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The work under review is arXiv:2507.07793, and I will abbreviate it as [MPPC]. It is a
modified version of the prior submission arXiv:2310.17391 by three of the four authors.

Content. The work aims at providing an analytic prediction for the hyperuniformity exponent
in the Random Organization Model (ROM). It is claimed to be distinct from the one in the
Biased Random Organization Model (BROM). The reason for this difference is attributed to
an additional conserved noise term. Technically, the work uses the Doi-Peliti formalism for a
model of active and passive particles, which is in the same universality class. The authors then
perform an RG analysis of the latter.

Context. The authors’ model, the (Abelian) Manna sandpile model, ROM and BROM all be-
long to the Conserved Directed Percolation (CDP) class. It was conjectured long ago that the
CDP class can be mapped onto the depinning of disordered elastic manifolds. That this map-
ping goes beyond scaling exponents was shown numerically by measuring the renormalized
force correlator [1]. Later, an explicit mapping was found [2], which equates the activity ρ in
sandpile models to the driving velocity u̇ at depinning, ρ = u̇. This mapping was completed [3]
by an identification of the particle density n as n = ∇2u. What one learns from the mapping is
that sandpile models need a functional RG for their field theoretical treatment.

Appreciation. [MPPC] claims that a standard multiplicative renormalization of their model
is sufficient to access the critical exponents in the Manna class to (at least) 1-loop order, which
via the mapping gives exponents at depinning for disordered elastic manifolds. If true, this is a
major breakthrough since the calculations avoid the complications of functional RG.

The referee has serious doubts about this claim:

(1) the roughness exponent ζ at 2-loop order can be written analytically; this expression
involves an integral over the 1-loop fixed-point function ∆(w); this non-trivial number
is unrelated to any momentum integral. How can it appear in the scheme the authors
propose?

(2) there are many technical assumptions, either marked via “assume” or “argue”, that to a
large extent determine the outcome.

(3) an assumption not stated is the multiplicative renormalisability of the active and passive
particle densities. This assumption contradicts the mapping discussed above, which iden-
tifies active particles ρ and total number of particles n as scaling fields. This assumption
is not innocent, since n = ∇2u and ρ = ∂tu. Thus at the upper critical dimension both
operators have the same dimension, while below they do not. This is easily missed in
a 1-loop calculation. Can the authors push their calculation to 2-loop order, or at least
check what happens if n and ρ are used as scaling fields?

This part of the calculation evaluates the roughness exponent ζ and the dynamical exponent z,
and [MPPC] seemingly reproduce the established results. (The same holds true for β, but it is
not an independent exponent.)
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What is troubling is that [MPPC] find a different exponent for hyperuniformity. They at-
tribute this to an additional dangerously irrelevant conserved noise. The referee could not
find any substantiation that this additional conserved noise, which by power counting is irrel-
evant, is actually dangerously irrelevant. This scenario was at lengths analyzed in [3]. There
it was concluded that under the simplest assumptions the additional noise is the gradient of an
ABBM-type noise, and that this destroys hyperuniformity in dimension d = 1, in contradic-
tion to simulations. Thus the evolution equation for the time-integrated noise term must have a
feedback term, also expected on physical grounds, rendering it irrelevant in all dimensions. As
a result, there is only one universality class, encompassing ROM and BROM.

Let us ask what numerics says about whether ROM and BROM have a different hyperuni-
formity exponent. [MPPC] show the following table
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the low-q density fluctuations towards hyperuniformity while there are still active particles,
whose density then finally itself decays to zero. At least on the active side, it is known from
simulations that close to criticality large regions of the system are purely passive, and remain
so for long periods until a distant patch of activity diffuses into that region [4,49]. This is only
marginally possible with & = ✏/3 (since ⇢ �⇢c ⇠ �⇢), but easy to explain with our exponent
&= 2✏/9 (less hyperuniform than the former).

We believe the above arguments to expose an interesting physical distinction between the
kinds of density fluctuations arising with and without p-conservation, that merits further study
by use of microscopic models. However it is not clear at this stage whether such models can
easily generate reliable data to distinguish hyperuniformity exponents at the critical point.
In particular, existing simulations of p-conserving models, while showing hyperuniformity
throughout the active phase, have often been interpreted using the same critical exponent
(at the absorbing state transition itself) as their non-conserving counterparts [8,9,26]. How-
ever this might in part stem from the absence until now of any clear theoretical argument to
the contrary.

Finally, in the Table below we compare our hyperuniformity exponent for RO calculated
to O(✏), with the result found

::
in

:
C-DP/Manna (in the absence of conservative noise

:::::
where

:::::::::::::
centre-of-mass

:::::::::::::
conservation

::
is

:::::::::
sustained) [17], calculated to O(✏3), and with numerical sim-

ulations. Subsequent to [8,9,26], a numerical work [50] compared critical exponents for RO
and a “biased RO” (BRO) model that observes p-conservation. There it was found that in three
dimensions, while the two models exhibit identical critical exponent � , their hyperuniformity
exponents differ somewhat: &RO = 0.24± 0.02 and &BRO = 0.26± 0.02. This numerical dis-
crepancy is suggestive but inconclusive; we look forward to future numerical simulations that
further elucidate the exponents involved.

Dimension RO/p-non-conserving C-DP/Manna/p-conserving
d = 3 0.22 0.29 {0.33} [17]
d = 2 0.44 0.49 {0.66} [17]

d = 3 (Numerical) 0.24 ± 0.02 [50] 0.26 ± 0.02 [50]
d = 2 (Numerical) 0.45 ± 0.03 [8,9] ⇡ 0.45 [26,50]

Table 1: Hyperuniformity exponent comparison in d = 3, 2, found to order ✏ (this
work, without p-conservation) for RO, and to order ✏3 via the q-EW mapping of [17]
for C-DP/Manna (with p-conservation). In the latter, the one-loop prediction to O(✏)
also shown as {·}. Also included are published numerical results for & with and
without p-conservation.

6 Concluding Remarks

The hyperuniformity exponent & describes a signature feature of the Random Organization
(RO) universality class, manifested in the physics of the absorbing state transition for di-
lute colloids under periodic shearing [3–5], in similar transitions at high density in colloids
and granular media [51–53], and in other reaction-diffusion processes with many absorbing
states [2]. Our calculation of this exponent, & = 2✏/9 to order ✏ = 4� d, has shed light on
many aspects of RO physics, including the following:

(i) A form of hyperuniformity is present even in the Gaussian limit of the theory, which
prevails in d > dc = 4. Study of this theory shows in detail how hyperuniformity in RO
emerges via near-perfect anticorrelation of active and passive densities that are not separately
hyperuniform but have finite (for d > 4) or divergent (for d < 4) fluctuations.
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The last two lines state that within very small error bars, there is no detectable difference
between the two classes. (Error bars should be given for CDP in d = 2 as well, and results for
d = 1 should be included.)

Then the question arizes, are the results at least consistent at 1-loop order? To better assess
this, we can look at Fig. 1 of [3], reproduced here:
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Hyperuniformity is an emergent property, whereby the structure factor of the density n scales as
SðqÞ ∼ qα, with α > 0. We show that for the conserved directed percolation (CDP) class, to which the
Manna model belongs, there is an exact mapping between the density n in CDP, and the interface position u
at depinning, nðxÞ ¼ n0 þ ∇2uðxÞ, where n0 is the conserved particle density. As a consequence, the
hyperuniformity exponent equals α ¼ 4 − d − 2ζ, with ζ the roughness exponent at depinning, and d the
dimension. In d ¼ 1, α ¼ 1=2, while 0.6 > α ≥ 0 for other d. Our results fit well the simulations in
the literature, except in d ¼ 1, where we perform our own to confirm this result. Such an exact relation
between two seemingly different fields is surprising, and paves new paths to think about hyperuniformity
and depinning. As corollaries, we get results of unprecedented precision in all dimensions, exact in d ¼ 1.
This corrects earlier work on hyperuniformity in CDP.
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Context—Hyperuniform (HU) structures have vanishing
long-wavelength density fluctuations similar to crystals,
but no long-range order [1–3]. The structure factor of the
Fourier-transformed particle density, Sq ≔ hnqn−qi van-
ishes for small q, as Sq ∼ jqjα with α > 0. HU is observed
in numerous systems [2,3], ranging from sandpile models
[4–9], and sheared colloids [10], to densest packings [11].
All the above systems have a critical state recognized to be
in the conserved directed percolation (CDP) class. This
attribution usually relies on a comparison of numerically
measured critical exponents, especially the hyperuniform-
ity exponent α. In this situation it is highly desirable to have
an analytical understanding of the underlying mechanism
for hyperuniformity, and to know the relevant critical
exponents with precision. In this Letter, we provide an
exact mapping from CDP to depinning of an elastic
manifold [12]. This mapping allows us to express the
hyperuniformity exponent α in terms of the dimension d
and the roughness exponent ζ at depinning,

α ¼ 4 − d − 2ζ: ð1Þ

Using ζ from depinning gives α with higher precision than
in most sandpile simulations; see Fig. 1.
This Letter is organized as follows: We first review the

concept of hyperuniformity, before introducing the Manna
sandpile, the simplest and most prominent model in the
CDP class. We then discuss further models in this class, and
present the mapping. We finish with numerical evidence,
and a discussion of relevant work in the literature.
Hyperuniformity—Consider a particle system of size L,

where the total number Ntot of particles is conserved.

We ask how many particlesNR are in a part of the system of
radius R ≪ L. If the system is translationally invariant,
then

hNRi ¼
Ntot

Ld Rd: ð2Þ

How does NR fluctuate? We expect that

varðNRÞ ¼ hN2
Ri − hNRi2 ∼ Rκ: ð3Þ

FIG. 1. The exponent α of the structure factor SðqÞ ∼ jqjα as a
function of dimension d for the Manna model. The blue solid
line is from the ϵ-expansion of [13], the red dots (with error bars)
from simulations at depinning [14,15]. Simulations in green are
from [16]. The dark green data point is from Fig. 2. In gray are the
different ϵ-expansion results, α¼ ϵ=9 (dashed) [5], α ¼ 2ϵ=9
(dotted) [17], and α ¼ ϵ=3 (dot-dashed) [leading term of Eq. (25)].
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The result of [MPPC] corresponds to the dotted line. The numerical predictions in dimensions
2 and 3 look decent. However, knowing that the hyperuniformity exponent α is smaller in
dimension d = 1, the curve needs to bend down, which would destroy the agreement at least
in dimensions 2. So in order to see wether the corrections of [MPPC] are small or not, one can
simply look at the relative 1-loop deviation, which is 1/3. This is much bigger than any of the
deviations in the above table. The referee’s conclusion is that the results are incompatible with
the numerics in all dimensions.
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[MPPC] can substantially strengthen their case by

(4) calculating ζ and z at 2-loop order

(5) calculate ∆(w) following the protocol in [1]

(6) repeat the calculation without the additional conserved noise.

If these demands can be fulfilled, publication in SciPost may be merited.
If this is not the case, my recommendation is that

(7) the article be rephrased stating that this is an interesting calculation, potentially an alter-
native to functional RG, but that work remains to be done to confirm this.

(8) since there is not enough evidence to sustain the claim that there are different hyper-
uniformity exponents for ROM and BROM, or that there is an additional “dangerously
irrelevant noise”, these statements should be withdrawn.

More points which need to be addressed:

(9) about the “cancellation pattern” (already in the abstract, and again later on): In Ising,
the critical dimension moving from d = 4 to d = 6 has to do with a cubic term and a
symmetry breaking ϕ → −ϕ. The tricritical point in dimension d < 3 is different.

(10) is the “RG fixed-point manifold” related to the redundant mode ∆(w) → κ2∆(w/κ)
present in FRG?

(11) clearly mark all statements on “dangerously irrelevant operator” as a conjecture, or pro-
vide evidence.

(12) correct Eq. (26): the term a0 there is probably ρA. As written this is a time dependent
noise which prevents an inactive state.

(13) explain regularization of Eq. (40). Does this respect all the symmetries of the problem?

(14) Finally, I ask the authors to re-read [3], and be more careful to accurately represent its
contents.

I recommend publication in SciPost Core once the points above are addressed.
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