studied in the next subsection.

Importantly, every pulsar has a timing model that accounts for every known influence on the
photon propagation between the pulsar and the radio telescope. The difference between the
time of arrival and the predictions of the timing model for a pulsar gives the timing residual of
that pulsar. Everything that is not included in the timing model accounts for timing residuals.
This includes the desired signal of GWs, but also other sources of noise that must be removed.

In general, the timing model includes timing corrections from pulsar dynamics (pulsar
rotation period, rotation period variation), interstellar dispersion (delay by the column of
electrons in the interstellar space known as dispersion measure (DM), DM variations, solar
electron density), pulsar-Earth system dynamics (Keplerian and relativistic orbital elements,
kinematic perturbations) and Solar System dynamics (Solar System ephemeris, parallax, and
relativistic corrections such as Roemer delay, Shapiro delay, and Einstein delay). For more
details, we refer to [6,81-83].

Phenomenologically, to efficiently characterize the noise of the detector and to model noise
from unknown sources, in real data analyses, noise sources are modeled as Gaussian processes
(known as noise models) [6,84-86]. Noise sources are usually classified as white noise or
red noise processes. The latter is modeled by a frequency-decreasing power spectrum (time-
dependent processes), whereas the former is modeled by a constant power spectrum over the
frequency domain. It is a common feature of pulsar timing data that there are noise sources
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Figure 11: In this plot we can see the distribution of pulsars according to their slow-
down rate (in the vertical axis, P), their spin period (in the horizontal axis (P), their
surface magnetic field (constant diagonal contours decreasing from left to right) and
age (constant diagonal contours decreasing from right to left). Millisecond pulsars are
located close to the bottom left of the plot. Image credited to A. W. Steiner in https:
// neutronstars.utk.edu/ code/ nstar-plot/ ppdot. html

whose origin is unknown, probably related to irregularities in the pulsar dynamics. That is
the reason why millisecond pulsars are used in PTA searches (they have less intrinsic timing
noise).”

In the past few years, we experienced considerable advances in PTA searches. A realistic
search requires huge radio telescopes and enormous computational power. And it is also very
challenging to reach the very high required precision to time and correlate the signals amid
so much noise. The trailblazing idea behind finding evidence of the GWB within PTA searches
and all the timing and noise modelings is, therefore, only possible thanks to joint technological
and intellectual efforts.

5.2.2 Timing residuals

Here we prepare the stage to derive the correlation function of the timing residuals for a pair
of pulsars, which will allow us to obtain the famous Hellings-Downs correlation. Further clar-
ifications can be found on Refs. [6,67].

We start by defining the residual of the pulse arrival time for a single pulsar as the projection
of the metric tensor coordinates onto the photon direction (pulsar-Earth axis) integrated over
the trajectory (from the emission of the pulsar until detection on Earth), here neglecting all
other noise sources. Therefore, for a pulsar distant L from the Earth in a direction p (a unit

7Like interferometer searches, notice that PTA searches rely primarily on Bayesian inference analysis with model
comparison, but it can also be complemented by frequentist detection statistic techniques (for example, the optimal
statistic [87-89], in which a null hypothesis test is obtained by averaging over the Bayesian posteriors of the noise
parameters [90]), see more details, for instance, in [62,91,92]). This topic would deserve its own set of lecture
notes and we refrain from presenting further comments. A summary of Bayesian analysis methods can be found
in [93].
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vector pointing from Earth to the pulsar), the residual at time t (time of arrival on Earth) is

L

1. .
R(t)=§plpjj ds h;;(x(s)), (5.11)
0

where x(s) = (t — (L —s),(L —s)p). The coordinates h;;(x) are the solutions of the Einstein
equations, after fixing the gauge, see discussion in Sec. 2. In the TT gauge, for example, we
saw that there were only two independent components (h, and h,). Here, we choose the
synchronous gauge,'®
hy(6,%) = D hAu(e, ) (), (5.12)
A

where u(t, ¥) = t—-¥, the sum over index A denotes the sum over the two independent modes
for a GW traveling along a direction 2, and é?j(ﬁ) are the coordinates of the GW polarization
tensor defined in Eq. 3.27. This expression holds as long as we deal with a single GW source at
a fixed . That is not the envisaged scenario in PTA searches, in which the typical background
sources are too weak to be seen isolated in the data, so we look for a common GW signal
coming from an ensemble of GW sources and correlate different Earth-pulsar baselines.

When we look at such an ensemble, it is useful to define the GW in the frequency domain.
Therefore, we take the Fourier transform of Eq. 5.12.'°

oo
= d i2nf (t—0%) 1 N 2A (A
hii(t, %) = E J %ez fe=0 )hA(f,Q)e‘lf‘j(Q). (5.13)
A —00

Next, to compute the residual we notice that is also related to the redshift by

R(t)ZJ dz(”o_—”(f))zj di (). (5.14)
0 Yo 0

Here, the photon frequency in the presence of some GW passing by is v(t), the frequency
without GW is v,, and the corresponding redshift at a given time is z(t). Now, we can compute
the redshift by taking the time derivative of the residual in Eq. 5.11 and using Eq. 5.13. This
is just a mathematical trick to simplify the computation. Indeed,

L PR
2(t) = %pipjf gs X6

(5.15)
0 ot

can be simplified if we observe that as function of s, u(s) = t — (L —s)(1 + - p), so that

dhij(x(s)) _ 9 hij(x(s)) (a u(s))‘1 _ 1 9hj(x(s)) (5.16)
dt s s 1+Q-p) 9s ’
and the integration above becomes trivial. We obtain
1 f?if?j
z2(t) = —————Ah;;, (5.17)
O 2mrap
where
Ah;; = [hij(t;XEarth) —hy;(t— L’Xpulsar)] = [hij(u(L)) —hij(u(o))]
df - Al A A
= Zf % hA(f, Q)eIZWf(u(L)—u(O)) ezl_‘lj(Q)
A
— ZJ ﬂ FlA(f, Q)eiant (1 _ e—ianL(1+fzﬁ)) é?'(ﬁ)- (5.18)
" 2n J

18This name follows from the fact that the time components of h; ;(x) vanish in this gauge. The reader can check
that such a solution obeys the equation of motion and the transverse and traceless conditions.
1°Below we omit the integration limits in the frequency domain when integrating from —oo to co.
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Next, we define the AM-GW antenna response pattern mode for the pair Earth-pulsar,

A 1 bibj 4 4
FAQ) = - —————¢(Q), (5.19)
0= a0
and the response function
RA(f, Q) = (1— e 2/ L+0D) ) pA(Qy), (5.20)

which, quoting [67], elegantly captures the difference between the Earth term (unity) and
pulsar term (complex phase). With these expressions, we can also write an elegant expression
for the redshift,

z(t) = Zf %RA( £, ORA(f, )et2™E, (5.21)
A

and according to Eq. 5.14, the timing residual is, therefore,
t df i
R(t) = J di )’ f —= RA(f, RA(f, )2,
0 - 2

_ df S A D) ionpe
_;f 2nRA(f,Q) 2t f (e 1). (5.22)

Therefore, the timing residual is the Fourier transform (frequency domain) of RACE, )/ (2mif)
weighted by the response function plus a constant factor over t. We highlight the appearance of
this extra factor 1/f, coming from the integration of the time variable t. Also, in the literature,
the constant factor is removed because it is an unobservable constant offset in R(t). Constants
like this can be absorbed, for instance, in an arbitrary pulsar phase when defining the timing
model. The pulsar phase is an unknown quantity and therefore is marginalized over, so the
pulsar phase can be typically omitted.?2® As we see below, the important quantity linked to
observations is the correlator between timing residuals at time t and t + 7. For this purpose,
we use the expression [93]

' d A, Q) -
R(t) = —ﬁ ;f %M(f,g)@elzﬂf& (5.23)

which is the Fourier transform of the function

AV

(5.24)
f

R() === YR, )
A

5.2.3 A small detour on correlation functions

With Eq. 5.23, we can compute the residuals of a pulsar signal perturbed by GWs. Large GW
amplitudes could be directly detected, but, in practice, the smallness of the measured timing
residual tells us that the GW amplitudes cannot be too large. Because the sources of typical
backgrounds are too weak, they are not directly visible in the data as they cannot be separated
from noise. In Sec. 5.1.2 we have already seen that if we used two different interferometers
we could significantly reduce the impact of noise in the measurement of timing delays. Here,

20The derivation of the timing residual is not given so explicitly in the literature and this point about the constant
offset is not straightforward. So we rather be careful here. Thanks to Kai Schmitz for pointing this out in private
communication.
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we follow a similar strategy for PTAs: we look for the GW background by cross-correlating the
timing residuals from two or more Earth-pulsar baselines.

The correlation between two noise-free timing residuals from two pulsars a and b is given
by the time-averaged product over the observation time.?! Since the frequency domain is
useful for studying the properties of the background, we go to Fourier space. First, we compute
the following expectation value

da,
4

(I:I*A(fa) Qa)ﬁ HB(fb: Qb))
(2m)% fofp
Now, we assume the background is stationary, Gaussian, and unpolarized so that we can use

Eq. 3.33 and straightforwardly reduce the expectation value of the Fourier transform of timing
residuals to

. N ds; A A
(R Gk (f)) = f S R QR 2) . (5.26)
A B

~ ~ 1
(R (f)Rp(fp)) = 55(fa — f5)S¢(fb)ab> (5.27)
where S,(f ), is the cross-power spectral density of the noise-free timing residual defined by
Su(f) [ df e .
S = — RAf, QR(F, O
D =523 | g 20 R ORED)
_ Sn(f) dﬁa i2nf L,(14:p,) —i20f Ly(14+€2-pp) ArAYTACA
prrr el Gl i) Gl DIEAC LA
(5.28)

where we used the expression of the response function in Eq. 5.20. Next, because it can
be quite confusing to the reader to relate different definitions of correlators and expectation
values in the GW literature, we make a few helpful comments.

First, we can understand our expectation value procedure as an integration over many
random SGWB realizations:?* in Fourier space, we take the expectation value of the field
configurations and integrate it over the solid angle (entire sky), assuming that the background
is isotropic. Therefore, we mean something different than the usual definition of a cross-
correlator of two complex functions f and g, i.e., as the convolution of f and g,

o0
), g()ew = J de fH(0)g(t + 7). (5.29)
—00
The subscript C(7) is here to indicate that the previous correlator corresponds to the mathe-
matical expression of the cross-correlation C(7). According to the cross-correlation theorem
(or in the case of autocorrelation a = b, the Wiener-Khinchin theorem), we have

oo

OOQN*
2m ¢

(R%(6),Rp())c(r) = J (f IRy (f)e2™, (5.30)

—0Q0

dtR(t)Ry(t +17) = J

—0Q

2'We can also make a similar derivation for redshift measurements. In this case, the correlation between two
noise-free redshift measurements, for two pulsars a and b is given by the time-averaged product over the observa-

tion time,
T/2

(2a()3(0) = = f dtz,(0)z,(0). (5.25)
T —T/2

22Here there is some ambiguity in what we mean by SGWB realizations. In principle, we would like to integrate
overall non-vanishing GW solutions k*(f, ) in the region between the pulsar and the Earth. If we think more
carefully, this problem is less trivial than it looks because we do not have full control of who these functions
hA(f, ) are. For students familiar with the path-integral formalism in field theory, the previous statement could be
reformulated as a functional integral over all possible non redundant field configurations. But we do not need to
go that far at this level. For these notes, we make some assumptions about the background and work as generally
as possible.
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where R, is given in Eq. 5.24 and the result is the Fourier transform of the function RZRb, ie.,
F (RZ (f)Rp(f)). We can obtain the cross-correlator of the timing residual once we know the
Fourier components R(f ), which we already have in hand. On the one hand, if we Fourier
transform the expectation value (Rz( f2, Q)R (f5,€2p)) in Eq. 5.26, by properly integrating
over frequency, we are back to Eq. 5.30, integrated also over solid angles. On the other hand,
we note that if we try to compute the cross-correlator C(7v) with Eq. 5.27, the result will be
infinite because we have a §(0) divergence when f, = f;,. This itself is not a big deal and it
can indeed be seen as a consequence of having an infinite integration time in Eq. 5.30, which
is not necessary in our case since, in practice, one would have a finite observable time T. If we
wanted to integrate over time, then it would be possible to regularize the correlator by taking
an appropriate time cutoff T. Nonetheless, this time integration over time is not important for
us because we are interested in the integrand (spectral function), so it is sufficient for us to
keep the discussion in the Fourier space (where this divergence is swept behind the carpet if
the reader wishes) without integrating over time.

Finally, following our prescription for expectation value, i.e., integrating over field config-
urations and solid angles, we can obtain the same correlator of timing residuals as in [93].
Indeed, using Egs. 5.23 and 5.27, we have

RO Ryt + ) = [ L dﬂbf dfaf o e fde 2 Ry e+
J 4 4n
d ad D* D mi(fp— TifyT
- | ziz—“ma(fa),zzb(fb))ez ottt
o

where S.(f)qp is the cross-power spectral density given by Eq. 5.28. The cross-correlation,
C;j(7), induced by the GWB can then be obtained by extracting the real part of this last ex-
pression.

5.2.4 Hellings-Downs correlations

Now we are very close to finding the Hellings-Downs correlations. From the expression for
S:(f )ap> We conveniently define

. o 1 . By . .
Tap(f QuBas pp) = 5 (1= €2 0B ) (1 gm0 L0000 ) 5T EMA)F(),  (5.32)
A=+,%x

A

(8 = | L

Pb), (5.33)

where £ = £, = cos (P, - Pp) is the angular separation between two pulsars. Then, we can
rewrite Eq. 5.31 as

(RZ(t),Rb(t-i-T)) = 87'3(7 J 621'; j:[(z_f;f)z Cl (s Q)eZﬂ'lfT
1
d .
87'5161 f o (Sh(zj;)z)r"b(f ,&)e?mT (5.34)

What this equation shows is that we can separate the spectral information about the back-
ground from the geometric dependence. The dependence on the angular separation between
two pulsars a and b, &, is encoded in T, (f, &), while S,(f) encodes information about the
source of the background and it is related to the power spectrum of the tensor perturbations,

31



SciPost Physics Lecture Notes Submission

osbe fmmee No GW
—— HD
0.4
o 0.3f
" (180,0.25) | =
— 0.2}
a
T
~  0.1f
0
—0.1f \/
<= (82.5,-0.15)
—0.2L i i .
0 45 90 135 180

§[degs]

Figure 12: We show the normalized Hellings-Downs curve — overlap reduction func-
tion for an isotropic SGWB in PTA searches — for two different pulsars as a function
of the pulsar separation angle £. We also show the minimum and the value at 180
degrees.

see Eq. 3.33. The quantity I;;(f, &) is the overlap reduction function for PTAs, in analogy with
the overlap reduction function described in Sec. 5.1.2; compare, for instance, with Eq. 5.10. It
contains information about the geometry of the system. This quantity is the famous fingerprint
of an SGWB in PTA searches, known as Hellings-Downs correlation [50]. In particular, it tells
how the GW radiation power is distributed along the sky according to the angular distribution
of pulsars.

To determine the constant normalization factor C; and the shape of T,;(f, &), we proceed
as follows [6]. All pulsars probed by the PTA collaborations are millisecond pulsars that belong
to our cosmic galactic neighborhood. They are at least 100 parsecs (about 3 x 10'® m) distant
from us, while the typical frequency values are of order 10"~/ Hz. Therefore, f L > 10, and
the dependence on the frequency in the brackets of Eq. 5.32 can be neglected [94]. Conse-
quently, the corresponding brackets are 1 (for distinct pulsars) or 2 (for identical pulsars, i.e.,
same L, 2, and p). The overlap reduction function therefore reduces to

2
Lap(f, ) = Tp(§) = G J ‘:—:ZFf(fz)Fg(fz)(l +84p)- (5.35)

We use the antenna pattern from Eq. 5.19 to explicitly write I'(§) as a function of the angular
separation.?® For a pair of different pulsars, say 1 and 2, whose angular separation is &;5 = &,
we write the Hellings-Downs curve as

L"Sg) . (5.36)

Thp12(8) = % (4+(COS€—1)+6(1—cosg)ln 1 5

According to the reasoning above about identical pulsars, if we compute the Hellings-Downs
curve for identical pulsars, we must obtain twice the result for distinct pulsars whose angu-
lar separation is zero. If the angular separation is 0 and the pulsars are different, all terms
proportional to (1 —cos &) vanish, giving simply Iy 12(0) = C;/3. So taking into account the

2BSee an explicit parametrization of the angular dependence of the antenna pattern on p;, for instance, in [95].
To simplify, we can define p, = 2 and p, = sinyX +cos y2 so that F)* = 0. Therefore, the overlap reduction function

only depends on the average of F;'F; over the angular separation.
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numerical factor of two, we conclude that Iy 1; = 2C; /3. Therefore, for any pair of pulsars i
and j, we can write

(5.37)

1—cosé;;
— |

C
FHD,ij(gl.]') = é (4(1 + 511) + (COS gl] - 1) + 6(1 — COsS §U)ln

Next, we define x;; = (1—cos &;;)/2. A usual convention is to set I'(0) = 1/2 for distinct pulsars
on the same line of sight and I'(0) = 1 for identical pulsars. This fixes the normalization factor
to C; = 3/2. In this case, the Hellings-Downs correlation is

1 1 3
FHD,ij = 5(1 + 511)— Z.X'i]' + Exij lnXl'j. (538)

We plot the corresponding curve for i # j as a function of the pulsar separation angle in Fig. 12.
It is the famous fingerprint that should be hidden in pulsar timing data if the signal comprises
an isotropic GWB. We emphasize that the presence of the Hellings-Downs correlation in the
data is independent of the source of the GWB, as the source contributes to S;(f). Since the
function depends on the cosine of the angle, it is symmetric only under £ — 27 —&.

Moreover, to understand how the Hellings-Downs correlation depends on multipolar modes,
we can expand it in a Legendre polynomial basis

< < 3(1—2)!
FHD,ij = Z CllPZ(COS gll) = Z ﬁ(ﬂ + ].)PI(COS gl]) (539)
=0 [=2 ’

The main contribution is quadrupolar (I = 2, a,/as ~ 25/7), and there are no monopole
(ap = 0) or dipole (a; = 0) contributions, as expected for GWs in GR. By contrast, if we
repeated the calculation for short-arm interferometers, as is the case of IVK detectors, we
would obtain Iy (y) o< Py(cosy) = 1/2(3 cos? y), symmetric only under y — m—y. Differently
from PTAs, the quadrupolar deformation of space produced by a passing GW affects two test
masses 180° apart in the same way.

By comparing Eqs. 5.31 and 5.34, we can write the cross-power spectral density of the
noise-free timing residuals as

1S s L k@)
S(f)ij= 34m2f2 B T Tppapz DG = WFHD,U: (5.40)
where in the last equality we used the definition of the characteristic strain from Eq. 3.34.
Since what is measured are timing residuals, we can write the cross-correlation induced by
the GWB in the time domain C;;(7) . According to Eq. 5.31, we have

oo 2

Cij(t) = J df S¢(f)ijcos(2mf T) = Typ ; (J df 12C7gf)3 COS(ZTCf’L’)). (5.41)
0 0

If we now assume that we have Hellings-Downs correlations in our signal, we can use the
previous expression to inquire which sources could have produced such a signal, since different
sources have different strains hf( f). Whether they fit available data better or worse than each
other, one can perform a Bayesian inference analysis to find out.

Finally, we comment that throughout this section we have assumed that GR holds. Then,
a detection would also confirm one more prediction of GR, this time encoded in the Hellings-
Downs correlation. Instead, we could also derive an expression for the overlap reduction
function in models beyond GR, see, for instance, [96-98]. In these models, we may not only
have the two GR degrees of freedom because modified theories of gravity can contain more
propagating degrees of freedom. We also assumed isotropy, but more realistic astrophysical

33



SciPost Physics Lecture Notes Submission

scenarios and even some cosmological models may include anisotropies. These anisotropies
would induce small perturbations to the signal and modify the overlap reduction function. It
is expected that anisotropies should exist and contribute very little to the signal [17-21], as in
the CMB.

5.2.5 The latest PTA data releases: HD on the radar!

It is impossible to finish the discussion on PTA searches without commenting on the latest
results concerning the detection of Hellings-Downs correlations. On June 29th, 2023, the main
PTA collaborations released their latest datasets and a set of new papers exploring the data. A
complete set of papers released that day by these collaborations is: by NANOGrav [11,12, 20,
52,62,83,86,92], by EPTA (with InPTA data) [13,14,63,99-101], by PPTA [64,102,103], and
by CPTA [65]. These papers created considerable excitement because evidence for HD spatial
correlations has been found for the first time [62-65], suggesting a GW origin of the signal.

Even though the collaborations obtained different confidence levels for HD and used differ-
ent methods to analyze their data, they all agree that the latest datasets favor HD correlations
over a model without HD. The NANOGrav collaboration, for instance, claimed evidence at
the 3-4 o level. The current results are highly encouraging to PTA searches and GW multi-
messenger astronomy, and it is expected that evidence will increase further in the next IPTA
data release DR3. In the meantime, the reader can see [104] for preliminary results in a joint
analysis.>*

Besides searches for the HD correlation in the pulsar data, the collaborations also searched
for signals of SMBHBs [11-13], new physics [13,52,101], and anisotropies [20].2° At this mo-
ment, it is not possible to tell the source of the observed GWB. The interpretation of the origin
of the signal is not conclusive because we still need to understand better how to model the
astrophysical source (SMBHBs). The simplest scenario is modeled with a power-law power
spectral density S,(f) ~ f~7, where y = 13/3 is a constant. The resulting GW spectrum,
Qgw ~ f>77, is too much red-tilted to fit the pulsar timing data, explaining why many new
physics models could explain the data better, for instance, in [52,105]. These papers exem-
plify how powerful PTA searches can be when it comes to probing fundamental physics and
cosmology. We dedicate the following sections of our lecture notes to examine these searches.

6 Primordial gravitational waves

In Secs. 3, 4, and 5, we saw how to compute the GW energy density pgy and their spectrum
Qcw, and we introduced interferometers and PTA searches. In the next two sections, we will
learn how GW detectors can probe fundamental physics and different stages of the universe.
First, in this section, we will review some concepts in cosmology, mostly related to cosmic
inflation and the propagation of GWs in an expanding and flat manifold. After establishing
some notions regarding the characteristic frequency of primordial GWs and bounds coming
from other cosmological probes, like CMB and BBN, then, in the next section, we will explore
some cosmological sources of the SGWB.

24Notice that combining data is not a simple task. The collaborations use different detection techniques, from
timing to statistical methods. That is why the cited work is not yet conclusive and some time is needed to finish a
more robust analysis.

2>Many follow-up papers exploring the data also appeared. We do not cite them here because they are many,
and we would easily forget one or the other.
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6.1 A very short review on cosmology

At very large length scales, our universe is isotropic and homogeneous [106]. Comoving ob-
servers can describe this universe through the Friedmann-Robertson-Lemaitre-Walker (FRLW)

metric,
2 2, 2 dr? 2 102
ds® =—dt* + a*(t) +redQ” |, (6.1)
1—xr2

in which Q is the 3D solid angle, and a(t) is the scale factor. The quantity « is a constant

describing the curvature of the universe, assuming the values +1 if the universe is closed and

has positive curvature, O if the universe is open and flat, and —1 if the universe is open and

has negative curvature. Here, we can confidently set k = 0 and work with a flat universe.
Next, we define the Hubble parameter as (dot denoting time derivative)

a
H(t)=—. (6.2)
a
When we substitute the FRLW metric into the Einstein equations, we derive the Friedmann
equations

N

8nG

H? = (E) = M’ (6.3)
a 3

H+H2=(g)=—é(p+3p), (6.4)

where p is the total energy density and p is the momentum (given by the diagonal entries of
the energy-momentum tensor), for a perfect fluid given by T#, = diag(p,—p,—p,—p).

6.1.1 Properties of the FRLW solution

We can rewrite the Friedmann equations as

d

d—€+3H(p +p)=0. (6.5)
With an equation of state p = wp, its solution is p o< a—>(1*+"). By substituting this result in
one of the Friedmann equations above, we find a solution for the scale factor

2
3(T+w) i —
a(t)oc{t31 » ifwE—l (6.6)

eHt otherwise
for a constant H. Therefore, matter (w = 0), radiation (w = 1/3), and any other type of fluid
for which w > —1/3 do not produce accelerated expansion. Finally, we also write the energy
budget as

0
p=>pn = = P 6.7)
i pC
where p, = SHS /(87G) is the critical energy density, H, is the Hubble parameter measured
today, and £2; describes the fraction of each component making up the budget of the observable
universe.
We make two important observations at this point:

* Since the supernovae observation in the '90s, we know that the expanding universe is
accelerating [107,108], so we need to include some form of dark energy (w ~ —1) that is
part of the energy budget. The most robust solution to the FRIW equation in this context
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is the ACDM model, in which we use a non-evolving cosmological constant (w = —1) to
describe the late-time acceleration.

According to the latest PLANCK results [106], the FRLW solution describes the observ-
able universe with preferred values w, ~ —1, Q, = 0.68 (dark energy, cosmological
constant), Q4,, = 0.27 (dark matter), Q; = 0.04 (baryonic matter), and H, = 67.4 km
s~1 Mpc~1.20

* Similarly, in inflationary cosmology, the universe should have undergone a period of
very fast expansion so that we can explain why the universe looks so homogeneous
today, without problems of causality and fine-tuning of initial conditions in the past. In
this case, we use directly Eq. 6.6 with H > 0.

In these notes, we use H to define scales. The size of the observable universe is set by the
comoving particle horizon,

t / a(t) a(t)
o= 4o d—a2 — | din(e) (i) 6.8)
o a(t’) o Ha o aH

which is the light-like distance traveled by light from O to t (the maximum distance an observer
can travel). The Hubble horizon, (aH) ™!, describes the radius of a 2-sphere such that every-
thing beyond its radius cannot be causally connected to the interior of the 2-sphere. If we use
the FRLW solution above, since (aH)™* = (1/ Ho)a(1+3w)/ 2 the Hubble horizon increases over
time for matter and radiation but decreases for standard slow-roll cosmic inflation, in which H
is approximately constant and a increases. This notion of the Hubble horizon is fundamental
to understanding the production of primordial GWs in Sec 6.2. We comment more about this
below.

6.1.2 Cosmic inflation

For simplicity, we set here M, = 1,c = 1. According to the FRLW solution in Eq. 6.6, we have
decelerating expansion, d < O, if the equation of state parameter is w = p/p > —1/3. There
are at least two problems associated with this solution — the horizon and flatness problems.
The horizon problem is due to the Hubble horizon growing faster than any other physical
scale so that the observed CMB spectrum implies uniformity for regions that were not causally
connected in the early universe. The flatness problem is about the fact that the curvature of
the universe is very small today, requiring even smaller curvatures in the past and very fine-
tuned initial conditions. For more details on these problems, see, for instance, these lecture
notes on inflation [112]. If we want to avoid these problems, the condition w < —1/3 must
be satisfied. This can be done, for instance, in a cosmic inflation model, in which the era of
inflation (w < —1/3) occurred before BBN and the radiation-domination era.

Next, we consider the most simple model of cosmic inflation, the single-field slow-roll
model,

R 1
S= J d*x+/—g (5 — Eg’”%d) 2,¢ — V(qb)) . (6.9
The energy-momentum tensor is given by?’
2 05, 1
T =~ g = 99— &y (Eaaqsa% + v<¢)) . (6.10)

26 A very interesting direction in cosmology in this time is to understand the H, and S tensions between values
obtained with early-universe probes, such as the CMB [106], and late-time measurements, such as supernovae
[109]. See, for instance, more details in [110,111].

*’Qur convention is g, = &,, +h,,,, where g, = diag(—1,a,a,a).
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Figure 13: Slow-roll scalar field potential V (¢ ) as a function of ¢. A Slow-roll condition
implies that the potential does not vary much with the evolution of the field, allowing for
accelerating solutions w < —1/3. In the evolution of the scalar field, time runs from right
to left. At the beginning of the evolution, V(¢) >> ¢2, implies a constant H = /V /3
and a de-Sitter solution for the scale factor. In addition, quantum fluctuations 6 ¢ source
density scalar perturbations. Inflation ends when the slow-roll condition is not satisfied.

By assuming that the field is homogeneous, i.e. ¢ (x,t) = ¢(t),d;¢ = 0,® we have

L2

L2
Py =" +V(P),  py="7-V($) (6.11)
and then

W¢:p_¢zw > wyo—1 if V($)>>¢2/2.  (6.12)

Py ¢2/2+V(¢)

The last condition is known as slow-roll, see Fig. 13. That is why this model can describe a pe-
riod of accelerated expansion, since wy < —1/3. In particular, from the Friedmann equations,
its solution is quasi de-Sitter,>? i.e. it is an exponential expansion a(t) o< e!’t, for a constant
positive Hubble parameter H, that ends by the end of inflation. Before inflation ends and the
radiation domination era starts, some form of reheating mechanism is necessary, but we skip
these details here. For the scalar field ¢, the equation of motion is

1 . .
——3,(v/—g2"p)+Vy =0 = +3Hp +V, =0, (6.13
J=g ,u( go"¢) Ko ¢ ¢ b )
for homogeneous ¢ with H? = %((f)z/Z +V(¢p)) ~ @

28 At the classical level, this assumption is required to satisfy the symmetries of the FRLW spacetime (isotropy
and homogeneity). Quantum perturbations can then introduce anisotropies and inhomogeneities. We do not cover
these cases here.

PThe de Sitter solution is the maximally symmetric solution of vacuum Einstein equations with a constant
positive cosmological constant A. Without any matter content, we have Q, = 1. In this case, we can show that
H o< /A and the Ricci curvature scalar is R o< A, which is the only free degree of freedom of the theory (no longer
two, as GR in vacuum, without cosmological constant). That means, to have GWs, a de Sitter period must finish.
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6.1.3 Horizon modes

So far, we have discussed inflation classically. In addition, quantum fluctuations of the scalar
field 6¢ and of the metric 6g"” source density perturbations and GWs. We explore this in
Secs. 6.2 and 7.2. These quantum fluctuations can follow from a similar SVT decomposition
[3,4] as in Sec. 2.2.1, in which the metric tensor and any other fields can be decomposed in
tensor, vector, and scalar parts. These fields, in Fourier representation, are associated with
modes of wavenumber k. The dynamics of the modes will determine the behavior of the field
in a given era.

Generically, at earlier times during inflation the Hubble horizon H is constant, and the
scale factor a(t) grows exponentially. As a result, the Hubble horizon (aH)™! decreases in
time. A mode with wavenumber k is said to be

e sub-horizon when k™! < (aH)™}, i.e., they are inside the horizon (A, < (aH)™);
* super-horizon when k~! > (aH) ™!, i.e., they are outside the horizon (A, > (aH)™%);
* at horizon crossing when k~! = (aH) ™! and the modes either exit or re-enter the horizon.

Since (aH) !(t) is decreasing in time, modes with smaller k — larger A, — will exit (re-enter)
the horizon before (after) modes with larger k — smaller A — see Fig. 14. As we see below,
at the moment the modes exit the horizon, they are frozen. When the mode re-enters the
horizon, they start to evolve again. In particular, the tensor modes will then propagate as GWs.
Therefore, if we manage to detect such primordial GW in the form of a stochastic background,
we will be observing an imprint of how things were at the time of horizon re-entrance. The
higher the frequency of such GW background, the earlier the mode re-entered the horizon.
This picture is very similar to what happens in the CMB case, where we can "see" the photons
that propagated since decoupling.

6.2 Gravitational waves in an expanding universe

Here we explore some properties of GWs in an expanding universe. The metric of an expanding
FRLW universe in Cartesian coordinates with time (¢, x, y,2) and conformal time (7, x, y,2)
are given by>’

ds? = —dt? + a(t)*dx'dx; = —a(7)*(dt% — gijdxidxj), (6.14)

where 7 is the conformal time and a the scale factor. Expanding around a flat homogeneous
cosmological background g;; = 6;; + h;;, the linearized field equations are

o 2a’;,
DOhyj(X,7) — —h;(X,7) = —167GTy, (6.15)
a
where derivatives with respect to conformal time are denoted by primes. Notice that the
second term on the left-hand side vanishes for a static universe, and we recover the usual
linearized Einstein GW equation. By Fourier transforming and defining h, = ah;, where
A =+, x are the two polarization modes of the GW, we can rewrite the field equations as

"

E%(%,T)+(k2—%)ﬁk(%,T) = 16nGaT;(k, 7). (6.16)

We can approximate in the following two cases: k? >> (aH)? (sub-horizon modes) and
k? << (aH)? (super-horizon modes), see Fig. 14. In vacuum, for the sub-horizon case, 6.16
reduces to

R (k, ©) + k2R, (k, 7) ~ 0, (6.17)

30The conformal time is just defined from the relation d7 = ad't.
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Figure 14: Diagram of the comoving scales k™' and (aH)™" as a function of conformal
time, normalized so that inflation ends at T = 0. For a mode with a given wave number
k, at earlier times during inflation, the Hubble horizon H is constant and the scale
factor a(t) grows exponentially. As a result, (aH) ™! decreases, so that the mode leaves
the horizon when k™ = (aH)™!. After inflation, for both matter and radiation eras,
(aH) ~ 1/t, and (aH)™" increases with time so that the mode re-enters the horizon
when k™! = (aH)™. Sub-horizon scales refer to modes in the horizon k=' < (aH)™'.
Super-horizon scales refer to modes out of the horizon k™ > (aH) ™. Fluctuations only
propagate after horizon re-entry since they are frogen in super-horizon scales.

which is a simple wave equation whose solution for h is oscillatory. Consequently,
hy(k,t) ~ —= cos(kT + ), (6.18)
a

where A, = A;L(E) is a constant in time. Notice that the wave amplitude decays as the universe
(scale factor) expands. For the super-horizon case, we have instead

2a’hi1 + ah//{ ~ 0, (6.19)

T
Y
h,=A, +B
A AJO a(y)?

where A; = A,I(K) and B, = B A(i&) are constant in time. In the approximation above, we
used the fact that the integral decays as a(t) increases. Thus, GWs are “frozen" outside the
Hubble horizon. This mechanism is the same as the one occurring in inflation, discussed in
Sec. 6.1.3. After re-entering the horizon, tensor perturbations become sub-horizon modes
again, as described in 6.18. The re-entry time is the time when the GWs are produced. Since
then, they have propagated through the spacetime and can be detected today. Let us focus,
therefore, on these sub-horizon modes.
A useful parametrization for the sub-horizon modes is [113]

whose solution is

A constant, (6.20)

W)= > J (2m)3 h ()T (7)é] (l?)e‘“kf‘i"”“). (6.21)
A=+,%
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For this parametrization, we define an initial time 7, as the time of formation or horizon entry,
or, for sub-horizon sources, as the time of GW emission, i.e., when the decaying behavior (1/a)
starts; h; is the Fourier coefficient at time 7 = 7,; 7 (7) is the transfer function given here
by the ratio a(t,)/a(t) (notice we have factored out 1/a); and é?j are the components of the

TT 0
hl.j to its +, x degrees

polarization tensor which map the Cartesian coordinates of the tensor
of freedom, as defined in the previous sections.
We use the expression for the energy density associated with GWs, Eq. 3.20,

pew(T) = 39 G(hTT(* ORTT (%, 1)). (6.22)
Since we are using conformal time, h.i = (1/a)hlJ, = —Ti(d’/a), and H = da’/a, for
a = a(t). Therefore,
hiT (%, t)———Z f on )Sh,l(k)ﬂ(r)el(k)(lk+H)e_l(’" k%), (6.23)
and
d3k, d3k, - U D P
pew(T) = 397G a2 (2n)3 w(hzl(k1)h)v(kz))eij(k1)eij(k2)77<177<2 x

x (iky + H) (—=iky + H) e"ia—ka)Te=ilo—k)% (6 24)
The last term simplifies after assuming homogeneity and isotropy as in Eq. 5.7,
(o (kD (ko)) = (271)°622,8° (ks = Ka)Pal Ky 1), (6.25)

where P(k) is the non-normalized tensor power spectrum, which has mass dimensions [M ]2
We can explicitly factor out the powers of momentum and write the following expression with
the dimensionless power spectrum of tensor perturbations introduced in Eq. 3.29, through the
replacement P, = (272/k3)P, (k).

We can write the energy density associated with the SGWB as

paw() = o—— ZJ 2y TN (ik +H)178f:efs (k)P (K). (6.26)
For each polarization mode, 2 ;e ] = 1, since é?}leﬁz = 0,,,2,- Since we are working with sub-

horizon modes and | (ik + H)|?> = k? + H? = k? + (aH)?, we can approximate aH << k so
that

27.2
Pow(t) = GazZ f o )Bn(r) k2P (k). (6:27)
Hence, at a time 7,
1 1 a*(t,)
k*dk) x k* » P;(k - 6.28
Pew(To) = 327G a%(7y) (271)3J( ) % Z A(k)—— 2(ty)’ (6.28)
a*(t,)
The term Y, P; (k) can be identified with the primordial power spectrum, and ) tells the
a To

cosmological history. We can also relate the energy density pgw to the GW density spectrum
Qcw through 3.31,

1 9pgw
. 0logk

Pew =chd(log )— =p. J d(logk)Qew(k, 7). (6.29)
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Why is Qgw(k, 7o) relevant? Because it is the spectrum of the GW density, carrying information
on the source and the cosmic history, as measured today, for a wavenumber k. We can obtain
the GW spectrum Qgw(k, 7o) by comparing the last expression with 6.28. The critical energy
density is given by p, = (SH(Z)) /(87 G). Therefore,

SIS )
Oanlh 70) = Torm (ﬁz Pa(k )) ;g ). (6.30)

By defining the power spectra of tensor fluctuations as

2
t

s RACEIIC! (631)

we can rewrite

AZ k2 2 AZ k 2a4H2
) S0k e 65

Q2 (k — ,
ow(k) = 12 H2 a*(ty) 12 atH?
where a, = a(r,),H, = H(7,) and the index * denotes time of horizon crossing (GW pro-
duction) and O denote today’s time. At the time of horizon entry, a, H, = k,, so we write the
SGWB spectrum as
2 4772
Af(k,) a;H;
47r2°
12 agH,

Qg (k) = (6.33)

Take, for instance, the case of single field slow-roll inflation. In inflation, GWs are created
from quantum fluctuations in quasi-de-Sitter spaces. Here we assume that the polarization
modes are the same, i.e., P, = P_, which is a valid assumption for single-field slow-roll infla-
tion, that shows no preference for either polarization, and then the SGWB is unpolarized. We
assume T, occurs during the radiation domination era. The power spectrum for each polar-

ization mode is
P ( k) — i 2 Hiznﬂation (6 3 4)
A M, 2k3 ) '

where M 5 = 1/(87G) and Hjyfation is the Hubble parameter at the end of inflation. We will
deduce this expression in the next section, where we discuss sources, see Eq. 7.8. It follows
that Af is constant, given by>!

A? = 128G*H?

inflation*

(6.35)

So, according to 6.33, ng does not depend on k, and the GW spectrum and the energy
density decrease with a*, as expected for radiation.

If a GW is emitted with some frequency f, at time 7,, then the observed frequency at time
T, is red-shifted according to

_ . alry)
fO - fk a(TO) .

Using k = 275(f/a) at horizon crossing f, = k a*/(27r) =H,/2n, and f, ~ H,a,. Therefore
ng 0 Durmg radiation domination, p ~ a™*, then H, ~ a2, f, ~ a;l because H f ~p,
and then QGW (fo)°, i.e., the GW spectrum does not depend on the observed frequency.
Instead, if the GW was emitted during a matter-dominated era, then H, ~ a~%/2, f, ~ a;l/ 2
and finally ng ~ fo 2. We can also plot the expected shape of such GW spectrum as a function
of the observed frequency, see Fig. 15. This is the behavior expected for inflationary GWs.
Different primordial sources will depend on f; in different ways.

(6.36)

311n the inflationary period, a(t) = e, for constant A = H; q,0n- Since the k* from the power spectrum cancels
the corresponding term in the definition of the tensor fluctuation, Af is constant for any value of k.
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Figure 15: Plot in logarithm scale of the GW power spectrum from single field slow-
roll inflation versus frequency (observed today), in Hz. Notice that the time of horizon
entry flows in the opposite direction of the frequency axis since f, ~ t;l. The spec-
trum does not depend on the frequency during the radiation-domination era (RD, red,
solid line, w, = 1/3). During the matter-domination era (MD, green, dashed line,
w,=0), ng ~ fo_z. The acronym “eq" stands for matter-radiation equality, and “rh"
for reheating (the last stage of inflation, which takes into account all processes from
the decay of the inflaton field to establish the hot thermal bath of the Big Bang). We
assumed that reheating (MD, green, dotted line) occurred at f, ~ 10%Hz. During re-
heating w, = (w) = 0, as in matter-domination. On the left, we also sketch the power
spectrum of CMB (blue, thick line, r = A% / Asz < 0.1), related to tensor anisotropies on
the last scattering surface, during the matter-domination era.

6.3 Characteristic frequencies of relic gravitational waves

Next, we relate the GW spectrum produced at a time t long ago to the observable spectrum
that is probed nowadays. If a GW is emitted with some frequency f, at time 7,, then the
observed frequency at time 7 is redshifted due to the expansion of the universe,

a(t,) _ k,a(v,) _ H.a,

a(ty) 2ma(ty) 2may

fo=1. (6.37)
The waves are produced during horizon re-entry when the wavelength becomes sizable to the
comoving Hubble horizon. The comoving Hubble horizon (aH)™! is controlled by the Hubble
parameter, H ~ f = 1/t. The emitted frequency evolves as f, = (e*H*_l)_l, where €, is
a small value satisfying €, < 1 and its exact value depends on the source. The subscript *
denotes horizon crossing. This parametrization sets the inverse of Hubble factor (H,)™! as
the cosmological horizon. GWs from a source in the early universe cannot be correlated on
time scales larger than (H,)™!; otherwise, it would break causality. The exception is cosmic
inflation, which is motivated by such causality issues in the so-called homogeneity problem.
We comment more about it in Sec. 6.2.
Assume that a GW signal is produced during the radiation era, then we can use

H2 — pr — Tczg*T:
* SMI% 9OM3 ’

(6.38)
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where T, marks horizon re-entry at radiation domination era, in whicha ~ 1/T and t ~ 1/T2.
For relativistic degrees of freedom about g, ~ 100, we have

T
~ 1078 _1(—*)H , 6.39
fo “ \Gev ) ” (6.39)
1Hz\?
t, ~1072¢ 1 (—Z) 5. (6.40)
fo

Thus, it is possible to associate the observed frequency of GWs in the detectors with the epochs
of the universe when such GWs had been produced. By operating in different frequency ranges,
GW detectors can probe separated energy scales and cosmological epochs.>? As shown in Ta-
ble 1, in principle, we can access very high energy scales. These scales cannot be probed by
other cosmological probes, for instance, those related to the CMB, to Big Bang nucleosynthe-
sis (BBN), and large-scale structures (LSS), which can probe only much lower temperatures,
T, <1 MeV.

€., =0.1| fo (Hz) | T, (GeV)
PTA 1078 0.1
LISA 1072 10°
LVK 102 10°

Table 1: Typical peak frequencies and their associated temperature of emission, expected
for PTAs, and ground-based and space-base GW experiments (LVK and LISA, respectively)
fore,=0.1.

In particular, when T, is associated with the reheating temperature at the end of inflation,
we can see which kind of inflationary scenarios the different experiments can probe. For
instance, PTAs could probe only inflationary GWs produced after a late period of reheating,
i.e., low reheating temperature, when compared to LVK.

6.4 The gravitational wave spectrum and the cosmological redshift

The correct correspondence between frequency and temperature does depend on the effective
number of relativistic and entropic degrees of freedom, g, and g, ; respectively, as well as
on the equation of the state of the universe. For the SM, the correspondence can be found
in [114] and is plotted in Fig. 16. We can see mainly three major events (jumps) changing
these effective numbers. They are associated with the EW phase transition at T ~ 100 GeV,
the QCD phase transition at T ~ 0.1 GeV, and the e*e™ annihilation at T ~ 1 MeV. The starting
point in the UV for the SM is at g, = g, ; = 106.75, while the endpoint is approximately
(84, &xs) = (3.38,3.93) after neutrino decoupling [115]. We can also see that the QCD phase
transition event coincides with the range that PTAs can probe.

Since the universe expands and the degrees of freedom g, and g, ; change across different
epochs, there is a cosmological redshift that must multiply the evolution of the GW spectrum.
By knowing the relation between degrees of freedom, time, and frequency, we can write a final
expression as

0
g, 4/3 .
Q(c);li:[erved (k) — Q? (g*g(ok)) (g ,(Sk)) Qér‘r/l\}tted(k) . (6.41)

To derive this equation, we change variables from t, to t and assume that the GW energy
density behaves like radiation, decaying with the fourth power of the scale factor a(t). Then,

32Take as a grain of salt that the stochastic GW signal is weak. As we have seen previously, there is a (a,/ ao)2
suppression for the GW density spectrum. This means that largely redshifted sources — as is the case of cosmological
sources — are weak and challenging to detect.
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Figure 16: We plot the SM effective number of relativistic (g,, blue, solid line) and
entropy degrees of freedom (g, s, red, dashed line) as a function of observed frequency
(fo, bottom) and temperature (T,, top) at horizon crossing. We used data provided by
Ref [114].

we consider the case for which horizon re-entry occurred during the radiation domination era,
in which Q,.(t) = 1, and use the expression for the energy density given by Eq. 6.38. Finally,
we use conservation of the entropy S = g, ;a>T>. Explicitly, we have

d pow(to) _ (Pc(f)) 1 (3 PGw(to)) d pgw(t)

1
Qow (t0) = —5
Pe

d Ink P ) p(t)\ 3 pgw(t) d Ink
_Q_?pr(t)(a(to))—“ 1 dpow(t)
0.\ at) ) p(t) dlnk

_ Q? Pr a(to) -
‘nr(r)(p_s)(a(t)) Saw(t)

0 g*(t)T“) a(te)\™
— (&(%)Tg ( a(t) ) fanl)

4/3
-o(F) (gg*’S((tf))) o) (042

This proves Eq. 6.41.

6.5 Constraints from BBN and CMB

Big Bang nucleosynthesis (BBN) and the cosmic microwave background (CMB) are also cosmo-
logical probes. They help us to answer the question: “What is the maximum fraction Qg /2,
we can observe today?" The energy density due to GWs cannot be larger than the radiation
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density observed. And it also cannot be larger than the excess, Ap, = pfbs — pr, the extra
observed radiation due to neutrino species.
After electron decoupling [115],

2 7 4 4/3
=0, +p,=— |2+ LN — T4, 6.43
Pr =Py TPy 30 4 eff(ll) ( )

The factor of 2 corresponds to the two degrees of freedom of photon radiation, 7/4 = (7/8)2 to
neutrinos and anti-neutrinos (fermions with one helicity state each), and 4/11 to the heating
of the photon bath relative to the neutrino bath due to e*e™ decay after neutrino decoupling.
N is the neutrino effective number given by Nesflg’l + AN,g. Consequently,

obs __ SM 4/3
(pﬂ) < Pr_ 7 Pr < 7 (i) AN . (6.44)
Py Jr=mev Py 8\ 11

In the standard model, Nesflg/[ ~ 3.0440 [116,117], which is consistent with the CMB data,
N = 2.99t8:§§ at the 95 % confidence level [106]. BBN [118] constrains ANy < 0.5 [119,

120]. Therefore, for T < (Tgpn, Temp), the observed ratio is bounded by Eq. 6.44,

(pﬂ) <0.1. (6.45)
Py Jr

0
Today, Q‘Y) = % ~107°, and pgw S Q. p AN constrains the GW spectrum, pgw < 10%p,.

c

Since pgw = P. f d(log f )Q2ew(f ), the BBN constraint implies, for a broad spectrum, that the
observed GW spectrum today is bounded by

Qqw S 107°. (6.46)

This constraint holds for GWs inside the horizon at Ty and Ty, i-€., the GWs were produced
during radiation domination, before CMB decoupling. It was already used to constrain some
early universe models.

7 Probing cosmology and BSM physics with the SGWB

In this section, we discuss some primordial sources of GWs also described, for instance, in
[48,59,61]: the cosmic gravitational microwave background, inflation, axion-inflation, scalar-
induced gravitational waves, phase transitions, and cosmic strings. We do not cover these
sources in detail. Each one of them would deserve a dedicated set of lecture notes. Instead,
we aimed for an executive summary, with more or fewer details depending on the model, by
providing the main aspects and summarizing the status of the field with useful references. We
organize the sources in a possible chronological order, based on the re-entry horizon time.

7.1 Cosmic gravitational microwave background

In the primordial plasma, photons decoupled (recombination) at T ~ eV (3000 K), leading to
the CMB photon emission. This temperature of 3000 K is related to the temperature at which
atoms of neutral hydrogen form, around 13.6 eV. This means that the charged particles inside
were no longer free, and therefore, the electrons could no longer be scattered by the photons.
Today’s CMB temperature is about 2.7 K due to redshift.
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Likewise, GWs decoupled at T ~ M leading to the cosmic gravitational microwave back-
ground (CGMB) [121,122]. These are the earliest conceivable GWs. Due to the large value of
the Planck mass, Mp ~ 108 GeV] detecting the CGMB is extremely hard. The spectrum is

T
Qcoms ~ —A’Zax Qcmps (7.1)

P
where T, is the highest temperature during radiation domination, at sub-Planckian temper-
atures (in general, T,,,, < 10'® GeV; BBN bounds forbid T,,,, ~ Mp), and Qcyp is the CMB
spectrum observed today. Qcgup peaks around 100 GHz [121], which is far beyond the range

any current technology or planned GW experiment can detect. See more about electromag-
netic high-frequency (from MHz to THz) GW detection, for instance, in [123].

7.2 Gravitational waves from cosmic inflation

Now we turn to inflation. We will focus on the tensor modes of the metric perturbation. The
field equations in vacuum have been described in Sec. 6.2,

1

R (k, ©) + (kz + %) hy(k,7)=0. (7.2)

Here, h, = ah,, for the two polarization modes. In de Sitter spacetimes, at T — —o0, we have
the Bunch-Davies vacuum solution [124]

N ze—ikf
lim h; = . (7.3)
e S
We use "
- 2e7HF ( i )
h;, = 1—— (7.4)
ATk kT
and the correlation function
vh . (T 3 N RS
(h;\(k)hy(k)) :(27'C) 51)\’5 (k—k) — 5 - (75)
M, a
Then, )
| by I? 4 ( 1 ) 4H? 2,2
= 1+ — |=—0+k , 7.6
2 a2\ e )T et (7.6)
for a de-Sitter expanding universe solution, in which aH = —1/7. The last term above can

be neglected on super-horizon scales, since (aH)™' << k™!. As we have seen in Sec. 6.2, a
super-horizon mode is frozen until it re-entries the horizon. We have

2 772
(ha (B (0)) = (27)26,,, 8%k — ) | = kit (7.7)
ALK AL M,) 2k’ .
where H, = H(kt = —1) is the Hubble parameter when the mode k left the horizon during

inflation. Since the modes are frozen on super-horizon scales and inflation ends before horizon
re-entry, the last imprint from inflation in the GW signal comes from the time when the mode
had left the horizon, i.e., at kT = —1). From Eq. 7.7, we get the power spectrum (compare
with Egs. 3.29 and 5.7)

2

2 Hf
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The slow-roll condition implies H & constant. The respective GW spectrum is given by Eq. 6.33,
with a constant scale-invariant spectrum A? o< k3P, (k).

How large are these tensor perturbations? CMB observations point to a tensor-to-scalar
ratior = A, /A, < 0.1[106]. With A, inferred, the upper bound on r is an upper bound on A,
and hence on the GW signal. This would imply Qg < 1071°. The smallness of the parameters
also makes it very difficult to detect these tensor perturbations in the CMB or any other indirect
detection. In the simplest scenario of slow-roll inflation, scalar and tensor perturbations are
modeled with a simple power-law spectrum that is red-tilted. So, if Qgw due to these tensor
perturbations is small at the CMB scale, it will be even smaller at the scales of PTAs, LISA,
and IVK, too small to detect a signal. Beyond the simple power-law, one possible detectable
scenario is to go beyond the single-power law parametrization and demand that the power
spectrum is blue-tilted at CMB and PTA scales; then, there is an inflection point at which the
spectrum becomes red-tilted at intermediate scales (before IVK scales), so that IVK and BBN
bounds are respected. This scenario has been recently explored in [52,125]. For more details
on GWs from inflation, see, for instance, the review [126].

7.3 Axion inflation

Although the previous slow-roll scalar field model is the dominant paradigm in inflationary
cosmology, the requirement of having a flat scalar potential is a challenge in particle physics.
We can solve this problem by introducing a global symmetry, which protects the flatness of
the potential from large radiative corrections, and it is spontaneously broken at large scales.
One simple implementation is to assume that the inflaton ¢ is a pseudo-Nambu-Goldstone
boson, whose model is invariant under shift symmetry: ¢ — ¢ + c, where c is a constant. The
resulting pseudo-scalar field model is an axion-like particle model:

= 4 —[R_1 b — _1 W]_i ”uv}

S = f d*x {\/_g[2 zaucpa ¢ —V(p) 4FWF 47_CfFWF , (7.9)
where F,5 = 0,Ap — FpAy, v = 1/2etvop Fp is the dual strength tensor, and the inflaton
¢ is coupled to the (dark) photon through a dimension five operator and the coupling 1/f.
Shift symmetry>® protects the flatness of V(¢), in the sense that symmetry breaking means
departure of the flatness of the potential.

Next, we derive the equations of motion for Ay (dt =adt)

/

DAz—A’”+v2A’=—¢L_v x A, (7.10)

nf

for the gauge-fixing V -A= 0 and A, = 0. The right-hand side contains the axion-like particle
term and is interpreted as a source term. With the Fourier decomposition

3 7 -
AT, %) = Z J (dn—k (Al(f,i)ea(i)él(i)eik’x + h.c.), (7.11)
+

polarization vectors
k) e (k)=5,,, (k) -k=0,  ikxe,k)=Ake;(k), (7.12)

and creation and annihilation operators which satisfy [&A(_IE), &;, (E)] =0,,0 (3)(7% —7<”).

*3The last term of the action can be rewritten as ¢ F,,, F*" = 2¢ 9,(¢""*FA,0,A,) = —23,¢ (¢"*PA,3,A,), which
makes it explicitly shift-symmetric.
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Figure 17: Exponential gauge field production for the A_(§ > 0) solution at around
horizon exit. The larger &, the larger the gauge field production.

The equations of motion in de-Sitter space are

) :
[%+k2(1¢%)}Ai(f,k):O, E= ZE‘I}H. (7.13)
There is a tachyonic instability>* for A+(¢5 > 0) if —k7 = k(aH)™! < 2£. In this case, there
is an exponential gauge field production for A,(¢ > 0) when (aH)™* ~ k71, i.e., around
horizon exit (assuming & ~ O(1)). Therefore, with this model, we produce gauge fields with
a preferred helicity (helical gauge fields).

Next, we want to understand the phenomenology behind this model. Assuming Bunch-
Davies vacuum at T — —o90, slow-roll inflation (constant &), the solutions are

. elﬂ:{/2
AA(T) = EW_M&UZ(ZikT), (7.14)
where we have used a Whittaker function W. These solutions are only valid under the assump-
tion of a small backreaction of the gauge field to the dynamics of the axion field. They are also
known in the literature as the Amber-Sorbo solutions [127]. The gauge field backreacts to the
equation of motion of the axion field via the friction term proportional to (FF) in

¢ +3Hp +V,y = if(EB), (7.15)
Y

and & itself. The largest contribution is at the end of inflation since & ~ ¢ grows, as ¢
rolls down its potential, see Fig. 17. Therefore, the system can leave the regime of small
backreaction, in which our analytic treatment is no longer valid and more robust techniques
are needed. In general, the exponential production could overcome the exponential de-Sitter

34In other contexts, tachyons are associated with space-like propagations (propagation speed larger than the
speed of light). We highlight that in these notes and the axion literature, this is not what we mean by tachyonic
instability. Instead, we mean a real exponential solution for the differential equation 7.13, which leads to the
amplification of the mode A, . The existence of the amplified solution does not depend on the usage of a de-Sitter
space.
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Figure 18: The GW spectrum for the axion-inflaton model. The vacuum contribution
accounts for inflationary GWs without a source. Larger wavelengths exit the horizon
earlier and contribute less to the spectrum since they are frozen. But there is also a large
enhancement of gauge boson production, due to the velocity of the scalar field, propor-
tional to &, producing helical GWs. The precise balance requires taking into account the
backreaction of the gauge boson onto the axion field.

expansion of the background, which dilutes matter/radiation. This way, this mechanism has
phenomenological consequences, giving axion inflation signatures that can be explored by
CMB observations, primordial black hole searches, and GW experiments [128].%°

Next, we comment on the GW signals. The field equations from the action 7.9 for the
rank-2 tensor are [130]

2 /
RI(E,7) + Tahgj(f, )= V2 (%, 7) = 211, Ty, (7.16)

whose solution is
hij(_lé,"l,'):zfdT/Gk(T,T/)HijabTab, (717)

where the Green functions satisfy [8T2 +2d’/ad, +k*]G, =0, II; jab is the traceless and trans-
verse projection operator, and T, is the energy-momentum tensor from the axion-like particle
model. By using the solution A, from Eq. 7.14 in T,;, we can compute the contribution for
the GW spectrum.

Since & o< ¢, and ¢ is a pseudo-scalar field, we have parity violation. The chiral con-
tribution is a consequence of the enhancement of only the A, mode above. Indeed, we have
two helicities (h, and h,) whose contributions to the GW spectrum are different. The larger
contribution to the spectrum is

2 2 4n&
H H* e
Qew = 141077 — ) 7.18
oW (TEMP) ( Mg 56) ( )

The first term corresponds to the vacuum contribution (solution of the homogeneous equation
7.13, without source, computed in the previous sections) and the second term is sourced by A,,.
This last contribution is chiral, and its signature can be probed by LISA, the third-generation
Einstein telescope, and the Cosmic Explorer detectors by searching for anisotropies. For results
from the LVK collaboration, see [131], and using PTA data, see [105,132-135].

%5See [129] for a GW template in axion-inflation, which is the current state of the art, by the time of writing.
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The GW spectrum is sketched in Fig. 18. As we previously commented, there is a large
enhancement for large values of £ due to the exponential production, where backreaction
effects from the gauge bosons onto the axion field become important [128]. In particular, the
spectrum peaks towards higher frequencies, corresponding to modes exiting the horizon just
before the end of inflation.

Since the equations of motion depart from the small backreaction regime and are highly
non-linear, there are computational challenges in the field. In this regard, over the past
years, we have seen continuous development in axion-inflation predictions. For instance,
[128,136,137] showed the strongly non-linear regime experiences resonant enhancement of
the gauge field production. Most recently, novel lattice techniques with a non-homogeneous
axion field in [ 138] confirmed the previous results to some extent, despite obtaining a different
behavior after the backreaction effects become important. Additionally, the gradient expan-
sion formalism [136] is a recent and efficient alternative computation technique. Recently,
a development [139] showed that the analytical regime (in which the backreaction is small)
is unstable, indicating that the system may even start within the strong backreaction regime.
Beyond scalar and gauge fields, non-Abelian gauge fields [140] and fermion fields could also
impact axion-inflation prediction, partly suppressing the exponential production, although ex-
act solutions are not yet known. More details on axion-inflation can be found, for instance,
in [48,141].

7.4 Scalar-induced gravitational waves

Next, we describe another primordial source that is closely related to inflation: scalar-induced
gravitational waves (SIGWs), which are solutions of the Einstein equations in which the tensor
modes are sourced by second-order scalar modes.

Previously, we discussed sources that automatically fed the tensor modes at linear order. As
aresult, the GW spectrum is fully characterized by the power spectrum of tensor perturbations,
as can be seen in Eq. 3.29, i.e.,

> > - o 272
(o (Rhy(Ry)) = 645 (27)°8°(Ky + kz)k—’i,mkl). (7.19)
1

Likewise, scalar modes are associated with the power spectrum of scalar perturbations,

- - s - 2m2
(8(k))®(ky)) = (27)°53(ky + kz)k—%@(kl), (7.20)
1

which are typically important in inflation. Remember that inflationary GWs are produced by
first-order tensor modes that re-enter the horizon after the end of inflation. They directly feed
the tensor mode of the GW energy-momentum tensor. The scalar modes, however, cannot
produce inflationary GWs because scalar and tensor modes are decoupled at linear order in
GR.3® However, at higher order, scalar and tensor modes are coupled to each other. Then,
scalar modes can source tensor modes and induce higher-order GWs [142,143]. From these
higher-order contributions, if the scalar perturbations are large enough, the leading contribu-
tion to (ha(iél )h b(iéz))) should be a second-order scalar-scalar contribution. This gives rise to
the SIGWs.

Here, a picture with Feynman diagrams may help, see Fig. 19. We can understand the
power spectra associated with the two-point functions (ha(ic)l)hb(ic)zﬁ and <<1>(_l€1)<1>(_122)> as
propagators in quantum field theory. The first-order GW comes from (h,, (_Iél)hb(_léz)) computed

36Rather, all modes that re-entered the horizon before photon decoupling left imprints into the last scattering
surface, making the CMB background a powerful probe of inflation and early-universe mechanisms that depend
on these modes.

50



SciPost Physics Lecture Notes Submission

P N
/ \
NAVAVAVAVAVAVAVA . SN
AN — — -
IGW SIGW
P N
/ \
ANNNENNNRNNS
Sca]ar-tensor tensor-tensor

Figure 19: We show Feynman diagrams for the graviton propagator at tree level and its
one-loop correction in the presence of first-order scalar (blue, dashed lines) and tensor
(green, wavy lines) modes. The different combinations of internal lines correspond to the
different GW scenarios mentioned in the text. IGW refers to the first-order GW whose
contribution directly comes from tensor modes. SIGW refers to the second-order GW
contribution coming from first-order scalar modes. Scalar-tensor and tensor-tensor are
also second-order contributions induced by first-order tensor modes with and without
another first-order scalar mode, respectively. The diagrams were produced with Feyn-
Game 2.1 [144, 145].

at tree-level, in which the propagator is the inverse of the second derivative of the action with
respect to the tensor modes. Second-order GWs then correspond to the one-loop contributions
to (ha(zl)hb(§2)>. SIGWs are therefore coming from the sunset diagram in which the two ex-
ternal legs are graviton lines and the two internal lines (loop) are from scalar propagators.
There can also be second-order tensor-tensor (loop with two graviton propagators) [146] and
scalar-tensor (loop with one graviton and one scalar propagator) [147, 148] contributions. If
the scalar perturbations are sufficiently enhanced, the scalar-scalar contribution prevails. The
tensor-tensor contribution is subdominant but the scalar-tensor contribution can become rel-
evant on smaller scales [146]. There is no tadpole diagram with one scalar loop because the
4-point function of two gravitons and two massless scalars vanish. The same would apply for
a tadpole with a graviton loop.%”

Back to cosmology, the resulting GW spectrum is (see, for instance, derivation in [149,
150])

_ 122 )?
Qewlk,n) == f f (4v (1” ) ) I, V)Pg( vkYP:(uk),  (7.21)
1v]
u®+ve— 3—(u+v)?
s ”—(T) [(1“’3_(u_v)z

Above, the quantity Px (k) is the power spectrum of the comoving curvature perturbation &.
The curvature perturbation is a scalar and gauge-invariant quantity, that is related to the scalar

2
4uv 9
u2+v2—3) + 20 +v—+3)

(7.22)

37This result holds for any tadpole of massless modes in dimensional regularization. These diagrams are not
necessarily zero if we consider a non-vanishing cosmological constant, which induces a mass term for the graviton,
or if we consider a method of regularization that introduces new mass scales to the problem.
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perturbation ®(k) in Eq. 2.15 via ®(k) = 2/3&(k), and is the only surviving free parameter
after gauge fixing (Newton gauge) and assuming negligible anisotropic stress.

Because it is a second-order effect, the curvature perturbations must be immensely en-
hanced to produce a detectable GW spectrum. Scenarios of ultra-slow-roll inflation could
produce such enhancements, creating GWs when the perturbation modes re-enter the hori-
zon, usually assumed to occur during the radiation-domination era. Interestingly, these scalar
modes can also produce primordial black holes (PBHs) [151, 152] at horizon re-entry [153,
154]. In turn, the primordial black hole population contributes to the budget of dark mat-
ter [155-157], and can be seeds of the supermassive black holes at the center of galaxies [158].

Recently, we have seen an interest in the literature to fit pulsar timing data with signals
from SIGW.*® From the latest datasets, among other primordial sources, one model for SIGWs
had the best performance in terms of Bayes factor [52,105], even though the viability and in-
terpretation of these models depend on a precise formulation of the PBH DM abundance and
the absence/presence of non-Gaussianities, see, for instance, [161-166]. It looks like non-
Gaussianities cannot be ignored. Moreover, the employment of a perturbative approach can
also be questioned. In this regard, an interesting question is the impact of non-perturbative
effects on the abundance of PBHs [167] and the recent debate raised by [168] and [169],
in which the perturbativity of loop corrections in single-field ultra-slow-roll inflation are dis-
cussed [170-172]. The ultra-slow regime would be necessary to produce the necessary en-
hancement of curvature perturbations to make SIGWs detectable. If the loop corrections are
not perturbative, this could jeopardize the SIGW and PBH interpretation.

We refer to the review [149,150] and the lecture notes [ 157] for more details about SIGWs.

7.5 First-order phase transitions

Phase transitions are observed in many physical systems. One famous example is the different
physical states of matter —solid, liquid, or gas. According to the change in pressure and temper-
ature, different thermodynamic quantities of the system — such as free energy, energy, entropy,
and volume - change. Depending on how the change of state occurs, we have first-order or
second-order phase transitions. The change is continuous for second-order phase transitions,
even though their first derivatives are discontinuous, while the change is discontinuous for
first-order phase transitions, associated with latent heat. In Fig. 20, we show the phase dia-
gram for water. The first-order phase transition occurs where the separatrix is a continuous
line. Upon this line, the free energy (E—TS) of the phases coincide, although some extra heat
is necessary to actually change from one state to another. An example is the liquid-gas transi-
tion of water at constant pressure. Here, the temperature stays the same until all the water is
boiled. In the same diagram, the second-order phase transition is depicted by a critical point,
which marks the end point of the coexisting separatrix, beyond which there is no difference
between the states, just a single phase.

For a large class of phase transitions, the first and second-order transitions are related
to symmetry-breaking patterns. An example is the solid-liquid water transition. There exists
exemptions such as the liquid-gas water transition, which does not break any symmetry. On the
one hand, it does not matter how much pressure or temperature changes along the separatrix,
the solid phase will always have certain symmetry properties that the liquid phase does not
have. Then the change from one state to another cannot be continuous as the symmetry
must be broken or formed. On the other hand, since liquid and gas phases do not have these
symmetry properties, it is possible to find a region where both phases can coexist.

In these notes, we focus on symmetry-breaking phase transitions. Here, first-order phase
transitions are processes of symmetry breaking from a symmetric phase to a broken phase,

38See more elaborated discussion in the thesis [159]. See also [160], for a search with IVK data.
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Figure 20: Representation of the phase diagram of water as a function of pressure P and
temperature T. We highlight that a second-order phase transition is associated with a
critical point, beyond which there is no longer a separation between the two phases,
whereas a first-order phase transition is associated with a continuous line, on which
the two phases are in equilibrium but the transition is not immediate, as some amount
of latent heat is necessary to convert one state to another, while temperature remains
constant.

in which the previous vacuum is no longer the true vacuum. The symmetry breaking can
naturally occur if the properties of the system change according to external parameters, such
as temperature, as shown in Fig. 21. As aresult, an enormous amount of energy can be released
once one comes from the symmetric phase to the broken one. In this context, bubble collisions,
magneto-hydrodynamics turbulence, and sound waves are phenomena sourcing GWs during
first-order phase transitions [173-184].

The peak frequency is around (using €, ~ 1072 in Eq. 6.39),

(7.23)

~10°Hz| ——— |,
Jpeak z ( 100GeV)

where 100 GeV corresponds to the Standard Model (SM) electroweak phase transition tem-
perature. No signal from the SM electroweak phase transition is expected because the SM
does not have a first-order phase transition for the observed Higgs mass [185], instead, it has
a cross-over at around 125 GeV, see Fig. 22. However, several BSM models lead to a first-order
electroweak phase transition that could be probed by LISA. From BBN, Qg < 107° already
constrained some phase transition models, depending on the strength of the first-order phase
transitions [186]. See also constraints from IVK in [ 187] and PTA searches in [13,52,105]. For
more on cosmological phase transitions, see, for instance, [182] and the lecture notes [188].

7.6 Topological defects: cosmic strings

Topological defects are products of phase transitions associated with spontaneous symmetry
breaking (SSB) of a gauge group. When the system has a topologically nontrivial vacuum
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Figure 21: Representation of a first-order phase transition, for a potential V(¢ ) depend-
ing on a field ¢ (for instance, the Higgs field) and on the temperature T. ¢ = 0 is the
true ground state only for T > T, (red dotted line). When the temperature decreases, a
new local minimum appears, such that at T = T. both minimums are degenerate (or-
ange dashed line). ¢ # 0 is the true ground state for T < T, (blue solid line). Quantum
or thermal fluctuations allow for tunneling between the vacua.
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Figure 22: Representation of the phase diagram of the SM as a function of Higgs mass
and temperature. For the observed Higgs mass (small square) at around 125 GeV, we
have a crossover. The Higgs is too heavy to allow the SM to undergo a first-order phase
transition (FOPT) in between the symmetric and the broken (Higgs phase) phases; it is
also to heavy for a second-order phase transition (SOPT).
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Figure 23: Representation of cosmic strings - one-dimensional topological defects. In
the first two plots, we show the potential of a complex scalar field versus the scalar
field configuration, in which some mechanism allows for a phase transition with a non-
vanishing expectation value v. We obtain the last two plots by mapping the solution to
the real space (position). In the 2D plot (third, from left to right), we show the location
of a local extremal point (false vacuum) by an orange dot and regions where the scalar
field configuration assumes different values and are causally not connected [189, 190 ].
By continuity, these regions intersect each other where the vacuum expectation value
(@) corresponds to the false vacuum. In the 3D plot (last plot, from left to right), we
extrapolate the false vacuum region to three spatial dimensions; the reason for the name
strings becomes clearer.

manifold, fields in different regions in space can fall into different ground states. When SSB
occurs, a network of topological defects can emerge. The formation of such topological de-
fects is usually present in the SSB of grand unification theories (GUT) down to the SM gauge
group [191]. Mathematically, there can be topological defects when the vacuum manifold M
is topologically nontrivial, i.e. 7,(M) # I. Here, 7, (M) stands for the n-th homotopy group
in a manifold M and counts the number of equivalence classes of loops in M. They can be
domain walls (n = 0), strings (n = 1), monopoles (n = 2) or textures (n = 3) [192]. See, for
instance, [192-196].

The mechanism is sketched in Fig. 23, where we can see how a non-trivial vacuum mani-
fold can induce the formation of a topological defect once the symmetry is broken. The scalar
field configuration can assume different ground states in regions of space that are not causally
connected [189,190]. Once the SSB happens, a new vacuum is formed and a phase transition
occurs inside these regions, while a topological defect is formed exactly where these regions
intersect each other (they are in the false vacuum of the theory, preventing the phase transi-
tion). Because the symmetry has not been broken, the topological defects store great amount
of energy. If this topological defect is one-dimensional, we have a cosmic string. From now
on, we focus on cosmic strings rather than other topological defects.>® See a simulation of a
cosmic-string network in Fig. 24.

Cosmic strings are hypothetical one-dimensional topological defects left after cosmic infla-
tion. Cosmic strings arise in phase transitions if and only if, for G — H, ©,(G/H) # I. There is
no cosmic string within the SM, but they can be present in extensions of the SM, for instance,
in GUTs, in which almost any simple gauge group can lead to the formation of topological de-
fects [191]. Cosmic-string models are often associated with the SSB of a local U(1) symmetry
in some BSM/GUT scenario [192-194]. One example of such a BSM scenario is the breaking
of a B— L symmetry, accounting for the difference between baryon and lepton numbers [197].
So, complementary to collider searches, GWs can also probe GUT physics [191,198,199] and
even be related to quantum gravity physics, see, for instance, [159,200-202].

In the simplest models of stable cosmic strings, the string tension u — the energy per unit of

39Note here that cosmic strings must not be understood as products of some string theory.
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Figure 24: 3D representation of cosmic strings (gray) from a simulation credited to
David Daverio, from the group of Professor Martin Kunz, Université de Genéve, using
simulation data obtained at the Swiss National Supercomputer Centre.

length — is the only free parameter that characterizes the string. It is related to the amplitude
of vacuum expectation value v through [194]

y ~ (—“)1/2 106 Gev (7.24)
10— . .

In the evolution of cosmic-string networks, (self-)intersection generates loops. Loops are
more energetically favorable, so most searches focus on loops. During the string evolution
there are emission of particles and GWs by the excitations of the loops. Moreover, most of
the GW radiation is emitted by cusps and kinks [203-205], see Fig. 25. To evolve the cosmic-
string network, heavy numerical simulation is needed and, in most cases, the energy of strings
is believed to be concentrated in a very thin region of space in such a way their dynamics
can be modeled according to the Nambu-Goto paradigm,*® see, for instance, [195,206-214].
Whether or not the Nambu-Goto strings agree with the dynamical evolution of field-theoretical
cosmic strings [194,215-221] is an open question [213,214,221]. Below, we report on a few
properties found in the literature.

The scaling regime is a fixed point of the cosmic-string evolution with the property [194]

Pcs
Protal

A constant, (7.25)

with O(1) cosmic strings per Hubble volume. This property follows from the fact that in
the scaling regime, the only physical scale is the Hubble radius H!. Therefore, the energy
density of cosmic strings is p = u x [M]*> o< uH?, while the critical energy density is given by
Protal = Perit = 3H2/(87G), so that the ratio pcs/Prorar iS constant.*!

40The Nambu-Goto action describes the dynamics of a particle traveling on a 1+ 1 spacetime worldsheet.

“I'This property is essential for cosmic strings phenomenology and it distinguishes strings from monopoles and
domain walls. For these topological defects, the ratio pcg/ 00 is DOt constant and their energy density is over-
produced, above the experimental limits.
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. Q\D@”

kink cusp

Figure 25: Representation of gravitational waves emitted by kinks and cusps in loops of
cosmic-string networks. Taken from [159].

The GW signal is characterized by

pow(t,£) < D Colf Py (7.26)
n=1

In this expression, Py, , is the power of a single loop. The larger the string tension u, the
larger P,,,. Furthermore, n corresponds to the n-th harmonic, and C,(f) gives the number of
loops emitting GWs, that are observed today at frequency f at time t,

2n [ NUG), (=)
72 | PHEQ 25

Above, the denominator H(z)(1 + z)° tells about the cosmological history. N(1(z), t(z)) is the
number of loops of length [ at time t, where the length [ is given by | = 2n/(f (1 + 2)). Since
it is a continuous process, the spectrum is broader. The computation is not straightforward
and there are different methods to compute it. To solve the integral analytically, the usual
assumption is that loops are sourced with [H = a = constant. Numerically, see, for instance,
[210-212].

Fig. 26 summarizes a few properties of the GW spectrum from cosmic strings. First, the
larger Gu, the stronger the GW signal Q. Second, these signals are associated with a largely
flat spectrum at high frequencies and with a mild peak at nHz-mHz frequencies. The flat
spectrum is due to the decaying of strings produced and emitted during radiation domination,
while the peak corresponds to strings produced either during radiation or matter domination
and decaying in matter domination. Third, the larger Gu, the lower the frequency at which
the spectrum peaks. Consequently, GW searches constrain the string tension Gu and bound
the symmetry-breaking scale v through Eq. 7.24. For instance, large symmetry-breaking scales
for topologically stable cosmic strings were already excluded by PTAs,

C,(f)= (7.27)

Gu S 10719 5y <5x 1014GeV,

which excludes the originally GUT-scale motivated strings produced at v ~ 10'® GeV, with
string tension in the range Gu ~ 10787 42 See the search for four different models of stable

“21f one tries to work with GUTs whose SSB scales are lower than 10'® GeV] one can dangerously run into trouble
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Figure 26: We sketch the amplitude of the gravitational wave density generated by
cosmic strings, with different string tensions U, as a function of frequency. The arrows
on Gu mean that the smaller is Gu, the smaller is the amplitude of Q. We also plot the
frequency range probed, or expected to be probed, by LVK, LISA, and PTA collaborations.
PTA signals already constrain cosmic-string models with large G u, whose frequency peak
is below or at the nHz range. LVK data can constrain models with small Gu, whose
frequency peak is around the Hz range.

cosmic strings with the latest NANOGrav 15-year dataset in [52], the search with the latest
EPTA dataset in [13,222], and a recent search with NANOGrav and EPTA combined data
in [105]. The string tension had also been probed before by the IVK collaboration in [223].

Finally, as a note on possible production mechanisms, the SM cannot produce cosmic
strings, but BSM theories can. Although stable cosmic strings seem not to be favored by any
GW signal, there can be emission through metastable defects. For instance, in some GUT mod-
els, strings can decay via monopole pair production. A metastable defect relies on a sequence
of phase transitions [224]

G—-G —»SM, n,(G/SM)=I and 7,(G/G)#Ln,(G/SM)#L,  (7.28)

i.e. the manifolds (G/G ) and (G /SM) have non-trivial homotopy groups, but the homotopy
group of (G/SM) is trivial so that the defect is not topologically stable.

For example, if we have the symmetry groups G = SO(10) and G = U(1)/SM, G — G
generates monopoles, G —SM generates cosmic strings, but 71;(S0(10)/SM) = I. Therefore,
strings are not topologically stable, thus metastable. There are at least two decaying mecha-
nisms. In the first mechanism, there is an initial population of monopoles and strings; then,
the string-monopole gas decays fast. In a second mechanism, relevant if inflation dilutes away
the initial monopole population, strings can only decay via spontaneous Schwinger monopole
production with a decay rate o< e ™/ ! where m is the monopole mass; then, these metastable
strings can emit GWs [198]. At low frequencies, the spectrum Qg is suppressed at low f and

because of proton decay. On the one hand, the gauge couplings tend to unify at the 10'® GeV scale, explaining
why this scale is well-motivated and preferred. On the other hand, since GUTs can produce topological defects,
these well-motivated GUT models can be strongly endangered and even excluded by the GW phenomenology of
cosmic strings, at least if their production mechanism is simply the one of a stable cosmic string.
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it cannot be excluded by the PTA bounds [52], while allowing for larger spectra at larger fre-
quencies, which opens a discovery space for the LISA and IVK collaborations [199]. See a
recent review on metastable strings in [225] and a search with the latest NANOGrav 15-year
dataset in [52].

8 Conclusions

In these lecture notes on gravitational waves from the early universe, we derived the main
properties of GWs, introduced the stochastic gravitational wave background (SGWB), dis-
cussed ongoing and future detection efforts, and introduced some primordial sources of GWs.

We started with the basics in Sec. 2, with the derivation of the Einstein equations for a linear
perturbed metric g,,,, = 1, +h,,. We evaluated the degrees of freedom of the linearized metric
tensor and fixed all the nonphysical degrees of freedom. The solution of the Einstein equation
in vacuum is a wave equation. Hence, any test mass follows a sinusoidal geodesic while a GW
passes by. This effect on test masses is the gist of GW measurement in interferometers.

In Sec. 3, we derived the GW emitted by a source given by an energy-momentum tensor
T,,. We showed that GWs carry energy that curves the background. An important aspect of this
section is the separation of scales and the relation between the GW radiation and the curved
background. The power of gravitational radiation given by Einstein’s quadrupole formula and
the power spectrum of tensor perturbations are found in the last parts of this section.

In Sec. 4, we introduced the SGWB. This background is defined as the composition of GWs
with different wavelengths, amplitudes, and phases, coming from all directions in the sky. The
incoherently summed waves produce a stochastic background, which cannot be individually
detected. Hence, these waves behave like noise, making it a challenge to detect them. SGWB
signals are different than the transient signals coming from binary mergers, and more similar
than cosmic microwave background (CMB). However, the SGWB can possibly probe earlier
stages of the universe, since GWs can travel freely through the hot plasma of the early universe,
whereas photons could not. We have discussed spectral properties and sources of the SGWB,
besides an overview of experimental efforts to probe it.

Then, in Sec. 5, we discussed the experimental settings in more detail and derived the over-
lap reduction function for interferometers and PTA searches. In particular, we carefully derived
the Hellings-Downs correlation for an isotropic, unpolarized, Gaussian, stationary SGWB.

The SGWB can have astrophysical and cosmological origins. The astrophysical sources are
associated with supermassive black-hole binaries. A direct detection of waves produced by
these objects would confirm again a prediction of General Relativity, now for a different range
of masses that ground-based interferometers cannot probe. In a binary merger, the greater the
black hole masses, the lower the frequencies of the emitted GWs. PTA collaborations expect
to find evidence for astrophysical signals in the very near future.

On top of this astrophysical background, there are also cosmological sources from the
early universe. These primordial sources produced GWs way before the emission of the CMB
radiation. These waves traveled freely through the hot plasma of the early universe. Since
BSM physics relies on mechanisms in energy scales beyond the ones current accelerators can
probe, the phenomenology of the SGBW from the early universe is an essential step toward
probing BSM physics.

In this context, in Sec. 6, we introduced GWs in an expanding universe and discussed how
we can use data from GWs as complimentary probes to the CMB and BBN bounds to constrain
BSM physics and the earlier stages of the universe.

Then, in Sec. 7, we discussed how very different early universe sources can give rise to a
background of GWs. We introduced these sources chronologically according to at which stage
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the waves are produced. This has to do with the time the tensor perturbations re-enter the
horizon. We focused on the spectrum produced by the following sources: the cosmic grav-
itational wave background, inflationary gravitational waves, axion inflation, scalar-induced
gravitational waves, first-order phase transitions, and cosmic strings.

In summary, GW data opened a new window to the phenomenology of new physics and
can give important insights into new physics. We have already experienced how data from
the latest PTA searches can constrain new physics models. Much more is expected in the next
decade, when we expect the development of detection techniques and prospects for the detec-
tion of cosmological sources from different collaborations, such as IVK, LISA, PTAs, SKA, the
Einstein telescope, and the Cosmic Explorer. Better stay tuned!

Finally, we highlight that these notes are an introduction or an executive summary of the
different lines of research and experiments described here. That is why we highlighted the
main aspects of some cosmological sources and provided references for further reading. We
encourage the readers to deepen their understanding of our presented material in the original
works that are available in the literature!
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